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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
159 |. This is test number [ 15 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 99.37 (158 ) | 0.63 (1)
Mathematica | 96.86 ( 154 ) | 3.14 (5)
Maple | 80.50 (128 ) | 19.50 (3
Fricas 43.40 (69) | 56.60 (9

1)
( 0)
Mupad | 30.82 (49) | 69.18 (110)

Giac 98.30 (45) | 71.70 (114 )
Maxima 2453 (39 ) | 75.47 (120)
Sympy 18.87 (30) | 81.13 (129)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 96.226 2.516 0.000 1.258
Mathematica 77.358 4.403 14.465 3.774
Maple 59.748 12.579 7.547 20.126
Fricas 23.270 6.289 13.208 57.233
Maxima, 22.642 1.258 0.000 76.101
Giac 20.126 7.547 0.000 72.327
Sympy 7.547 1.887 9.434 81.132
Mupad 0.000 30.189 0.000 69.811

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 1 100.00 0.00 0.00
Mathematica | 5 100.00 0.00 0.00

Maple 31 100.00 0.00 0.00

Fricas 90 84.44 15.56 0.00

Mupad 110 0.00 100.00 0.00

Giac 114 98.25 0.88 0.88

Maxima 120 95.00 0.00 5.00

Sympy 129 58.91 29.46 11.63

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.26

Giac 0.30

Rubi 0.44

Fricas 0.80

Maple 2.07

Mupad 4.37
Mathematica 8.09

Sympy 11.43

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 100.77 1.10 84.00 1.05
Giac 171.29 1.73 109.00 1.32
Rubi 249.16 1.16 203.00 1.06
Mathematica | 304.35 1.19 155.00 0.95
Fricas 364.51 2.17 69.00 1.16
Maple 385.31 1.59 178.00 1.20
Sympy 464.57 4.10 197.50 241
Mupad 694.12 4.83 244.00 2.38

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

([143)

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {85} [86}[87, [88} 89, [93} 94 [05} 96} [09} [L0T} [[02} {107} [L 0}, [L46, [T55} [156} 157} {158}
Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1.5 Maxima . . . . . .. e e e e e e e e 23]
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e e
2.1.8 SYMDPY . . . . o e e e e e e e e 24
2.1.1 Rubi

A grade { [1)2,505L6) 750,10} 1 12) 3 145 06,7 15,19} 20, 21} 2 3 A 25,26 2
28,29, 30} 31}, 32} 33, 134} 35, [36}, 37, [38} 39, {0}, (A1}, 42}, (43} 44}, (45}, 46}, 47} 48, (49} [50, 51}, 52} 53,
[54}[65, 56} (571, 58} 59, [60} (6T, (62} [63},[64} [65} (665, 67}, (68}, (69} [70, [7 T} [72, [73} [74L, [75} [76, [77} [78,[79,
80,81}, [82, B3}[84} [851, 86} 87} 88, B9} (90}, 9T, 92} (93, [94,[95)}, (96, 98, [99} [L00} [10T}, [102} 103}, 106}, [107]
[108},[109], 110}, 112} [TT3},[TT4} [T15} [T16}, [T17, [T18} [TT9, [T20} [T21} [122, 123}, 124}, 125}, 126}, 127}, 128,
(129, [130}, 13T}, [132}, 133}, (134} [135}, [136}, 137}, 138} [140}, (14T} [142}, 144} [145], 146}, [147} [148}, 149, [150}

[151}[152} 153} 154} [[55} [156} [157} [158,[159) }
B grade { 07,103, [05)39 }
C grade { }

F normal fail {[111]}
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade {[LI[3,[4 5 [61[7)[81[0}[10} LT} [12)[13}[14} 15} L6} 17} [18} 19} 20} ]21) 22} [23} 24} [27] 28} [29]
30, [31}132} 35} 36, 37, 138} 139, 0, {11}, 12} 44, 5, 146, [£7, 18, 19} 50, [51} (52} 53} 55}, [56, (57} (60} BT}
(62 53,63, 66} 67} 8% 86, 87 B3} B9}, 90} T}, 92 B3} 94 95, 96, 98, 09} (100} [0} [T02, 103} 04 105,
[TOB) (109, [T, [T12} T3, (T4} [TT5 16, (117, [[T8} [TT9) [[20, (T2, (22} 123, [T 25 126, (127} 28}
[T29} 130, (131,133} 134 35 (136, 137 (138, (142} 145 (146, [147} [48) 149, [150} (5T} [[52, (153} 53,

[155} [156} 157} 158} [159] }
B grade {[25}[26,[54[97,[107}[108,[110] }
C grade {[33,[34, 43, 58} 59, 65} 68} 69} (70} [71} [72} 3} 74} 75,765, 77} 78} [79} |80} BT} B2} B3}[84] }

2.1. List of integrals sorted by grade for each CAS
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F normal fail {[132}[139[140[141}[144] }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.3 Maple

A grade {[1}2,3[4,5,[6}7, 89} 10} [L1} [12}[13} 14} [15}[16} 7] 8} 19} 20} 21} 26} 27} 28} [29, 30} B,
[82}135} [36, 87} 138} 39} 0} LT}, P12} 3}, 14, 5, (6, 7], 48} (49}, 50, 51} 52, 63} 54} 55} b6} 57} 58, B9,
(60} 6T} (6263} 164 (65,66} (67} [68, 69} [70} [72} [77} [78, [79} BU}, BT}, 82} B3} [84 85}, 186} |87, 88} 90}, 9T}
[92}[03}[04}[05}[06} 98} [101],[102, [104} 106} [107} [109} [154,[157} [158} [159) }

B grade {[3334[71}[73}[74} 75} [76} 89} [99} 100} 105} (108} [110} [111} [L19} [130} 131} 134} [135} [155]
}

C grade { 22,[23}[24} 25,07 [103} [149} [150} [151} 152} [153} [156] }
F normal fail {[112}[[13][114][115}[116][I17[118},[120}[121}[122}[123] 124} [125] [126][127, [128} [129]

[132} [£33}[136} [L37}[138} 139} [140} 14T} [142} 144} [145] [146}[147, [14§] }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade {1} 5)78[6,7 (10, 1) 12 15 [, 7[5} 19, 2 23,2 25, 27 2 29,50, 1 2 140
[T50}[51) 152} 153} 154 153,156} 157158} 159 }

B grade {[L3|[14[20,[21]26|[119}[130,[131} [134,[135] }
C grade { 333435} 36} 37} [38| [44} 45} 46} |47} [51} [52} |63} 54} 60} [61} (62} 63} 64, 6, [69 }

F normal fail { [39}[40}[41] 42 [48)[49[50} (5556} [57} (65} 166} [67} [77} 78 [79} 80} 81} 82} [83} [ 4 [85)
186,57, 53, B9, 90, 01}, 92, 3, 7% 95, 96, 97} 98} [0} 10, (102} (103, (104 05, [L06, 09} [LI0} 1T
(T2 (T3, [T T4 [TT5 [LT6, [TT7, (LTS, (20, 12T, [[22 (123, (124 (125 [T 26, [T27) (128, [C29, 32, 133, 136,
(137} 138} [39} 140} 141} 142} [44} 145} 146} 147} 148 }

P(-1) timedout fail { {I3,5%/59)70){7L {72 73 74 756,00, 107 18
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.5 Maxima

A grade (15015, () 1) 5 16, 75 23 25 20 25 26,27, 25, 25 0, L 1)
[150}[151} [152} [153} [L54}[156}[157,[158}[L59] }

B grade {[119}[155] }

C grade { }

F normal fail { [33}[34(35,[36,37,[38 [39} 40} |41} |42} 43} 44} 45} 46} 47} 48} |49} [50} [5 1} [52} 53} 54
556645758, 594 60, 6T} (62} 163,64, (654663, (67} (68, 169, [70} 7T} [72, 73} [74,[75}, 76}, 77} [78, [79} [80)
[8T}[82}83,[84; [85} 863,87} [88} 8% 90} [T} 92,93} [94}, [95, 96}, [97, [98,,[99} 100} 10T} 102} [103} 104} [T05,
(106}, [107} (108, [109} 110} 11T} 112, 113} 114} [T15}[TT6} 117, 118|120} 121} 122} 123} [T24} 125| [126]

(127, (128} [T29, 130} [131},[132} 133} 134, [135} 136} [137, [138} [139} [140} 141} 142, [144} [145} [T46, 147,
[148 }

F(-1) timedout fail { }
F(-2) exception fail {[12}[13][14][1920}21] }

2.1.6 Giac

A grade { (1250416, 0, I 25 [ [5)[107 15 19,20, 21 23 23 £ 29, B B2, 109
[150} [L54}[155} [L56}[157] }

B grade { (26,27} 25 29,50} 19} 151} 152 153} 158} 159

C grade { }

F normal fail {[34(35,[36,37[38,[39) 40} A1} [42} 43| [44} 45, (46, (47, 48} 49}, 0} 1} [52; [53} 54} 5}
56}, 57} 58, 59, (60} 6T}, (62} (63} 164, [65} (664 1671, 68} (694 (70, [7 T} [724 73, [74} [754 763, [77} [78} [79 80} BT,
[82,83}84,[85}[86} 87,88} [89} 90, 9T}, 92} 93,94} [95},[96;, 97}, 98, [99, [T00} 10T} 102} [T03} 104} [105},
(106}, (107} (108} [T09} 110} [1TT} 112, 113} [T14} [T15}[TT6} 117, 118} 120} 121} 122} 123} [T24} 125} [126)

(127,128, [T29, 130} 131}, 132} 133} [134, [135} 136}, (137, 138} 140} [T14T} 142} [T44, [145} 146} [147, 148
}

F(-1) timedout fail {[139}
F(-2) exception fail {[33]}

2.1. List of integrals sorted by grade for each CAS
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2.1.7 Mupad
A grade { }

B grade {[I,[2[3}[45} 6 (18910} L1} 1}[L3} 14 [L5} 16} 7} 18} 19} 20} 2T} [22} 23} [24} 25} 26 [27
[28, 29} (30} T}, 2 (L9} (30} (131} (134 (135 (149 (150, (151, [[52 (153} (54 (L5, (56 (157, (158} 159
}

C grade { }
F normal fail { }

F(-1) timedout fail {[33[34[35 (3637 (38} 39} |40} A1) 42} 43 14} 45 |46} 47 |48} 49} 50} b1} [52}
(53, 54 55}, 56} 7, 58, 59 60 BT} 62, 63} 63, 65 66} 67 68} 6% 704 7T} (7273, [T 75 76, [77 78
(79,180} BT, B2} 83, [84; [35, 86, 87} |88} [39} 90}, 911 [92, [93} 94,95, 96, [97, 98, [99),[100), [L0T1 [102} [T03}
[T0% (105} (106} (107} 08} [L09} [T10} 11} [LT2, [T 13} {14 [LT5, [LT6} 17} L8} (120} [[21] [[22} [L23, 124
[125} 126, [127} 128} [129) [132} 133} 136} 137} [138} 139} [[40} [141} 142} [144) [145},[146} 147} [T4§) }

F(-2) exception fail { }

2.1.8 Sympy

A grade {[L}[2}[6}[7}[8) 0} 10} [L1} [L5} [L6} 17} 18] }
B grade {[12[19[I19 }
C grade { 22232425} 26} 2728 [29, [30} 31} 32} 151} [T52} 156 [157] }

F normal fail {[33[34}[35,[36] 37,3839} 40} [41} (42} 43} 14} 45} 46, |47, 48} 49} 50} 5 1} 52, 53} 54,
554156} 57} (68, 59 (60} 61} (62} [63; (64 (65,66, (67} [68; (69} 70} [7T} [72} [73, [74 75,76, [79} [80} [BT3 |82
186487, 88} [89% (90} 94, 95,196, [37} (98, [99), [L00} [L02} 103, [0}, [0S}, [L07} [L08, [T09} [T 10} [TTT} 13} [T14
[115}[T16}[117,[20} [121] }

F(-1) timedout fail {[5513)T1 20, 21,7 75, 5351, 55 01, 02 03 101 106, {5 23,32
(73639 140} L4} 142 143,144 145 146 147, 148, 149,150, 153 153} 155 158,159 }

F(-2) exception fail {[[T2 (122} (24 (25} 126} 127, 128} 29, T30, 131, [133) 134 135 [37) 138
}

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 112 112 109 108 142 148 142 115
N.S. 1 1.00 1.00 0.97 0.96 1.27 1.32 1.27 1.03
time (sec) N/A 0.304 0.028 0.019 0.200 0.199 0.027 0.284 2.641
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 126 123 175 162 163 146 200 174
N.S. 1 1.00 0.98 1.39 1.29 1.29 1.16 1.59 1.38
time (sec) N/A 0.345 0.047 1.519 0.188 0.236 0.310 0.275 2.816
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 84 85 102 104 117 0 108 105
N.S. 1 1.00 1.01 1.21 1.24 1.39 0.00 1.29 1.25
time (sec) N/A 0.253 0.037 1.566 0.203 0.261 0.000 0.274 3.471

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 26

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 108 102 108 134 160 0 156 127
N.S. 1 1.00 094 1.00 1.24 1.48 0.00 1.44 1.18
time (sec) N/A 0.287 0.043 1.603 0.195 39.869 0.000 0.271 5.118

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A F(-1) F(-1) B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 163 163 164 164 310 0 0 351 317
N.S. 1 1.00 1.01 1.01 1.90 0.00 0.00 2.15 1.94
time (sec) N/A 0.405 0.112 1.759  0.215 0.000 0.000 0.290 7.079

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 23 23 23 20 19 19 20 22 19
N.S. 1 1.00 1.00 0.87 0.83 0.83 0.87  0.96 0.83

time (sec) N/A 0.159 0.007 1.536 0.199 0.261 0.074 0.289 0.068

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 43 33 30 34 53 32 31 29
N.S. 1 1.00 0.77  0.70 0.79 1.23 0.74  0.72 0.67
time (sec) N/A 0.204 0.015 1.538 0.204 0.238 0.084 0.275 0.125

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 242 197 214 239 649 355 330 413
N.S. 1 1.07 0.87 094 1.05 2.86 1.56 1.45 1.82
time (sec) N/A 0.391 0.290 1.663 0.281  0.268 12.080 0.300 0.236
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 146 151 131 144 152 405 223 196 263
N.S. 1 1.03  0.90 0.99 1.04 2,77 1.53 1.34 1.80
time (sec) N/A 0.256 0.166 1.607  0.282  0.259 9.432 0.287 2.875
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 81 83 91 219 122 102 136
N.S. 1 1.00 1.05 1.08 1.18 2.84 1.58 1.32 1.77
time (sec) N/A 0.188 0.094 1.562 0.288  0.284 10.296 0.278 0.093
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 55 53 46 60 111 70 55 45
N.S. 1 1.02 098 0.85 1.11 2.06 1.30 1.02 0.83
time (sec) N/A 0.167 0.046 5.252 0.286  0.292 1.672 0.277 0.081

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 107 101 103 0 449 196 109 2368
N.S. 1 1.06  1.00 1.02 0.00 4.45 1.94 1.08  23.45
time (sec) N/A 0.254 0.196 5.349 0.000  0.309 15.023 0.267 3.334
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 127 140 123 132 0 1018 0 140 1827
N.S. 1 1.10 097 1.04 0.00 8.02 0.00 1.10 14.39
time (sec) N/A 0.264 0.459 1.617  0.000 0.348 0.000 0.282 0.809
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 208 238 195 213 0 2216 0 292 4852
N.S. 1 1.14 094 1.02 0.00 10.65  0.00 1.40 23.33
time (sec) N/A 0.374 0.833 1.692 0.000 0.666 0.000 0.291 5.517
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 226 241 236 217 238 641 355 330 413
N.S. 1 1.07 1.04 0.96 1.05 2.84 1.57 1.46 1.83
time (sec) N/A 0.389 0.297 1.619 0.279  0.259 11.437 0.294 3.005

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 150 157 145 152 403 223 196 263
N.S. 1 1.03 1.08 1.00 1.05 2.78 1.54 1.35 1.81
time (sec) N/A 0.257 0.203  1.590 0.318 0.261 8.859 0.274 0.094
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 91 86 90 217 122 102 136
N.S. 1 1.00 1.18 1.12 1.17 2.82 1.58 1.32 1.77
time (sec) N/A 0.187 0.136  1.555 0.301  0.250 9.942 0.305 2.855
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 55 53 46 60 111 70 55 45
N.S. 1 1.02  0.98 0.85 1.11 2.06 1.30 1.02 0.83
time (sec) N/A 0.172 0.064 5.287 0.282 0.242 1.665 0.284 0.073
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 107 101 103 0 450 199 109 2355
N.S. 1 1.06  1.00 1.02 0.00 4.46 1.97 1.08  23.32
time (sec) N/A 0.263 0.204 5.377  0.000 0.283 12.593 0.283 3.290

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 140 122 110 0 1008 0 137 1814
N.S. 1 1.09 0.95 0.86 0.00 7.88 0.00 1.07  14.17
time (sec) N/A 0.257 0.464 1.623 0.000 0323 0.000 0.280 3.391
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 205 236 194 214 0 2211 0 291 4839
N.S. 1 1.15  0.95 1.04 0.00 10.79  0.00 1.42  23.60
time (sec) N/A 0.374 0.913 1.645 0.000 0.711 0.000 0.289 4.912
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 134 103 132 105 65 484 46 345
N.S. 1 121 0.93 1.19 0.95 0.59 4.36 0.41 3.11
time (sec) N/A 0.231 0.299 1.584 0.286  0.311 41.972 0.284 9.026
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 105 95 111 83 57 393 40 269
N.S. 1 1.21  1.09 1.28 0.95 0.66 4.52 0.46 3.09
time (sec) N/A 0.205 0.227 1.560 0.285  0.247 10.164 0.272 6.393

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 76 87 90 61 49 269 34 191
N.S. 1 1.21  1.38 1.43 0.97 0.78 427  0.54 3.03
time (sec) N/A 0.183 0.170 1.541 0.285  0.272 4939 0.272 5.140

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B C A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 43 75 70 41 43 133 28 118
N.S. 1 1.16  2.03 1.89 1.11 1.16 3.59 0.76 3.19
time (sec) N/A 0.160 0.114 1535 0.286  0.247 2.690 0.283 3.751

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 43 68 38 41 47 71 51 47
N.S. 1 1.48 234 1.31 1.41 1.62 2.45 1.76 1.62

time (sec) N/A 0.165 0.088 1.538  0.286  0.241 3.435 0.277 3.240

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 53 29 25 42 27 107 88 24
N.S. 1 1.18 064  0.56 0.93 0.60 2.38 1.96 0.53
time (sec) N/A 0.152 0.069 1.525 0.287  0.238 2.657 0.286 3.376

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 82 37 33 62 35 189 130 32
N.S. 1 1.12  0.51 0.45 0.85 0.48 2.59 1.78 0.44
time (sec) N/A 0.171 0.077 1.514 0.278  0.251 3.563 0.297 3.366
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 97 111 45 41 84 43 274 175 40
N.S. 1 1.14  0.46 0.42 0.87 0.44 2.82 1.80 0.41
time (sec) N/A 0.183 0.081 1.550 0.281  0.249 5.001 0.294 3.084
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 121 140 53 49 106 51 359 217 48
N.S. 1 1.16 0.44 0.40 0.88 0.42 2.97 1.79 0.40
time (sec) N/A 0.192 0.088 1.560 0276  0.249 8.141 0.286 3.100
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 37 44 21 40 117 43 65
N.S. 1 1.00 0.95 1.13 0.54 1.03 3.00 1.10 1.67
time (sec) N/A 0.151 0.056 1.577  0.283  0.259 22.402 0.272 4.567

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 33
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 37 44 21 40 117 43 444
N.S. 1 1.00 0.95 1.13 0.54 1.03 3.00 1.10 11.38
time (sec) N/A 0.155 0.002 5.341 0.303  0.255 30.936 0.277 6.010
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F C F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 139 309 604 0 1228 0 0 0
N.S. 1 096  2.13 4.17 0.00 8.47 0.00 0.00 0.00
time (sec) N/A 0.280 16.593 5.516 0.000  0.099 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 221 222 312 729 0 1126 0 0 0
N.S. 1 1.00 141 3.30 0.00 5.10 0.00 0.00 0.00
time (sec) N/A 0.360 19.240 2.964 0.000  0.122 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 281 307 135 154 0 69 0 0 0
N.S. 1 1.09 048 0.55 0.00 0.25 0.00 0.00 0.00
time (sec) N/A 0.868 5.063 1.760 0.000  0.074 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 34
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 262 130 149 0 64 0 0 0
N.S. 1 1.08  0.53 0.61 0.00 0.26 0.00 0.00 0.00
time (sec) N/A 0.659 4.888 1.628 0.000  0.079 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 193 209 125 144 0 59 0 0 0
N.S. 1 1.08  0.65 0.75 0.00 0.31 0.00 0.00 0.00
time (sec) N/A 0.277 1.400 1.611 0.000  0.079 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 162 171 120 139 0 54 0 0 0
N.S. 1 1.06 0.74 0.86 0.00 0.33 0.00 0.00 0.00
time (sec) N/A 0.253 1.685 1.635 0.000  0.078 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 182 198 139 174 0 0 0 0 0
N.S. 1 1.09 0.76 0.96 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.452 5.293 1.837  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 203 130 247 0 0 0 0 0
N.S. 1 1.07  0.69 1.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.460 5.611 1.637  0.000  0.000 0.000 0.000 0.000
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 227 246 134 273 0 0 0 0 0
N.S. 1 1.08  0.59 1.20 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.618 5.774 1.636 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 263 289 139 299 0 0 0 0 0
N.S. 1 1.10  0.53 1.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.770 5.895 1.647  0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 570 601 1254 976 0 0 0 0 0
N.S. 1 1.05  2.20 1.71 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.342 30.020 1.643 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 36

Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 262 130 149 0 64 0 0 0

N.S. 1 1.08 053 0.61 0.00 0.26 0.00 0.00 0.00
time (sec) N/A 0.651 5.510 1.634 0.000 0.079 0.000 0.000 0.000

Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 205 219 125 144 0 59 0 0 0

N.S. 1 1.07  0.61 0.70 0.00 0.29 0.00 0.00 0.00
time (sec) N/A 0.498 4.402 1.608  0.000 0.074 0.000 0.000 0.000

Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 162 171 120 139 0 54 0 0 0

N.S. 1 1.06 0.74  0.86 0.00 0.33 0.00 0.00 0.00

time (sec) N/A 0.253 2.024 1.627 0.000  0.073 0.000 0.000 0.000

Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 135 115 134 0 49 0 0 0

N.S. 1 1.03  0.88 1.02 0.00 0.37 0.00 0.00 0.00
time (sec) N/A 0.227 1.193 1.613 0.000 0.073 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 151 161 95 67 0 0 0 0 0
N.S. 1 1.07  0.63 0.44 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.290 2.580 1.577  0.000  0.000 0.000 0.000 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 203 130 247 0 0 0 0 0
N.S. 1 1.07  0.69 1.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.446 5.581 1.640 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 246 135 273 0 0 0 0 0
N.S. 1 1.09  0.60 1.21 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.608 5.291 1.638 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 205 219 125 144 0 59 0 0 0
N.S. 1 1.07  0.61 0.70 0.00 0.29 0.00 0.00 0.00
time (sec) N/A 0.496 9.074 1.600 0.000  0.075 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 167 178 120 139 0 54 0 0 0
N.S. 1 1.07  0.72 0.83 0.00 0.32 0.00 0.00 0.00
time (sec) N/A 0.362 7.855 1.624 0.000  0.082 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 135 115 134 0 49 0 0 0
N.S. 1 1.03 0.88 1.02 0.00 0.37 0.00 0.00 0.00
time (sec) N/A 0.233 1.993 1.589 0.000  0.080 0.000 0.000 0.000
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 47 47 111 33 0 26 0 0 0
N.S. 1 1.00 2.36 0.70 0.00 0.55 0.00 0.00 0.00
time (sec) N/A 0.163 2.333 1.580 0.000  0.070  0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 111 70 52 0 0 0 0 0
N.S. 1 1.08  0.68 0.50 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.249 2.382 5.368 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 201 130 247 0 0 0 0 0

N.S. 1 1.06  0.69 1.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.452 5.685 1.646 0.000 0.000 0.000 0.000 0.000

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 246 142 273 0 0 0 0 0

N.S. 1 1.09 0.63 1.21 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.620 5.470 1.655 0.000  0.000 0.000 0.000 0.000

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 293 325 202 478 0 0 0 0 0

N.S. 1 1.11  0.69 1.63 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 0.580 20.825 1.966 0.000  0.000 0.000 0.000 0.000

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 449 449 1176 769 0 0 0 0 0

N.S. 1 1.00  2.62 1.71 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.834 21.295 1.485 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 203 217 125 144 0 59 0 0 0
N.S. 1 1.07  0.62 0.71 0.00 0.29 0.00 0.00 0.00
time (sec) N/A 0.482 22.293 1.640 0.000  0.078 0.000 0.000 0.000
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 176 120 139 0 54 0 0 0
N.S. 1 1.07  0.73 0.84 0.00 0.33 0.00 0.00 0.00
time (sec) N/A 0.347 18.637 1.612 0.000  0.075 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 129 135 115 134 0 49 0 0 0
N.S. 1 1.05  0.89 1.04 0.00 0.38 0.00 0.00 0.00
time (sec) N/A 0.254 16.622 1.643 0.000  0.078 0.000 0.000 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 101 187 51 0 26 0 0 0
N.S. 1 1.03 191 0.52 0.00 0.27 0.00 0.00 0.00
time (sec) N/A 0.197 8.675 1.590 0.000  0.084 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 48 79 33 0 11 0 0 0
N.S. 1 1.00 1.65 0.69 0.00 0.23 0.00 0.00 0.00
time (sec) N/A 0.156 1.471 5.330 0.000  0.076 0.000 0.000 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 59 109 34 0 0 0 0 0
N.S. 1 1.16 2.14 0.67 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.187 3.573 1.607  0.000  0.000 0.000 0.000 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 199 130 247 0 0 0 0 0
N.S. 1 1.05  0.69 1.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.441 4.655 7.263 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 244 142 273 0 0 0 0 0
N.S. 1 1.08 0.63 1.21 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.606 6.181 1.656 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 137 180 210 0 664 0 0 0

N.S. 1 1.00 1.31 1.53 0.00 4.85 0.00  0.00 0.00
time (sec) N/A 0.241 10.741 1.627  0.000 0.125 0.000 0.000 0.000

Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 284 284 319 498 0 671 0 0 0

N.S. 1 1.00 1.12 1.75 0.00 2.36 0.00  0.00 0.00
time (sec) N/A 0.366 19.434 1.620  0.000  0.126 0.000 0.000 0.000

Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 197 226 222 0 0 0 0 0

N.S. 1 1.19 137 1.35 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 0.404 16.175 1.621 0.000  0.000 0.000 0.000 0.000

Problem 71 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 393 393 322 976 0 0 0 0 0

N.S. 1 1.00  0.82 2.48 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.738 23.216 2.061 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 875 875 4180 1335 0 0 0 0 0
N.S. 1 1.00  4.78 1.53 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.427 35.505 2.771 0.000  0.000 0.000 0.000 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 92 203 184 0 0 0 0 0
N.S. 1 1.24 274 2.49 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.254 22.077 3.414 0.000  0.000 0.000 0.000 0.000
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 92 203 181 0 0 0 0 0
N.S. 1 124 274 2.45 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.266 0.053 2.076 0.000  0.000 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 106 218 212 0 0 0 0 0
N.S. 1 1.23  2.53 2.47 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.257 21.941 3.431 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 106 218 205 0 0 0 0 0
N.S. 1 1.23  2.53 2.38 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.270 0.047 2.168 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 471 588 567 500 0 0 0 0 0
N.S. 1 1.25  1.20 1.06 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.234 18.030 2.253 0.000  0.000 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 429 543 565 473 0 0 0 0 0
N.S. 1 1.27  1.32 1.10 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.039 16.344 1.797  0.000  0.000 0.000 0.000 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 391 498 560 446 0 0 0 0 0
N.S. 1 1.27 143 1.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.872 12.202 1.780 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 351 455 554 421 0 0 0 0 0

N.S. 1 1.30  1.58 1.20 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.714 12320 1.762 0.000  0.000 0.000 0.000 0.000

Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 349 453 564 435 0 0 0 0 0

N.S. 1 1.30 1.62 1.25 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.710 14.881 1.608  0.000  0.000 0.000 0.000 0.000

Problem 82 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 391 498 559 464 0 0 0 0 0

N.S. 1 1.27  1.43 1.19 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 0.871 17.087 1.610 0.000  0.000 0.000 0.000 0.000

Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 330 431 574 493 0 0 0 0 0

N.S. 1 1.31  1.74 1.49 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.790 18.888 1.631 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 84 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 370 476 569 522 0 0 0 0 0

N.S. 1 1.29 1.54 1.41 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0966 17.714 1.628 0.000 0.000 0.000 0.000 0.000

Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 429 543 345 473 0 0 0 0 0

N.S. 1 1.27  0.80 1.10 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.044 39977 1.730  0.000  0.000 0.000 0.000 0.000

Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD T™BD TBD TBD TBD
size 391 498 340 446 0 0 0 0 0

N.S. 1 1.27  0.87 1.14 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.880 36.533 1.715 0.000  0.000 0.000 0.000 0.000

Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 351 455 347 421 0 0 0 0 0

N.S. 1 1.30  0.99 1.20 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.705 28.583 1.718  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 365 608 318 397 0 0 0 0 0
N.S. 1 1.67  0.87 1.09 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.561 5.506 1.607  0.000  0.000 0.000 0.000 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 279 282 326 435 0 0 0 0 0
N.S. 1 1.01  1.17 1.56 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.481 20.014 1.598 0.000  0.000 0.000 0.000 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 290 386 246 464 0 0 0 0 0
N.S. 1 1.33  0.85 1.60 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.642 26.606 1.606 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 330 431 251 493 0 0 0 0 0
N.S. 1 1.31  0.76 1.49 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.827 30.349 1.620 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 370 476 258 522 0 0 0 0 0
N.S. 1 1.29  0.70 1.41 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.004 27.319 1.629 0.000  0.000 0.000 0.000 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 391 498 340 446 0 0 0 0 0
N.S. 1 1.27  0.87 1.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.896 29.932 1.731 0.000  0.000 0.000 0.000 0.000
Problem 94 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 351 455 349 421 0 0 0 0 0
N.S. 1 1.30  0.99 1.20 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.716 23377 1.717  0.000  0.000 0.000 0.000 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 365 608 347 397 0 0 0 0 0
N.S. 1 1.67  0.95 1.09 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.565 6.990 1.572 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 49
Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 101 101 170 134 0 0 0 0 0
N.S. 1 1.00 1.68 1.33 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.194 5.027 1.609 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B B C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 362 237 435 0 0 0 0 0
N.S. 1 6.03  3.95 7.25 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.322 28.522 1.624 0.000  0.000 0.000 0.000 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 290 386 248 464 0 0 0 0 0
N.S. 1 1.33  0.86 1.60 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.636 30.435 1.609 0.000  0.000 0.000 0.000 0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 721 721 484 1544 0 0 0 0 0
N.S. 1 1.00 0.67 2.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.096 48.039 4.034 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 208 223 1948 0 0 0 0 0
N.S. 1 1.29 139 1210 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.300 23.633 3.961 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 351 453 347 421 0 0 0 0 0
N.S. 1 1.29  0.99 1.20 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.697 24.323 1.733 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 469 713 347 397 0 0 0 0 0
N.S. 1 1.52  0.74 0.85 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.705 9.715 1.599 0.000  0.000 0.000 0.000 0.000
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 100 100 95 162 0 0 0 0 0
N.S. 1 1.00 0.95 1.62 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.196 3.775 1.614 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 165 90 133 0 0 0 0 0
N.S. 1 232 127 1.87 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.206 3.177 1.632 0.000  0.000 0.000 0.000 0.000
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 195 530 237 435 0 0 0 0 0
N.S. 1 272 1.22 2.23 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.417 18.162 1.625 0.000  0.000 0.000 0.000 0.000
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 288 384 246 464 0 0 0 0 0
N.S. 1 1.33  0.85 1.61 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.629 31.122 1.628 0.000  0.000 0.000 0.000 0.000
Problem 107 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 968 958 7319 1541 0 0 0 0 0
N.S. 1 099  7.56 1.59 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.315 30.309 2.605 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 228 228 583 848 0 0 0 0 0
N.S. 1 1.00  2.56 3.72 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.324 31.713 1.288 0.000  0.000 0.000 0.000 0.000
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 198 227 270 0 0 0 0 0
N.S. 1 1.23 141 1.68 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.284 23.053 1.499 0.000  0.000 0.000 0.000 0.000
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 429 429 4121 2200 0 0 0 0 0
N.S. 1 1.00  9.61 5.13 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.500 41.909 1.688 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A B F F F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 786 0 670 7103 0 0 0 0 0
N.S. 1 0.00 0.85 9.04 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 34.398 2.995 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 319 319 285 0 0 0 0 0 0
N.S. 1 1.00 0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.498 0.879  0.000 0.000  0.000 0.000 0.000 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 216 216 174 0 0 0 0 0 0
N.S. 1 1.00 0.81 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.365 0.452  0.000 0.000  0.000 0.000 0.000 0.000
Problem 114 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 158 158 153 0 0 0 0 0 0
N.S. 1 1.00 097  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.295 0.204 0.000 0.000  0.000 0.000 0.000 0.000
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 124 124 116 0 0 0 0 0 0
N.S. 1 1.00 0.94 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.210 0.159 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 116/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 124 124 116 0 0 0 0 0 0
N.S. 1 1.00 094 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.201 0.123  0.000 0.000  0.000 0.000 0.000 0.000
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 175 175 170 0 0 0 0 0 0
N.S. 1 1.00 097  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.299 0.243 0.000 0.000  0.000 0.000 0.000 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 222 222 177 0 0 0 0 0 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.350 0.309 0.000 0.000  0.000 0.000 0.000 0.000
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 167 167 149 726 474 877 8221 1626 819
N.S. 1 1.00 0.89 4.35 2.84 5.25 49.23 9.74 4.90
time (sec) N/A 0.326 0.211 1.625 0.235 0.260 1.744 0.282 3.338

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 134 136 120 0 0 0 0 0 0
N.S. 1 1.01  0.90 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.239 0.225 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 140 140 115 0 0 0 0 0 0
N.S. 1 1.00 0.82 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.221 0.164 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 224 224 193 0 0 0 0 0 0
N.S. 1 1.00 0.86 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.379 0.407  0.000 0.000  0.000 0.000 0.000 0.000
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 140 140 104 0 0 0 0 0 0
N.S. 1 1.00 0.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.293 0.243  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 266 266 195 0 0 0 0 0 0
N.S. 1 1.00 0.73 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.368 0.224 0.000 0.000  0.000 0.000 0.000 0.000
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 245 245 195 0 0 0 0 0 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.336 0.265 0.000 0.000  0.000 0.000 0.000 0.000
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 235 235 189 0 0 0 0 0 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.321 0.205 0.000 0.000  0.000 0.000 0.000 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 261 261 221 0 0 0 0 0 0
N.S. 1 1.00 0.85 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.356 0.201  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 203 205 198 0 0 0 0 0 0
N.S. 1 1.01  0.98 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.301 0.241 0.000 0.000  0.000 0.000 0.000 0.000
Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 246 246 237 0 0 0 0 0 0
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.344 0.290 0.000 0.000  0.000 0.000 0.000 0.000
Problem 130/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 362 284 220 894 0 1659 0 0 1895
N.S. 1 0.78 0.61 2.47 0.00 4.58 0.00 0.00 5.23
time (sec) N/A 0.415 0.361 2.246 0.000 0.339 0.000 0.000 4.852
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 507 346 279 2343 0 3441 0 0 3720
N.S. 1 0.68  0.55 4.62 0.00 6.79 0.00 0.00 7.34
time (sec) N/A 0.481 0.488 2.244 0.000  0.573 0.000 0.000 7.233

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F(-1) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 815 598 0 0 0 0 0 0 0
N.S. 1 0.73  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.900 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 572 507 422 0 0 0 0 0 0
N.S. 1 0.89 0.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.630 1.147 0.000 0.000  0.000 0.000 0.000 0.000
Problem 134 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 363 283 227 906 0 1608 0 0 1890
N.S. 1 0.78  0.63 2.50 0.00 4.43 0.00 0.00 5.21
time (sec) N/A 0.439 0.370 2.263 0.000  0.310 0.000 0.000 4.468
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F(-2) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 188 170 181 509 0 905 0 0 869
N.S. 1 090 0.96 2.711 0.00 4.81 0.00 0.00 4.62
time (sec) N/A 0.250 0.125 1917  0.000 0.274 0.000 0.000 3.668

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 136| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 177 190 199 0 0 0 0 0 0
N.S. 1 1.07  1.12 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.305 0.323 0.000 0.000  0.000 0.000 0.000 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 233 231 174 0 0 0 0 0 0
N.S. 1 099 0.75 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.385 0.166  0.000 0.000  0.000 0.000 0.000 0.000
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 250 250 184 0 0 0 0 0 0
N.S. 1 1.00 0.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.364 0.308 0.000 0.000  0.000 0.000 0.000 0.000
Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A B F F F F F(-1) F(-1) F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 530 1078 0 0 0 0 0 0 0
N.S. 1 2.03 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.231 0.000 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F(-1) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 393 530 0 0 0 0 0 0 0
N.S. 1 1.35  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.624 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F(-1) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 256 256 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.363 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 123 123 121 0 0 0 0 0 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.239 0.067  0.000 0.000  0.000 0.000 0.000 0.000
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 29 29 31 29 31 31 0 31 31
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.00 1.07 1.07
time (sec) N/A 0.147 0.753 0.118 0.258 0.269 0.000 0.281 2.983

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F(-1) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 268 268 0 0 0 0 0 0 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.378 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 283 283 208 0 0 0 0 0 0
N.S. 1 1.00 0.73 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.375 0.309 0.000 0.000  0.000 0.000 0.000 0.000
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 277 277 215 0 0 0 0 0 0
N.S. 1 1.00 0.78 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.368 0.345 0.000 0.000  0.000 0.000 0.000 0.000
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 263 261 223 0 0 0 0 0 0
N.S. 1 099 0.85 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.355 0.248  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 558 577 508 0 0 0 0 0 0
N.S. 1 1.03 091 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.820 1.088 0.000 0.000  0.000 0.000 0.000 0.000
Problem 149 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 95 75 139 87 78 0 76 244
N.S. 1 1.20 0.95 1.76 1.10 0.99 0.00 0.96 3.09
time (sec) N/A 0.351 0.297 1.631 0.278 0.241 0.000 0.360 8.052
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 65 64 117 57 67 0 60 232
N.S. 1 1.03  1.02 1.86 0.90 1.06 0.00 0.95 3.68
time (sec) N/A 0.223 0.243 1.610 0.273  0.245 0.000 0.319 7.207
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 48 73 96 57 81 245 196 122
N.S. 1 1.00 1.52 2.00 1.19 1.69 5.10 4.08 2.54
time (sec) N/A 0.347 0.198 1.607 0.282  0.243 28.852 0.368 4.255

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 48 73 97 57 84 221 282 114
N.S. 1 1.00 1.52 2.02 1.19 1.75 4.60 5.88 2.38
time (sec) N/A 0.349 0.211 1.600 0.278 0.241 28.140 0.401 4.084
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 74 70 108 98 65 0 407 312
N.S. 1 1.04 0.99 1.52 1.38 0.92 0.00 5.73 4.39
time (sec) N/A 0.368 0.214 1.614 0.273  0.235 0.000 0.416 6.150
Problem 154 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 137 74 108 100 73 0 105 318
N.S. 1 1.57 0.85 1.24 1.15 0.84 0.00 1.21 3.66
time (sec) N/A 0.363 0.174 1.619 0.198 0.234 0.000 0.305 12.695
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B A F(-1) A B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 52 70 63 96 90 61 0 80 312
N.S. 1 1.35 1.21 1.85 1.73 1.17 0.00 1.54 6.00
time (sec) N/A 0.193 0.131 5.547  0.189  0.241 0.000 0.308 12.839

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 64
Problem 156/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A C A B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 55 89 69 95 56 73 240 71 118
N.S. 1 1.62 1.25 1.73 1.02 1.33 4.36 1.29 2.15
time (sec) N/A 0.396 0.141 1.605 0.279  0.252 27.588 0.297 4.215
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 55 89 69 95 56 82 216 83 118
N.S. 1 1.62 1.25 1.73 1.02 1.49 3.93 1.51 2.15
time (sec) N/A 0.378 0.142 1.620 0.281  0.264 27.240 0.313 4.124
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 83 102 60 76 61 69 0 145 316
N.S. 1 1.23  0.72 0.92 0.73 0.83 0.00 1.75 3.81
time (sec) N/A 0.390 0.127 1.628 0.279  0.238 0.000 0.305 10.447
Problem 159 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 116 133 71 89 86 90 0 197 304
N.S. 1 1.15  0.61 0.77 0.74 0.78 0.00 1.70 2.62
time (sec) N/A 0.417 0.175 5.563 0.271  0.241 0.000 0.329 10.676

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [77] had the largest
ratio of [.540541000000000049]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand ummber of rules
# grade s;:;s uziize antll:aefns‘i,:zwe leaf size integrand leaf size
1] A 2 2 1.00 21 0.095
2 A 2 2 1.00 23 0.087
3 A 2 2 1.00 25 0.080
4 A 2 2 1.00 27 0.074
¥ A 2 2 1.00 29 0.069
6 A 2 2 1.00 17 0.118
7 A 3 3 1.00 22 0.136
3 A 9 8 1.07 25 0.320
9 A 7 6 1.03 25 0.240
10j A ) 4 1.00 23 0.174
11 A 5 4 1.02 18 0.222
12] A 6 ) 1.06 25 0.200
13] A 6 ) 1.10 25 0.200
14] A 8 7 1.14 25 0.280
15) A 9 8 1.07 25 0.320
16} A 7 6 1.03 25 0.240
17} A ) 4 1.00 23 0.174
18] A ) 4 1.02 18 0.222
19 A 7 6 1.06 25 0.240
20] A 7 6 1.09 25 0.240
21 A 9 8 1.15 25 0.320
22] A 9 8 1.21 26 0.308
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page
number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
23] A 8 7 1.21 26 0.269
24] A 7 6 1.21 24 0.250
25) A 5 4 1.16 23 0.174
26} A 6 ) 1.48 26 0.192
27 A 3 3 1.18 26 0.115
28] A 4 4 1.12 26 0.154
29) A ) ) 1.14 26 0.192
30) A 6 6 1.16 26 0.231
31 A ) 4 1.00 24 0.167
32] A 6 5 1.00 36 0.139
33] A 3 3 0.96 45 0.067
34 A ) ) 1.00 39 0.128
35) A 16 16 1.09 35 0.457
36} A 14 14 1.08 35 0.400
37 A 12 12 1.08 33 0.364
38] A 10 10 1.06 28 0.357
39) A 15 14 1.09 35 0.400
40 A 15 14 1.07 35 0.400
41 A 16 15 1.08 35 0.429
42] A 18 17 1.10 35 0.486
43] A 13 12 1.05 35 0.343
44 A 14 14 1.08 35 0.400
45) A 12 12 1.07 35 0.343
46} A 10 10 1.06 33 0.303
47 A 8 8 1.03 28 0.286
48 A 13 12 1.07 35 0.343
49) A 15 14 1.07 35 0.400
50) A 17 16 1.09 35 0.457
51 A 12 12 1.07 35 0.343
52] A 10 10 1.07 35 0.286
53] A 8 8 1.03 33 0.242
54 A 3 3 1.00 28 0.107
55) A 10 9 1.08 35 0.257
56} A 15 14 1.06 35 0.400
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
i grade Slfse:;s ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
57 A 17 16 1.09 35 0.457
58] A 9 8 1.11 35 0.229
59 | A 2 2 1.00 35 0.057
60j A 11 11 1.07 35 0.314
61] A 10 10 1.07 35 0.286
62] A 9 9 1.05 35 0.257
63] A 6 6 1.03 33 0.182
64 A 3 3 1.00 28 0.107
65 | A 6 5 1.16 35 0.143
66} A 14 13 1.05 35 0.371
6_7 A 16 15 1.08 35 0.429
68} A 3 3 1.00 36 0.083
69) A 6 6 1.00 33 0.182
70j A ) 4 1.19 35 0.114
7] [ A 2 2 1.00 35 0.057
79 [ A 2 2 1.00 35 0.057
73 | A 1 3 1.24 36 0.083
E A ) 4 1.24 31 0.129
75 [ A 4 3 1.23 40 0.075
76} A 5 4 1.23 31 0.129
77} A 21 20 1.25 37 0.541
g | A 19 18 1.27 37 0.486
79) A 16 15 1.27 37 0.405
30j A 15 14 1.30 37 0.378
31 A 15 14 1.30 37 0.378
32] A 17 16 1.27 37 0.432
33] A 14 13 1.31 37 0.351
% A 17 16 1.29 37 0.432
35) A 19 18 1.27 37 0.486
36} A 17 16 1.27 37 0.432
37} A 14 13 1.30 37 0.351
38] A 13 12 1.67 37 0.324
39) A 11 10 1.01 37 0.270
90j A 13 12 1.33 37 0.324
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
91 A 14 13 1.31 37 0.351
92] A 17 16 1.29 37 0.432
93] A 17 16 1.27 37 0.432
94 A 15 14 1.30 37 0.378
95) A 13 12 1.67 37 0.324
96 A 4 3 1.00 37 0.081
97] B 7 6 6.03 37 0.162
98] A 13 12 1.33 37 0.324
99 A 8 7 1.00 37 0.189
100 A 3 2 1.29 37 0.054
101 A 14 13 1.29 37 0.351
102 A 17 16 1.52 37 0.432
103 A 4 3 1.00 37 0.081
104 B 4 3 2.32 37 0.081
105 B 11 10 2.72 37 0.270
106 A 12 11 1.33 37 0.297
107] A 10 9 0.99 37 0.243
108 A 3 2 1.00 37 0.054
109 A 3 2 1.23 37 0.054
10| A 6 ) 1.00 37 0.135
111 F 0 0 N/A 0.000 N/A
112 A 2 2 1.00 25 0.080
113 A 2 2 1.00 25 0.080
114 A 2 2 1.00 25 0.080
115 A 2 2 1.00 23 0.087
116 A 2 2 1.00 22 0.091
117 A 2 2 1.00 25 0.080
118 A 2 2 1.00 25 0.080
119 A 2 2 1.00 23 0.087
120 A 2 2 1.01 25 0.080
121 A 2 2 1.00 27 0.074
122 A 2 2 1.00 29 0.069
123 A 2 2 1.00 25 0.080
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
124 A 3 3 1.00 25 0.120
125 A 3 3 1.00 29 0.103
126 A 3 3 1.00 27 0.111
127 A 3 3 1.00 29 0.103
128 A 3 3 1.01 29 0.103
129 A 3 3 1.00 29 0.103
130 A 3 3 0.78 29 0.103
131 A 4 4 0.68 29 0.138
132 A 13 13 0.73 31 0.419
133 A 11 11 0.89 31 0.355
134 A 3 3 0.78 29 0.103
135 A 3 3 0.90 24 0.125
136 A ) ) 1.07 27 0.185
137 A 6 6 0.99 29 0.207
138 A 4 4 1.00 29 0.138
139 B 6 6 2.03 29 0.207
140 A 5 5 1.35 29 0.172
141 A 4 4 1.00 27 0.148
1142/ | A 3 3 1.00 22 0.136
143/ | N/A 1 0 1.00 29 0.000
144 A 4 4 1.00 33 0.121
145 A 4 4 1.00 34 0.118
146 A 5) 5 1.00 34 0.147
1471 A 3 3 0.99 34 0.088
148 A 4 4 1.03 34 0.118
149 A 7 7 1.20 31 0.226
150 A 5 5 1.03 30 0.167
151 A 10 9 1.00 33 0.273
152 A 9 8 1.00 33 0.242
153 A 8 7 1.04 33 0.212
154 A 9 8 1.57 30 0.267
155 A 4 4 1.35 29 0.138
156 A 10 9 1.62 32 0.281
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand b .
# | grade steps wnidie | anfideriative |t e tegrand leaf size
157 A 9 8 1.62 32 0.250
158 A 7 6 1.23 32 0.188
159 A 8 7 1.15 32 0.219

2.3. Detailed conclusion table specific for Rubi results
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3.158 [ ﬁ% dT . o 1260
3159 [ pAbmrer _gp 1266

x4/ —1+dx\/1+dx
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3.1.1 Optimal result

Integrand size = 21, antiderivative size = 112

/(a +bz)(c + dz)(e + fz)(9 + hz) dz = acegz + %(bceg + a(deg + cfg + ceh))x?
+ %(b(deg +cfg + ceh) + a(dfg + deh + cfh))x?

+ }l(adfh + b(dfg + deh + cfh))z* + %bdfhac5

s N

| axcxe*gkx+1/2% (bxckexgt+ax (ckxexh+tcxf*xg+d*e*g))*x~2+1/3* (b* (ckexh+c*f*xg+dxex
\ g) +tax (cxfxh+d*exh+d*f*g) ) *x~3+1/4* (a*d*fxh+b* (c*f*h+d*exh+d*f*g))*x~4+1/5%
 bxd*£*h*x"5 J

output

3.1.2 Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00

/(a + bx)(c+ dx)(e + fx)(g + hx) dz = acegz + %(bceg + adeg + acfg + aceh)z?

1
+ g(bdeg + befg + adf g + beeh + adeh + acfh)z®

+ i(bdfg + bdeh + befh + adfh)zt + ébdfhxf’

input‘ Integrate[(a + b*x)*(c + d*x)*(e + f*x)*(g + h*x),x]

31.  [(a+bz)(c+dz)(e+ fzr)(g+ hz)dx
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output‘a*c*e*g*x + ((bxckexg + axdkexg + akxckfxg + akxckexh)*x~2)/2 + ((bkdxexg +
‘b*c*f*g + axd*f*xg + bkckexh + akdxexh + axcxf*h)*x"3)/3 + ((bxd*f*g + b*dx*
|exh + brckfh + akd*fxh)*x"4)/4 + (b*xdxf*h*x"5)/5 |

3.1.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 495 Ryles used

integrand size
= {159, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ba)(c + dz)(e + fo)(g + ha) da

l 159

/ (z3(adfh + b(cfh + deh + dfg)) + z*(a(cfh + deh + df g) + b(ceh + cfg + deg)) + z(a(ceh + cfg + deg) + be
| 2009

1 1 1
Zx‘l(adfh +b(cfh+ deh + dfg)) + §$3(a(cfh + deh + dfg) + b(ceh + cfg + deg)) + §x2(a(ceh +

cfg + deg) + beeg) + acegz + %bdfha:5

-

input LInt[(a + bxx)*(c + d*x)*(e + f£*xx)*(g + h*x),x]

—

output‘ axcxexgxx + ((bkxcxexg + ax(d*exg + cxf*g + ckexh))*x"2)/2 + ((bx(dxe*xg + c
‘*f*g + cxexh) + ax(d*f*xg + d*exh + c*f*h))*x"3)/3 + ((axd*xf*h + bx(dxfxg +
d*exh + cxf*h))*x~4)/4 + (b*d*f*h*x~5)/5

N\

31.  [(a+bz)(c+dz)(e+ fzr)(g+ hz)dx
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3.1.3.1 Defintions of rubi rules used

rule 159‘Int[((a_.) + (b_)*(x))"(@m_)*((c_.) + (d_D*x))"(_.)*((e) + (f_.)*(x_ ‘
‘))*((g_.) + (h_.)*(x_)), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x)"n
#(e + £xx)*(g + h*x), x], x] /; FreeQl{a, b, c, d, e, £, g, h}, x] & (IGtQ |
‘[m, 0] || IntegersQ[m, n]) ‘

e

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

3.1.4 Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.97

method result

default bdfg b + (((ad+bc)erlilde)h+bdfg)ae4 + ((acf+(ad+bc)e)h+§(ad+bc) f+bde)g)z? + (aceh+(acf+§ad+bc)e)g)x2 ey
norman M + (}ladfh + }lbcfh + %bdeh + ;llbdfg) z* + (%acfh + %adeh + %adfg + %bceh + %bcf
gosper tbdfh2® + 1z*adf h + ta*befh + jx*bdeh + ;o*bdf g + 3z3acfh + s23adeh + 3zPadfg + -
risch tbdfhz® + jz*adf h + tax*befh + jx*bdeh + ;o*bdf g + 3zPacfh + s23adeh + 3ziadfg + -
parallelrisch | tbdfhz® + jz*adfh + ta*befh + jx*bdeh + ;x*bdf g + 3z3acfh + sz3adeh + 3ziadfg + -

-

.
inputLint((b*x+a)*(d*x+c)*(f*x+e)*(h*x+g),x,method=_RETURNVERBOSE) J

output \ 1/5xb*d*f*h*x~5+1/4* (((a*d+b*c) *f+b*d*e) xh+bxd*f*g) *x~4+1/3* ((a*c*xf+(axd+b \
‘*c)*e)*h+((a*d+b*c)*f+b*d*e)*g)*x“3+1/2*(a*c*e*h+(a*c*f+(a*d+b*c)*e)*g)*x*
‘ 2+axckxexgxx ‘

3.1.5 Fricas [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.27

1 1 1 1
/(a +bzx)(c+dx)(e+ fzr)(g+ hx)dr = gm5hfdb + Zm‘*gfdb + Zm“hedb + Zm‘*hfcb
+ ix‘lhfda + %xg‘gedb + %xg‘gfcb + %az‘q’hecb

1 1 1 1
+ §x3gfda + §x3heda + gx?’hfca + §ngecb

1 1 1
+ §z2geda + Engfca + §w2heca + zgeca

31.  [(a+bz)(c+dz)(e+ fzr)(g+ hz)dx
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input ‘ integrate ((b*x+a) * (d*x+c) * (f*xx+e) * (h*x+g) ,x, algorithm="fricas") ‘

output(l/S*x”S*h*f*d*b + 1/4%x"4xgxf*d*b + 1/4*x"4xhxe*d*b + 1/4*x"4xhxf*cxb + 1/
\4*x“4*h*f*d*a + 1/3*x"3xg*xexd*b + 1/3*x"3*gkfxc*b + 1/3*x"3*h*exc*b + 1/3%
‘X“S*g*f*d*a + 1/3%x"3*h*e*d*a + 1/3%x"3xhxf*cka + 1/2%x"2xg*e*c*b + 1/2%x~
LQ*g*e*d*a + 1/2%x"2xgxf*cka + 1/2%x"2xh*e*cka + x*gkekcka

|

3.1.6 Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.32

5 dfh befh bdeh bd
/(a—l—ba:)(c-i—d:c)(e-l—fx)(g+hw)dx=acega;+bdf5h$ +x4(ai‘ N CL{ + : + 4{9)

sfacfh adeh adfg bceh befg bdeg
+x<3+3+3+3+3+3
ofaceh acfg adeg bceg
+x( st Tt

input

integrate ((b*x+a)* (d*x+c) * (f*x+e) * (h*x+g) ,x)

N\ J

Output‘ akxckxexgxx + bxdxfxh*x*x5/5 + x**4*(axd*fxh/4 + bkcxfxh/4 + bxdxexh/4 + bxd \
‘*f*g/4) + x**3*(axcxf*h/3 + axd*exh/3 + axd*f*g/3 + bkckexh/3 + bxcxf*xg/3 \
+ brdkexg/3) + xar2k(akckerh/2 + akckEkg/2 + axdrerg/2 + brckexg/2) |

3.1.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.96

/(a + bx)(c+dx)(e+ fx)(g + hx)dz = % bdf hz® + acegz

L

+ = (bdfg + (bde + (bc + ad) f)h)z*

+= ((bde + (bc + ad) f)g + (acf + (bc + ad)e)h)z®

—Rl s

+ = (aceh + (acf + (bc + ad)e)g)z?

N

31.  [(a+bz)(c+dz)(e+ fzr)(g+ hz)dx
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input‘integrate((b*x+a)*(d*x+c)*(f*x+e)*(h*x+g),x, algorithm="maxima")

p

output‘ 1/5%bxd*f*h*x~5 + akxckexgxx + 1/4*(bxdxfxg + (bkd*e + (b*c + a*d)*f)xh)*x~
\4 + 1/3*%((bxd*e + (b*c + axd)*f)*g + (a*cxf + (bxc + a*xd)*e)*h)*x"3 + 1/2%
‘(a*c*e*h + (axc*f + (bxc + axd)*e)*g)*x"2

3.1.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.27

/(a + bx)(c+dx)(e+ fx)(g + hx) dz = % bdf hz® + i bdf gz* + i bdehz* + %1 befhxt
L
3

1 1 1 1
+3 beeha® + 3 adehz® + 3ac fha® + 3 beegx?

1 1 1
+ 3 adegz? + 3 acfgx® + 3 acehz? + acegz

+ iadf hz* + = bdegx® + %bc fox® + %adf gz

input‘integrate((b*x+a)*(d*x+c)*(f*x+e)*(h*x+g),x, algorithm="giac")

output(l/S*b*d*f*h*x“s + 1/4xbkdxf*xgxx~4 + 1/4xbkdkexh*x~4 + 1/4xbxcxfxh*x~4 + 1/
\4*a*d*f*h*x‘4 + 1/3*b*d*e*xgxx~3 + 1/3*bkxcxf*gxx~3 + 1/3*axd*f*xg*xx"3 + 1/3%
‘b*c*e*h*x‘S + 1/3%a*xd*exh*x”3 + 1/3%axcxfxh*x~3 + 1/2%bkcke*xg*x~2 + 1/2%ax*
Ld*e*g*x‘2 + 1/2%akxcxf*xg*x~2 + 1/2%axckexh*x™2 + akckexg*x

|

3.1.9 Mupad [B] (verification not implemented)

Time = 2.64 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.03

/<a+bw><c+dx><e+fx><g+hx)dx:b‘”’”‘l(“df"+bcfh+bdeh+bdfg> 4

5 4 4 4 4
acfh adeh adfg bceh befg
+( 3 + 3 + 3 + 3 + 3
N bd3eg) e

(aceh acfg adeg bceg

2
2 + 2 2 9 )x+acegz

31.  [(a+bz)(c+dz)(e+ fzr)(g+ hz)dx
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input‘ int((e + £*x)*(g + h*x)*(a + b*x)*(c + d*x),x)

output ‘/x“s*((a*c*f*h)/s + (axd*exh)/3 + (a*xd*f*g)/3 + (b*c*xexh)/3 + (bxcxf*xg)/3 +
\ (b*xd*e*g)/3) + x~2x((axc*exh)/2 + (a*cxfxg)/2 + (a*xdxe*g)/2 + (bkcxex*xg)/2
\) + x74x((axd*fxh) /4 + (b*xc*fxh)/4 + (b*d*exh)/4 + (b*xdxf*g)/4) + axcxe*xgx
‘x + (b*d*f*h*x"5)/5

|

31.  [(a+bz)(c+dz)(e+ fzr)(g+ hz)dx



CHAPTER 3. LISTING OF INTEGRALS 82

3.2 f (a+bzx)(c+dx)(e+fz) dx

g+hx
3.2.1 Optimalresult . . .. .. ... . . ... .. e 82
3.2.2 Mathematica [A] (verified) . . . . . .. ... ... Lo ]2
3.2.3 Rubi [A] (verified) . . . ... ... ... 83
3.24 Maple [A] (verified) . . ... ... . ... Rl
3.2.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... . k!
3.2.6 Sympy [A] (verification not implemented) . . ... ... ... ... . .... 85
3.2.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. ]5)
3.2.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 36l
3.2.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 36

3.2.1 Optimal result

Integrand size = 23, antiderivative size = 126

/(a—l—bx)(c-l—dx)(e-l—fx) i (b(dg — ch)(fg — eh) — ah(dfg — deh — cfh))z

g+ hz h3
(adfh — b(dfg — deh — cfh))z?  bdfz3
* oh2 T 3h
_ (bg —ah)(dg — ch)(fg — eh)log(g + hz)
R4

output ‘ (b* (—cxh+d*g) * (~exh+f*g) —axh* (—~c*f*h-d*exh+d*f*g) ) ¥x/h~3+1/2* (axd*f*h-b* (-
‘c*f*h—d*e*h+d*f*g))*x‘2/h‘2+1/3*b*d*f*x‘3/h—(—a*h+b*g)*(—c*h+d*g)*(—e*h+f*
Lg) *1n (h*x+g) /h~4

~

3.2.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.98

/(a+bx)(c+dx)(e+fw) i

g+ hz
_ hx(3ah(2cfh + d(—2fg + 2eh + fhx)) + b(3deh(—2g + hx) + 3ch(—2fg + 2eh + fhx) + df (69 — 3gh:
B 6h*
input LIntegrate [((a + b*x)*(c + d*x)*(e + f*x))/(g + h*x),x] J

3.9. f (a-{-bw)(;i(}ibz)(e—f-fw) dx
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OUtPHt‘(h*x*(3*a*h*(2*c*f*h + dx(-2%fxg + 2%exh + fxh*x)) + b*(3xd*exhx(-2%g + hx
'X) + Bxckhk(-2%fxg + 2kexh + fxhkx) + dxf*(6%g 2 - Bkgrhkx + 2%h"2%x"2)))
|- 6%(bkg -~ ah)*(d*g - c*h)*(f+g - exh)*Loglg + h*x])/(6*h"4) |

3.2.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( yg7 Ryles used

integrand size
= {159, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a+bw)(c+dm)(e+f:v) d
g+ hx

l 159

/ ((ah —bg)(ch — dg)(eh — fg) + b(dg — ch)(fg — eh) — ah(—cfh — deh + df g) + z(adfh — b(—cfh — deh +

h3(g + hx) h3 h?
| 2009
_ (bg — ah)(dg — ch)(fg — eh)log(g + hz) + z(b(dg — ch)(fg — eh) — ah(—cfh — deh + df g)) +
h4 h3
z?(adfh — b(—cfh — deh + dfg))  bdfz?
oh? T

e hY

Int[((a + b*x)*(c + d*x)*(e + f*x))/(g + h*x),x]

N\ J

input

output‘ ((bx(d*g - c*h)*(f*g - exh) - axhx(d*f*g - d*exh - c*fxh))*x)/h~3 + ((a*xd*
\f*h - bx(d*f*g - dxexh - c*fxh))*x~2)/(2¥h~2) + (b*d*f*x~3)/(3%h) - ((bxg
‘- axh)*(d*g - c*h)*(fxg - e*h)*Logl[g + h*x])/h~4

3.9. f (a-{-bw)(;i(}ibz)(e—f-fw) dx
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3.2.3.1 Defintions of rubi rules used

rule 159‘Int[((a_.) + (b_)*(x )" (m_)*((c_.) + (d_)*(x))"(a_.)*x((e ) + (£f_.)*(x_
‘))*((g_.) + (h_.)*(x_)), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x)"n
(%(e + £xx)*(g + hxx), x], x] /; FreeQl{a, b, c, d, e, £, g, b}, x] && (IGtQ
‘[m, 0] || IntegersQ[m, nl])

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

3.2.4 Maple [A] (verified)

Time = 1.52 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.39

method result

(acf h2+ade h?—adf gh+bce h2—be f gh—bdegh~+bdf g2)@ | (adfhtbe fh-+bdeh—bdf g)z2 4 bdf z3 i (ace h®—acfgh*—a
2h2

norman w3 3h
1bdf 23h2+ L adf h2a?+ Lbef h2x2+ Lbde h222— Lbdf gh 22 +acf h2z+ade h2z—adf ghz-+bce h2z—bef ghz—bdeghz+bdf g2
default 3 '
: bdf =3 adf =2 bef 22 bdex? __ bdfg z2 acfz adex __ adfgx becex __ bcfgxr _ bdegx bdf g%z
risch sho T on T T o w2t h T e T K2 i e
parallelrisch 2bdf x3h3+3x2adf h3+3x2bcf h3+3x2bde h®—3x2bdf g h?+6 In(hz+g)ace h®—6 In(hz+g)acfg h?—6 In(hz+g)adeg h?+6 In(k

input Lint ((b*x+a) * (d*x+c) * (f*x+e) / (h*x+g) ,x,method=_RETURNVERBOSE)

output \ (axc*f*h~2+a*d*e*h™2-axd*f*gxh+bkcke*h™~2-bkc*f*gxh-bkd*e*xg*h+bxd*f*g~2)/h"~
\ 3xx+1/2/h" 2% (axd*f*h+bkcxf*xh+bkdrxexh-bkd*f*g) *x~2+1/3xbxd*f*x"3/h+(axc*e*h
‘ “3-axcxfxgxh~2-axdxexg*h”2+axd*f*g~2xh-b*c*xexg*xh™2+b*c*f*g~2xh+b*d*e*xg~2*xh
 ~brd*f*g~3) /h~4*1n (h*x+g)

3.2.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.29

/(a+bx)(c+dx)(e+fx) i
g+ hz

_2 bdfh3z® — 3 (bdf gh? — (bde + (bc + ad) f)h3)z? + 6 (bdf g°h — (bde + (bc + ad) f)gh® + (acf + (bc + ad

input Lintegrate ((b*x+a) * (d*x+c) * (f*x+e) / (h*x+g) ,x, algorithm="fricas")

3.9. f (a-{-bz)(;i(}ibz)(e—f-fw) dx

6 ht
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output‘ 1/6% (2xbxd*f*h~3*x~3 - 3*(b*d*f*gxh~2 - (b*d*e + (b*c + a*d)*f)*h~3)*x"2 + \
| 6% (bxdxf*g2¥h - (bxdxe + (bxc + a*d)*f)*g#h"2 + (axcxf + (bxc + axd)*e)x |
'h3)*x - 6x(bxd*f*g"3 - akckexh™3 - (bkd*e + (bkc + axd)*f)*g 2+h + (axcf |
|+ (bkc + axd)*e)*gkh~2)*log(h*x + g))/h™4 |

3.2.6 Sympy [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.16

2h 2h 2h 2h?
+x(ﬂ N ade adfg bce bcfg bdeg bdfg2>

/ (a+ba)(c+dr)(e+ fz) , _ bdfz® +x2(ﬂ+ bef | bde @)
g+ hx 3h

h h h2 h h2 h2 h3
4 (ah — bg) (ch — dg) (eh — fg)log (g + hx)
h4

inputtintegrate((b*x+a)*(d*x+c)*(f*x+e)/(h*X+g),X) J

output‘b*d*f*x**s/(S*h) + x**2x(axd*f/(2*h) + b*cxf/(2xh) + bxd*e/(2%¥h) - b*xd*fxg
\/(2*h**2)) + x*(axc*f/h + axd*e/h - a*d*fxg/h*x2 + bkckxe/h — bxcxf*g/h**2 \
‘— b*d*exg/h**2 + bkxd*fxg*x*2/h*x3) + (axh - b*g)*(cxh - dxg)*(exh - fx*g)*lo
‘g(g + h¥x)/haxa |

3.2.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.29

/(a—l—bx)(c+dm)(e+fx) i

g+ hzx
_ 2bdfh?z® — 3 (bdf gh — (bde + (bc + ad) f)h?)z? + 6 (bdf g° — (bde + (bc + ad) f)gh + (acf + (bc + ad)e).
B 6 h3
_ (bdfg® — aceh® — (bde + (bc + ad) f)g°h + (acf + (be + ad)e)gh?) log (hz + g)
hA
inputLintegrate((b*x+a)*(d*x+c)*(f*x+e)/(h*x+g),x, algorithm="maxima") J

3.9. f (a-{-bw)(;i(}ibz)(e—f-fw) dx
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output‘1/6*(2*b*d*f*h“2*x“3 - 3x(bxd*fxg*h - (b*d*e + (b*c + a*d)*f)*h~2)*x"2 + 6
(*(brdxfxg™2 - (bxdxe + (bkc + a*d)*f)*g+h + (axcxf + (bxc + axd)*e)*h™2)*x
)/h"3 - (bxd*f*g™3 - axcxexh™3 - (bkdxe + (b¥c + axd)*f)*g 2+h + (akcxf +
| (bxc + axd)*e)*g+h~2)*log(h*x + g)/h~4 |

3.2.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.59

/(a+bx)(c+d:c)(e+fw) i

g+ hx
_ 2bdfh?z® — 3bdf ghx? 4 3bdeh’s? 4 3bcfh?x? + 3 adf h*x? 4 6 bdf g°x — 6 bdeghx — 6 bef gha — 6 adf gh
B 6 h3
_ (bdfg* — bdeg*h — befg*h — adf g*h + beegh® + adegh® + acfgh® — aceh®) log (|hx + gl)
R4
inputLintegrate((b*x+a)*(d*x+c)*(f*x+e)/(h*x+g),x, algorithm="giac") J

output | 1/6% (2*b*d*f*xh~2+x"3 - 3*b*d*f*gxh*x~2 + 3*b*d*exh~2*x"2 + 3*bkcxfxh~2%x"2

+ 3*axd*f*h~2%x"2 + 6xbxd*xf*xg~2%x - 6%bkd*exgxh*x — 6xbxckxf*xgkh*x - 6%a*d
*xfkgkh*x + 6*%bkckexh™2*%x + 6*axd*exh™2%x + 6*akxc*fxh~2%x)/h~3 - (b*d*f*g~3
- bxdxexg~2xh - bxcxfxg~2xh - a*d*fxg~2xh + b*cxexg*h™2 + axd*e*g*h™2 + a
kc*xf*gxh~2 - akcxe*h~3)*log(abs(h*x + g))/h~4

3.2.9 Mupad [B] (verification not implemented)

Time = 2.82 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.38

/(a+bx)(c+da:)(e+fx) i

g+ hx
_ [acf+adet+bce g (2FpIRde _be[a) g2 (24f +bef+bde bdfg
- h h v 2h 2 h2
+ln(g—|—h:c) (aceh®—bdfg*—acfgh®?>—adegh®?—bcegh®’+adfg*h+bcfg?h+bdeg®h)
pA
bd f 3
+ 3h

3.9. f (a-{-bw)(;i(}ibz)(e—f-fw) dx
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input\int(((e + fxx)*(a + bxx)*(c + d*x))/(g + h*x),x)

output(x*((a*c*f + axd*e + bxc*e)/h - (gx((axd*f + bxcxf + bxdxe)/h - (b*d*f*g)/h
\‘2))/h) + x72x((axd*f + bxc*f + bkdxe)/(2*%h) - (b*d*fx*g)/(2¥h~2)) + (log(g
\ + hxx)*(axckxexh™3 - bxdxfxg~3 - axckxfxgxh~2 - axd*exgxh~2 - b*c*e*g*h~2 +
‘ axdxf*g~2%h + bkckxf*g~2%h + b*d*exg~2xh))/h~4 + (b*d*f*x~3)/(3%h)

|

3.9. f (a-{-bw)(;i(}ibz)(e—f-fw) dx
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3.3 f (a+bz)(c+dx) dx
) (e+fx)(g+h)

3.3.1 Optimalresult . . ... ... ... .. ... ... 88|
3.3.2 Mathematica [A] (verified) . . . . . . . ... .o o 88
3.3.3 Rubi [A] (verified) . . . ... ... 89
3.34 Maple [A] (verified) . ... ... ... ... 90
3.3.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 90
3.3.6 Sympy [F(-1)] . . . o o OT]
3.3.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... OT]
3.3.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... OTl
3.3.9 Mupad [B] (verification not implemented) . . . .. .. ... ... ... ... 92

3.3.1 Optimal result

Integrand size = 25, antiderivative size = 84

dz

/ (a+bx)(c+dz) ,  bdx N (be — af)(de — cf)log(e + fz)

(e+ fz)(g+hz) ~  fh f*(fg —eh)

_ (bg — ah)(dg — ch)log(g + hz)
h*(fg — eh)

output ‘ b*d*x/f/h+(-axf+bxe) * (~ckf+dxe) *1n(f*x+e) /£72/ (-exh+f*g) - (-a*h+b*g) * (-c*h+
| d*g) *1n (hxx+g) /h~2/ (-exh+E*g)

3.3.2

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.01

(a + bx)(c+ dx)

(e + fz)(g + hx)

_ (be —af)(de — cf)h?log(e + fz) + f(bdh(fg — eh)z — f(bg — ah)(dg — ch)log(g + hx))

f2h%(fg — eh)

input LIntegrate[((a + bxx)*(c + d*x))/((e + fxx)*(g + h*x)),x]

output‘ ((bxe - a*f)*(dxe - c*f)*h"2xLogle + f*x] + fx(bxdxh*(fxg - exh)*x - fx(b*
‘g - a*h)*(d*g - cxh)*Loglg + h*x]))/(£72%h~2*(f*g - e*h))

3.3.

J

(a+bzx)(ctdx) (c+dz
(e+fz)(g+he)

dx
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3.3.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ ( 430 Ruyles used = {159,
integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a + bx)(c+ dx) i
(e + fz)(g + hx)

l 159

(af —be)(cf —de) , (ah—bg)(ch—dg) , bd)
/ (f(e T f2)(fg—ch)  h(g+ha)(eh— fg) fh> ;
| 2009
(be — af)(de — cf)log(e + fz)  (bg — ah)(dg — ch)log(g + hz)  bdz
f2(fg — eh) h?(fg — eh) fh

inputtlnt[((a + b*x)*(c + d*x))/((e + £*x)*(g + h*x)),x]

- ((b*g - a*h)*(d*g - c*h)*Loglg + h*x])/(h"2*(f*g - e*h))

3.3.3.1 Defintions of rubi rules used

rule 159‘Int[((a_.) + (b_)*(x))"(@m_)*((c_.) + (d_D)*x))"(_.)*((e) + (f_.)*(x_

‘))*((g_.) + (h_.)*(x_)), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*x)"n
‘*(e + fxx)*(g + h*x), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] & (IGtQ
‘[m, 0] || IntegersQ[m, nl)

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

(a—i—bz)(c—l—dz
3.3. f (e+fz)(g+hz) dz
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3.3.4 Maple [A] (verified)

Time = 1.57 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.21

method result
bd. (ach?—adgh—bcgh+bd g2) In(hz+g) (—ac f2+adef+bcef—bd €?) In(fx+e)
default it R2(ch—fg) T F(eh—fa)
bdx (ac h?—adgh—bcgh+bd g2) In(hz+g) _ (ac f2—adef—bcef+bde?) In(fz+e)
norman T R2(ch—7a) CEYE
parallelrisch In(fz+e)ac f2h2—In(fz+e)adef h?—In(fz+e)bcef h2+In(fr+e)bd e>h?—In(hz+g)ac f2h%+In(hz+g)ad f2gh+In(hz+g)

f?h*(eh—fg)

risch

fh eh—fg (eh—f9)f (eh—fa)f (eh—fg)f? eh—fg

bdz _ In(fzte)ac + In(fz+e)ade + In(fz+e)bce  In(fz+e)bde? + In(—hz—g)ac _ In(—hx—g)adg _ In(—hz-
h(eh—fg) h(eh—

inputLint((b*x+a)*(d*x+c)/(f*x+e)/(h*x+g),x,method=_RETURNVERBOSE)

output‘b*d*x/f/h+1/h“2*(a*c*h‘2-a*d*g*h-b*c*g*h+b*d*g“2)/(e*h-f*g)*ln(h*x+g)+(—a*
‘c*f*2+a*d*e*f+b*c*e*f—b*d*e‘2)/f‘2/(e*h—f*g)*ln(f*x+e)

3.3.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.39

/ (a + bz)(c+ dz) i
(e+ fx)(g + hx)

(bc + ad) f2gh)]

_ (bde? + acf? — (bc+ ad)ef)h?log (fz + €) + (bdf?gh — bdefh*)x — (bdf?g® + acf?h® —

f3gh2 — ef2h3

-

inputtintegrate((b*x+a)*(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="fricas")

e—

p

Output‘((b*d*e‘2 + axcxf~2 - (b*c + a*d)*exf)*h~2+log(f*x + e) + (b*d*f~"2*g*h - b
‘*d*e*f*h‘2)*x - (b*d*f~2%g~2 + a*xc*f~2+¥h~2 - (b*c + axd)*f~2*g*h)*log(h*x
\+ g))/(£73%g*xh~2 - e*xf~2xh~3)

———————

(a+bzx)(ctdx)
33. [ eifeierns 4z
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3.3.6 Sympy [F(-1)]

Timed out.

(a+bzx)(c+dx) , imed ou
/ke+ﬁw@+h@dx_T d out

e

inputtintegrate((b*x+a)*(d*x+c)/(f*x+e)/(h*X+g),X)

~—

p
output LTimed out

-/

3.3.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.24

/ (a + bx)(c + dx) i — bdz N (bde? + acf? — (bc+ ad)ef) log (fz + e)
(e + fz)(g + hz) fh f29—ef*h
(bdg? + ach? — (bc + ad)gh) log (hz + g)
B fgh? —eh?

input Lintegrate ((bxx+a) * (d*x+c) / (f*x+e) / (h*x+g) ,x, algorithm="maxima")

Output | bkdsx/(£¥h) + (bkd*e™2 + akckf™2 - (bkc + axd)*exf)*log(f+x + e)/ (£ 3*g -
\e*f‘2*h) - (b*d*g~2 + axcxh™2 - (b*c + a*d)*g+h)*log(h*x + g)/(f*g*h~2 - e
‘ *h~3)

3.3.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.29

/ (a + bx)(c + dx) i — bdx N (bde? — beef — adef + acf?)log (| fz + e|)
(e + fx)(g + h) fh f2g—ef?h
(bdg® — becgh — adgh + ach?®) log (|hz + g|)
B fgh? — eh?

input Lintegrate ((b*x+a) *(d*x+c) / (f*x+e) / (h*x+g) ,x, algorithm="giac")

-/

output‘b*d*x/(f*h) + (b*d*e”2 - bxckexf - a*dxexf + axcxf~2)*log(abs(f*x + e))/(f
“S*g - exf~2xh) - (b*d*g~2 - bxcxgxh - axdxgxh + axcxh~2)*log(abs(h*x + g)
‘)/(f*g*h“2 - exh~3)

(a+bzx)(ctdx)
33. [ eifeierns 4z
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3.3.9 Mupad [B] (verification not implemented)

Time = 3.47 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.25

/(a—i—bx)(c-l—dx) p _In(e+fz) (acf?— f(ade+bce) +bde?)

(e+fa)g+ha) " frg—efh
N In(g+hz) (ach?—h(adg+bcg)+bdg?) N bdx
eh®— fgh? fh

inputtint(((a + b*x)*(c + d*x))/((e + £*x)*(g + h*x)),x)

"2 - fx(axd*e + bkcke) + bxdxe”2))/(£73*%g - exf~2%h) +
| (log(g + h¥x)*(axc¥h™2 - h¥(axd*g + b¥ckg) + bkdxg~2))/(e¥h™3 - f*g+h~2)
'+ (b*d*x)/(£%h)

(a+bzx)(ctdx)
33. [ eifeierns 4z
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a+bx
3.4 | CZol + dz

e+fz)(g+hz)
34.1 Optimalresult . .. ... ... . .. .. 93]
3.4.2 Mathematica [A] (verified) . . . . . ... ... .. Lo oL 93
3.4.3 Rubi [A] (verified) . . . . . . ... 94
3.4.4 Maple [A] (verified) . ... ... . ... .. 95
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 95
3.4.6 Sympy [F(-1)] . . . . 96!
3.4.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 961
3.4.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 96!
3.4.9 Mupad [B] (verification not implemented) . . ... ... ... ... . ..... 97

3.4.1 Optimal result

Integrand size = 27, antiderivative size = 108

a—+bx dp = — (bc — ad) log(c+ dz) = (be — af)log(e + fx)
(c+ dz)(e+ fx)(g + hx) (de—cf)(dg—ch) ~ (de—cf)(fg—eh)
_ (bg — ah)log(g + hz)
(dg — ch)(fg — eh)

output‘—(—a*d+b*c)*1n(d*x+c)/(—c*f+d*e)/(-c*h+d*g)+(—a*f+b*e)*1n(f*x+e)/(—c*f+d*e
)/ (~exh+f*g) - (~a*h+bkg) ¥1n(h*x+g) / (~c¥h+d*g) / (~exh+E*g) J

3.4.2 Mathematica [A] (verified)
Time = 0.04 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.94

a+ bx
(c+dz)(e+ fx)(g + hx) de
(bc — ad)(fg — eh)log(c+ dz) — (be — af)(dg — ch)log(e + fx) + (de — cf)(bg — ah)log(g + hzx)
(de — cf)(dg — ch)(—fg + eh)

input LIntegrate[(a + bxx)/((c + d*x)*(e + f*x)*(g + h*x)),x]

-/

Output‘ ((bxc - a*d)*(fxg - exh)*Loglc + d*x] - (bxe - axf)*(d*g - cxh)*Logle + f* \
\x] + (d*e - cxf)*(bxg - axh)*Loglg + h*x])/((d*e - cxf)*(d*g - c*h)*(-(f*xg \
)+ exh)) |

a+bx
34. [ (c+dz)(e+fx)(g+ha) dz
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3.4.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 474 Ryles used

' integrand size
= {165, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ a+ bz e
(c+dx)(e+ fx)(g + hx)

l 165

/ ( d(ad — be) f(af — be) h(ah — bg)
(c+dx)

(de—cf)(dg—ch) (e + fz)(de—cf)(eh—fg) © (g+ ha)(dg — ch)(fg — ch

l 2009

(bc — ad)log(c + dz) | (be —af)log(e + fz) (bg — ah)log(g + hz)
(de—cf)(dg—ch) = (de—cf)(fg—eh)  (dg—ch)(fg—eh)

input‘ Int[(a + b*x)/((c + d*x)*(e + £*xx)*(g + h*x)),x]

;) do

output‘—(((b*c - axd)*Loglc + d*x])/((d*e - cxf)*(d*g - c*h))) + ((bxe - axf)*Log
\ [e + £*x])/((d*e - c*f)*x(f*g - exh)) - ((b*g - ax*h)*Loglg + hx*x])/((d*g -
| c¥h)*(f*g - exh))

3.4.3.1 Defintions of rubi rules used

rule 165‘/Int[((a_-) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m )*((e_.) + (£_.)*(x_)
‘)"(p_)*((g_.) + (h_.)*(x_)), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + dx
‘x)‘n*(e + £*x) px(g + h*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x]
&& (IntegersQm, n, p] || (IGtQ[n, 0] && IGtQ[p, 0]))

N\

/|

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N

a+bx
34 | Gt foerie 9
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3.4.4 Maple [A] (verified)

Time = 1.60 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00

method result

(ad—bc) In(dz+c) (ah—bg) In(hz+g)  (af—be)In(fz+e)
default (cf—de)(ch—dg) T (ch—dg)(eh—Fg) ~ (cf—de)(eh—T9)

(ah—bg) In(hz+g) + (ad—bc) In(dz+c) (af—be) In(fz+e)

norman ce h2—cfgh—degh+df g2 (cf—de)(ch—dg) ~ (cf—de)(eh—fg)
. In(dz+c)adeh—In(dz+c)adf g—In(dz+c)bceh+In(dz+c)bef g—In( fz+e)acf h+In( fr+e)adf g+In( fr+e)bceh—In( fz+e)bdegH
parallelrlsch (ce h2—cfgh—degh—+df g2)(cf—de)
isch In(dz+c)ad _ In(dz+c)be _ In(—fz—e)af + In(—fz—e)be + Ir
TSC c2 fh—cdeh—cdf g+d2eg c2 fh—cdeh—cdf g+d2eg cefh—c f2g—de?h+defg cefh—c f2g—de?h+defg ce h?—
inputLint((b*x+a)/(d*x+c)/(f*x+e)/(h*x+g),x,method=_RETURNVERBDSE) J

output((a*d-b*c)/(c*f—d*e)/(c*h—d*g)*1n(d*x+c)+(a*h—b*g)/(c*h-d*g)/(e*h-f*g)*ln(h
‘ *xx+g) - (axf-bxe) / (cxf-d*e) / (exh-f*g) *1n (f*x+e) ‘

3.4.5 Fricas [A] (verification not implemented)

Time = 39.87 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.48

/ a+ bz dr —
(c+dz)(e+ fz)(g + hx) =
((bc — ad) fg — (bc — ad)eh) log (dz + ¢) — ((bde — adf)g — (bce — acf)h)log (fz + €) + ((bde — bef)
(d?ef — cdf?)g? — (d?e? — 2 f2)gh + (cde? — c?ef)h?

inputtintegrate((b*x+a)/(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="fricas")

| —

output ‘/-(((b*c - a*xd)*f*g - (bxc - a*d)*exh)*log(d*x + c) - ((bxd*e - a*dxf)*g -
\(b*c*e - axc*f)xh)*log(f*x + e) + ((bkdxe — bkcxf)*g — (axd*e - axc*f)xh)x*
‘log(h*x + g))/((@"2xexf — cxd*xf~2)*g™2 - (d"2%e”2 - c~2*f"2)*gxh + (cxd*e”
Lz - ¢ 2xexf)*h"2)

~ @@

a+bx
3.4. J (c+dz)(e+fz)(g+ha) dz
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3.4.6 Sympy [F(-1)]

Timed out.
a+ bx

/ (c+dz)(e+ fz)(g + hx)

dz = Timed out

input Lintegrate ((b*x+a) / (d*x+c) / (f*x+e) / (h*x+g) ,x)

~—

output LTimed out

3.4.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.24

e+ fx)(g + hx) Te (d?e — cdf)g — (cde — 2 f)h
(be —af)log (fx +e)
(def — cf2)g — (de” — cef)h
(bg — ah)log (hx + g)
 dfg? + ceh? — (de + cf)gh

/ a+ bx p (bc — ad) log (dz + ¢)
(c+dz)(

input Lintegrate ((b*x+a) /(d*x+c) / (f*x+e) / (h*x+g) ,x, algorithm="maxima")

-/

Output‘—(b*c - axd)*log(d*x + c)/((d"2*e - c*dxf)*g - (cxd*e - c”2xf)xh) + (b*e -
| axf)*log(f*x + e)/((dxexf - cxf~2)xg - (dxe™2 - cxexf)*h) - (bxg - axh)*1
Jog(hkx + g)/(A*f*g™2 + cresh"™2 - (d¥e + C¥f)*gkh)

3.4.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.44

/ a+bx dp— — (bed — ad?) log (|dx + ¢|)
(c+dz)(e+ fz)(g + hx) d3eg — cd?fg — cd?eh + c2dfh
(bef —af?)log (|fz +e|)
def?g — cf3g — de?fh + cef?h
(bgh — ah?)log (|hz + g|)
 dfg2h — degh? — cfgh? + cehd

a+bx
34 | Gt foerie 9
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input‘integrate((b*x+a)/(d*x+c)/(f*X+e)/(h*x+g),X, algorithm="giac")

output(-(b*c*d - axd"2)*log(abs(d*x + c))/(d"3%e*g - c*d"2xfxg - c*d"2xexh + c~2*
\d*f*h) + (b*exf - axf~2)xlog(abs(f*x + e))/(dxe*xf~2%g - c*xf~3xg — dxe ™ 2xf*
‘h + cxe*f~2xh) - (b*gxh - a*h~2)*log(abs(h*x + g))/(d*f*xg~2%h - d*e*g*h~2
|~ ckf*g#h™2 + ckexh”3)

|

3.4.9 Mupad [B] (verification not implemented)

Time = 5.12 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.18

a+bx B In(e+ fz) (af —be)
/(c+da:)(e+fa:)(g+ha:) x_cfzg+de2h—cefh—defg
In(g+hz) (ah—bg)
ceh?+dfg>—cfgh—degh
In(c+dz) (ad—bc)
deg+c2fh—cdeh—cdfg

inputtint((a + b*x)/((e + £xx)*(g + h*x)*(c + d*x)),x)

Output‘(log(e + fxx)*x(axf - bxe))/(cxf"2xg + dxe”2xh - cxexfxh - dxexfxg) + (log(
\g + hxx)*(axh - b*xg))/(cxexh™2 + dxf*g~2 - cxf*gxh - dxexgxh) + (log(c + d
‘*x)*(a*d - b*c))/(d"2xexg + c”2xfxh - cxd*exh - cxdxfx*g)

a+bx
34 | Gt foerie 9



output
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3.5 [ : dx
) (a+bx)(c+dz)(e+fz)(g+hz)

3.5.1 Optimalresult . .. ... ... ... ... .. O8]
3.5.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 99
3.5.3 Rubi [A] (verified) . . . . . ... .. 99
3.5.4 Maple [A] (verified) . . ... ... .. ... 100!
3.5.,5 Fricas [F(-1)] . . . . . o o 1071
3.5.6 Sympy [F(-1)] . . . . o 1071
3.5.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. [10T]
3.5.8 Giac [B] (verification not implemented) . . . ... ... ... ... ..... 102
3.5.9 Mupad [B] (verification not implemented) . . ... .. ... ... ...... 103l

3.5.1 Optimal result

Integrand size = 29, antiderivative size = 163

1

/ (a + bx)

(c+dz)(e+ fz)(g + hz)

b?log(a + bx)
(bc — ad)(be — af)(bg — ah)
d?log(c + dzx)
(bc — ad)(de — cf)(dg — ch)
f?log(e + fx)

T (e —af)(de — cf)(fg — eh)

h?log(g + hx)

(bg — ah)(dg — ch)(fg — eh)

e

b~2*1n(b*x+a)/(-a*xd+b*c) /(-axf+b*e) / (-a*h+b*g) -d~2*1n (d*x+c) / (—a*xd+b*c) /(-

\ cxf+dxe) / (-cxh+d*g) +£~2*1n(f*x+e) / (-axf+bxe) / (-c*xf+d*e) / (—exh+f*g) -h~2x1n(
 hx+g) / (-a*h+bkg) / (~cxh+d+g) / (~exh+E*g)

3.5.

1

f (a+bz)(c+dz)

(e+fz)(g+hz)

dz
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3.5.2 Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.01

/ 1 s = b?log(a + bx)
(a + bz)(c + dz)(e + fz)(g + h) (bc — ad)(be — af)(bg — ah)
d?log(c + dzx)
(bc — ad)(—de + cf)(—dg + ch)
f*log(e + fx)
(be — af)(de — cf)(—fg + eh)
h?log(g + hzx)

(bg — ah)(dg — ch)(fg — eh)

-

input LIntegrate [1/((a + b*x)*(c + d*x)*(e + £*x)*(g + h*x)),x]

~—

output‘ (b~2xLog[a + b*x])/((bxc - axd)*(bxe - axf)*(b*xg - axh)) - (d"2xLoglc + dx
‘x])/((b*c - axd)*(-(d*e) + c*f)*(-(d*g) + c*h)) - (f~2*xLogle + f*x])/((bxe
\ - axf)x(dxe - c*f)*(-(f*g) + exh)) - (h~2*Loglg + h*x])/((b*g - axh)*(d*g
| - cxh)*(f*g - exh))

—_

3.5.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ ; 469 Ryles used
integrand size

— {198, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ! dx
(a+bz)(c+dz)(e+ fz)(g + hx)
| 198
b3 d3 f3
/ ((a + bz)(be — ad)(be — af)(bg — ah)  (c+ dz)(bc — ad)(cf — de)(ch — dg) (e + fz)(be — af)(de — cf)(e
| 2009

L dz

35, | G e e
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b%log(a + bx) B d?log(c + dx) + f?log(e + fz) B
(bc — ad)(be — af)(bg — ah)  (bc — ad)(de — cf)(dg — ch) = (be —af)(de — cf)(fg — eh)
h%log(g + hx)

(bg — ah)(dg — ch)(fg — eh)

inputtlnt [1/((a + b*x)*(c + d*x)*(e + f*x)*(g + h*x)),x] J

output‘ (b~2*Logl[a + b*x])/((b*c - a*xd)*(bxe — a*xf)*(b*g - axh)) - (d"2*Loglc + d* ‘
‘X])/((b*c - axd)*(d*e - c*f)*(d*g - cxh)) + (£72+Logle + f*x])/((b*e - a*f ‘
\)*(d*e - cxf)*x(fxg - exh)) - (h~2xLoglg + h*x])/((b*g - axh)*(d*g - c*h)x*( \
‘f*g - exh)) ‘

3.5.3.1 Defintions of rubi rules used

rule 198 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(n)*((e_.) + (£_.)*(x) |
‘)*(p_)*((g_,) + (h_.)*(x_))"(q_), x_]1 :> Int[ExpandIntegrand[(a + b*x) m*(c ‘
|+ d*x)"nx(e + f*x)"pk(g + h¥x)"q, x], x] /; FreeQl{a, b, c, d, e, £, g, b, |
‘ m, n}, x] && IntegersQ[p, ql ‘

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

3.5.4 Maple [A] (verified)

Time = 1.76 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.01

method result
default d? In(dz+c) _ b2 In(bz+a) + h2 In(hz+g) _ 2 In(fz+e)

clatl (ad=be)(cf—de)(ch—dg) ~ (ad—bo)(af—be)(ah—bg) " (ah—bg)(ch—dg)(ch—Fg)  (af—be)(cf—de)(eh—Fg)

K2 In(hz+g) d? In(dz+c) . 2 In(fz-

norman ace h3—acfg h?—adeg h?2+adf g2h—bceg h%+bcf g2h+bde g2h—bdf g3 + (ad—bc)(cf—de)(ch—dg) (ac f2—adef—beef+

isch d? In(—dz—c) + h? In(hz+g)
TSC ac?dfh—acd?eh—acd? fg+a d3eg—bc3 fh+bc2deh+b c2df g—bc d2eg ace h3—acfg h?—adeg h%+adf g2h—bceg h%+bcf g2
parallelrisch __In(bz+a)b?c’ef h?—In(bz+a)b?c? f2gh—In(bz+a)b?cd e2h2+In(bz+a)b?cd f2 g2 +In(bz+a)b>d?e® gh—In(bz+a)b’d2ef g2-

input Lint (1/ (bxx+a) / (d*x+c) / (£xx+e) / (h*x+g) ,x ,method=_RETURNVERBOSE) J
1
3.5. f (a+bz)(c+dz)(e+fz)(g+h) dx
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output‘d“2/(a*d—b*c)/(c*f—d*e)/(c*h-d*g)*1n(d*x+c)—b“2/(a*d—b*c)/(a*f—b*e)/(a*h—b
‘ *g) *x1n (bxx+a) +h~2/ (a*h-bxg) / (c*h-d*g) / (exh-f*g) *1n (h*x+g) -£~2/ (a*f-bxe) / (c
 *f-dke)/ (exh-f*g) *ln(f*x+e)

3.5.5 Fricas [F(-1)]

Timed out.

1 .
/ (a + bx)(c + d.’L‘)(e + f.'L')(g T h.’L‘) dx = Timed out

input Lintegrate (1/ (bxx+a) / (d*x+c) / (£xx+e) / (h*x+g) ,x, algorithm="fricas")

output LTimed out

3.5.6 Sympy [F(-1)]
Timed out.

/ 1
(a+bx)(c+dz)(e+ fx)(g + hx)

dz = Timed out

input Lintegrate (1/ (b*x+a) / (d*x+c) / (fxx+e) / (h*x+g) ,x)

output LTimed out

3.5.7 Maxima [A] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.90

1
/ (a + bx)(c + dz)(e + fz)(g + hx) dz
b%log (bz + a)
((b3c — ab?d)e — (ab*c — a2bd) f)g — ((ab?c — a?bd)e — (abc — a3d) f)h
d?log (dz + c)
((bed? — ad3)e — (bc*d — acd?) f)g — ((bc?d — acd?)e — (bc® — ac?d) f)h

f?log (fz +e)

bde?f + acf3 — (bc + ad)ef?)g — (bde3 + acef? — (bc + ad)e?f)h
h%log (hz + g)

 bdfg® — aceh® — (bde + (bc + ad) f)g2h + (acf + (bc + ad)e)gh?

il

3.5. dz

1
f (a+bz)(c+dz)(e+fz)(g+hz)
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input | integrate (1/(b*x+a)/(d*x+c)/(f*x+e)/(h*x+g) ,x, algorithm="maxima")

output b~2xlog(b*x + a)/(((b~3%c - axb~2*d)*e - (a*xb™2*c - a~2xb*d)*f)*g - ((a*b”
2xc - a"2xbxd)*e - (a"2xb*c - a"3*d)*f)*h) - d"2xlog(d*x + c)/(((b*xc*d~2 -
a*d~3)*e - (bxc™2*%d - a*c*d"2)*f)*g - ((b*c™2xd - a*c*d"2)*e - (b*c™3 - a
xc~2xd) *f)*h) + f~2*log(f*x + e)/((b*d*e~2*f + a*xc*f~3 - (b*c + axd)*e*xf~2
)*xg - (b*d*e~3 + axckxexf~2 - (b*c + a*d)*e”2xf)*h) - h™2xlog(h*x + g)/(bxd
*f*xg~3 - axc*exh”3 - (bxd*e + (bkc + a*d)*f)*xg~2*h + (axcxf + (b*c + axd)*
e)*g*h~2)

3.5.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 351 vs. 2(163) = 326.

Time = 0.29 (sec) , antiderivative size = 351, normalized size of antiderivative = 2.15

1
/ (0t 62)(c T dn)(e + f2)(g 1 ha)
B b® log (|bx + al)
 btceg — abddeg — ab3cfg + a2b2dfg — ab3ceh + a2b2deh + a2b2cfh — a3bdfh
d®log (|dz + c|)
" beddeg — adteg — b2 fg + acd®fg — bc2d2eh + acd3eh + b3dfh — acd2fh
N f*log (|fz +el)
bde?f2g — beef3g — adef3g + acf*g — bde® fh + bee? f2h + ade? f2h — acef3h
h3log (|hx + g|)
 bdfg3h — bdeg?h? — befg?h? — adf g2h? + beegh? + adegh? + acfgh® — aceh?

-

inputLintegrate(1/(b*x+a)/(d*x+c)/(f*x+e)/(h*x+g),x, algorithm="giac")

| —

output | b~3*log(abs(b*x + a))/(b~4*ckexg - a*b~3*d*e*g - a*b~3kcxf*g + a~2+b~2xd*f
*g — axb~3xckexh + a~2%b"2xd*e¥h + a~2%b”2*kcxfxh - a~3xb*d*f*h) - d~3*log(
abs(d*x + c))/(b*c*d~3%e*xg - a*d~4*e*xg - b*c~2*d~2*f*g + akxc*d"3*f*g - b*c
~2%d"2%exh + akcxd"3%exh + bxc”3*kd*fxh - axc”2xd"2*xfxh) + f~3*log(abs(f*x

+ e))/(b*d*e 2xf 2%g — bxckexf 3xg - akxd*exf 3xg + axcxf 4*g - bxdxe 3*fxh
+ bxcke 2xf~2xh + axd*e 2*f"2xh - akc*exf~3xh) - h~3*log(abs(h*x + g))/(b
*d*f*g~3%xh — bkxd*exg~2%h~2 - b*ckxf*g~2xh~2 - a*xdxf*g~2*%h~2 + b*c*exgxh~3 +
axd*exg*h~3 + axcxfxgxh~3 - axcxexh™4)

1
35. | Gremterdn erayerie &
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3.5.9 Mupad [B] (verification not implemented)

Time = 7.08 (sec) , antiderivative size = 317, normalized size of antiderivative = 1.94

1
| s e e ©
B b>In(a+bzx)
-~ bBceg—addfh—ab2ceh—ab?cfg—ab?deg+a2bcfh+a2bdeh+abdfg
d? In(c+dzx)
+ ad3eg—bc3 fh—acd?eh—acd®fg—bed’eg+ac’dfh+bctdeh+bcldfyg
f2ln(e+ fa)
+aqﬁg—bd&h—acqﬁh—adeﬂg—bcqﬁg+ad@fh+bcéfh+bd@fg
h?1In(g+ hz)

+aceh3—bdfg3—acfghz—adeglﬂ—bcegh2+adfg2h+bcf92h+bd692h

e

inputtint(1/((e + f*x)*(g + h*x)*(a + b*x)*(c + d*x)),x)

~—

output | (b~2*log(a + b*x))/(b~3*cke*xg - a~3*d*f*h - a*b~2*ckexh - axb~2xcxfxg - ax
b~2*d*exg + a"2xbxc*f*h + a~2%bxdxexh + a~2xb*d*xfxg) + (d"2xlog(c + dx*x))/
(a*d"3*exg — bkc"3xf*h - axc*d"2*kexh — akxcxd~2*f*g — bxc*d 2%exg + axc”2xd
*f*kh + bxc"2kd*exh + bkc"2*dxfxg) + (f72xlog(e + f*x))/(axckf~3%g - bkd*e~
3*%h - a*ckxexf~2xh - axdkexf 2%g - b*ckexf 2xg + axdke 2*xfxh + b*cke 2xfxh
+ bxd*e”2xf*xg) + (h~2*log(g + h*x))/(axckexh™3 - b*dxf*g~3 - axckf*gxh™2 -
axdxe*xg*h~2 - b¥ckexgxh™2 + axd*f*g~2xh + bkcxfxg~2+h + bxd*e*xg~2xh)

1
35. | Gremterdn erayerie &
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3.6 J o062

3.6.1 Optimalresult . .. ... ... ... . ... 104
3.6.2 Mathematica [A] (verified) . . . . . . ... ... 104
3.6.3 Rubi [A] (verified) . . . . . ... ... 105
3.6.4 Maple [A] (verified) . . ... ... .. ... 106!
3.6.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.6.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... ..
3.6.7 Maxima [A] (verification not implemented) . ... ... ... ........ 107
3.6.8 Giac [A] (verification not implemented) . . . ... ... ... . ... .... 107
3.6.9 Mupad [B] (verification not implemented) . . ... .. ... ... ...... 107

3.6.1 Optimal result

Integrand size = 17, antiderivative size = 23

/ 1+2z2)2+2z)(3+ )

1
dz = —3 log(1+z) +2log(2 + z) — glog(3 + )

output L—1/2*ln(1+x)+2*1n(2+x)—3/2*ln(3+x)

3.6.2

Time = 0.01 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00

Mathematica [A] (verified)

/ 1+z)2+z)(3+x)

1
dx = —3 log(1+ )+ 2log(2+z) — glog(3 +z)

-

input LIntegrate [x/((1 + x)*(2 + x)*(3 + x)),x]

~—

output L—1/2*Log[1 + x] + 2+Log[2 + x] - (3%Logl[3 + x])/2

3.6.

| woeiae

dz
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3.6.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ ( 118 Ryles used = {165,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (z+1)(z i Nw13) @
l 165

/<zi2_2@i3y_ﬂxin>dx
l 2009

1
-3 log(z + 1) + 2log(z + 2) — g log(x + 3)

inputLInt[x/((l + x)%(2 + x)*(3 + x)),x]

-

output L—1/2*Log[1 + x] + 2+Log[2 + x] - (3*Logl[3 + x])/2

~—

3.6.3.1 Defintions of rubi rules used

rule 165‘Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£_.)*(x_)
‘)‘(p_)*((g_.) + (h_.)*(x_)), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + d*
‘x)"n*(e + f*x)“p*(g + h*x), x], x] /; FreeQ[{a, b, c, d, e, £, g, h, m}, x]
‘ && (IntegersQ[m, n, p] || (IGtQ[n, 0] && IGtQ[p, 0]))

e

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

36. | mroaraer @
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3.6.4 Maple [A] (verified)

Time = 1.54 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

method result size
default _In(+2) 4 91n (24 g) — G+ | 99
norman _M +2In(2+1z) — W 20
risch —M+2ln(2+x)— w 20
parallelrisch —M +2In(2+42) — w 2

input Lint (x/ (1+x) / (2+x) / (3+x) ,x,method=_RETURNVERBOSE)

output ‘ -1/2*1n(1+x) +2*1n(2+x) -3/2*1n(3+x)

3.6.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

/(1+z)(2+x)(3+x) dx:_§ log(z+3)+210g(x+2)_§ log (z +1)

input tintegrate (x/(1+x) /(2+x) / (3+x) ,x, algorithm="fricas")

output L—3/2*1og(x + 3) + 2xlog(x + 2) - 1/2xlog(x + 1)

3.6.6 Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.87

3log (z + 3)
2

ad _ log(z+1)
/(1+x)(2+x)(3+x) dx__T+210g(x+2)_

input ‘ integrate (x/ (1+x)/(2+x)/(3+x) ,x)

outputt—log(x + 1)/2 + 2%log(x + 2) - 3xlog(x + 3)/2

3.6. dz

| woeiae
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3.6.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

T 3 1
/(1+1‘)(2+m)(3+x) dr = —3 log(z +3) +2log (z +2) - 5 log(z +1)

input Lintegrate (x/ (1+x) /(2+x) / (3+x) ,x, algorithm="maxima")

p J

-

output L—3/2*log(x + 3) + 2xlog(x + 2) - 1/2%log(x + 1)

~—

3.6.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.96

G100 1062 =~ 3 08lle+3)+2lg(je+2) -5 log(jo+1)

inputLintegrate(x/(1+x)/(2+x)/(3+x),x, algorithm="giac")

output -3/2%log(abs(x + 3)) + 2%log(abs(x + 2)) - 1/2*log(abs(x + 1))

3.6.9 Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.83

_In(z+1) 3In(z+3)
2 2

/(1+“’)(2+$)(3+x) dz =2 1n(z +2)

-

input Lint(x/((x + Dx*(x + 2)*x(x + 3)),x)

~—

output L2*1og(x + 2) - log(x + 1)/2 - (3*xlog(x + 3))/2

3.6. dz

| woeiae
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— 243
3.7 f (—6-|—x)(§+5x)3 dz

3.7.1 Optimal result

3.7.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 108
3.7.3 Rubi [A] (verified) . . .. .. ... 109
3.7.4 Maple [A] (verified) . . . ... ... ... 110
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 110
3.7.6  Sympy [A] (verification not implemented) . . . . ... ... ... ... ... 111
3.7.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 111
3.7.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 111

3.7.9 Mupad [B] (verification not implemented)

3.7.1 Optimal result

Integrand size = 22, antiderivative size = 43

/ —z?+ 13 dp — — 12 N 201
(=6 + 2)(3 + 52)° 1375(3 + 52)2 | 15125(3 + 52)
201log(6 — ) N 14931og(3 + 5z)
3993 499125

output‘—12/1375/(3+5*x)”2+201/15125/(3+5*x)+20/3993*1n(6—x)+1493/499125*1n(3+5*x)

3.7.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.77

/ 22 4 g3 p % + 25001og(—6 + ) + 1493 log(3 + 5z)
(

6+2)(3+50)7 499125

input‘ Integrate[(-x"2 + x73)/((-6 + x)*(3 + 5%x)~3),x] ‘

outpUt‘ ((99% (157 + 335%x))/(3 + 5xx)~2 + 2500%Log[-6 + x] + 1493xLog[3 + 5+%x])/49 \
19125 |

—(L'2 T
3.7. f( e (';+5z dx



CHAPTER 3. LISTING OF INTEGRALS 109

3.7.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 136 Ryjjeg used = {2027,
integrand size
165, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

.’L'3 _ .’l)2
/ @—6) 5z 137 2
l 2027

(z — 1)2?
/ @—6) Bz 33

l 165

/ 1493 201 N 4 s
99825(5¢ +3)  3025(5z + 3)2 ' 275(5x +3)3 ' 3993(z — 6)

| 2009
201 B 12 201log(6 — x) N 1493 log(5z + 3)
15125(5z + 3)  1375(5z + 3)2 3993 499125

input‘ Int[(-x"2 + x73)/((-6 + x)*(3 + 5%x)~3),x]

output | -12/(1375%(3 + 5%x)~2) + 201/(15125%(3 + 5xx)) + (20%Logl6 - x1)/3993 + (1
L493*Log[3 + B5¥x]) /499125

|

3.7.3.1 Defintions of rubi rules used

rule 165‘{Int[((a_-) + (b_)*(x_)) (@ )*((c_.) + (d_)*(x_))"(m )*((e_.) + (£_.)*(x_)
‘)"(p_)*((g_.) + (h_.)*(x_)), x_] :> Int[ExpandIntegrand[(a + b*x) m*(c + dx
‘x)‘n*(e + f*x)“p*x(g + h*x), x], x] /; FreeQ[{a, b, c, d, e, £, g, h, m}, x]
| & (IntegersQ[m, n, p] || (IGtQ[n, 0] & IGtQlp, 01))

———————————

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

—(L'2 T
3.7. f( e (-;,+5z dx
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rule 2027 Int[(Fx_.)*((a_.)*(x_)"(z_.) + (b_.)*(x_)"(s_.))"(p_.), x_Symboll :> Int[x" |
‘(p*r)*(a + b*x~(s - r)) p*Fx, x] /; FreeQ[{a, b, r, s}, x] && IntegerQ[p] & ‘
& PosQls - r] & !(EqQlp, 1] & EqQlu, 11) |

3.7.4 Maple [A] (verified)

Time = 1.54 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.70

method result
201:v+ 471
risch 3025 115125 4 20 In(—6+zx) + 1493 1In(3+5z)
(3+5z)2 3993 499125
113 157 .2
—3025% 1815% 201In(—6+x) 1493 In(3+5z)
norman (3+5x)2 + 353 T 2001
. 12 201 14931n(3+5z) , 20In(—6+z)
default 1375(3+5z)> + 15125(3+5z) + o015 T 3993
. 187500 In(—6+2)22 4111975 In (m+%)x2 4225000 In(—6+x)2+134370 In (a:+%):zr:—129525:1:2 467500 In(—6+x)+40311 In (ac+%
parallelrisch >
1497375(3+5z)
input Lint ((x~3-x"2) / (-6+x) / (3+5*x) ~3,x ,method=_RETURNVERBOSE) J

output ‘ 25%(201/75625*%x+471/378125) / (3+5%x) ~2+20/3993*1n (-6+x) +1493/499125%1n (3+5* ‘
‘ x) ‘

3.7.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.23

/ —z?+ 23
dz
(—6 + )(3 + 5z)3
1493 (2522 4 30z + 9) log (5 + 3) + 2500 (2522 + 30z + 9) log (x — 6) + 33165 = + 15543
B 499125 (2522 + 30z + 9)

input Lintegrate ((x73-x72)/(-6+x)/(3+5%x)~3,x, algorithm="fricas") J

output‘ 1/499125% (1493 (25%x~2 + 30*x + 9)*log(5xx + 3) + 2500%(25%x~2 + 30*x + 9) \
(*log(x - 6) + 33165%x + 15543)/(26%x"2 + 304x + 9) |

—(E2 z.3
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3.7.6 Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.74

—z% + 8 1005z + 471 N 20log (z — 6)

1493log (z + 2)

dr =
(—6+2)(3+52)° " 37812522 + 453750z + 136125 3993

499125

integrate ((x**3-x*%2) / (-6+x) / (3+5%x) **3,x)

output‘ (1005*x + 471)/(378125*x**2 + 453750*x + 136125) + 20*log(x - 6)/3993 + 14

|93%log(x + 3/5)/499125

3.7.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.79

2% + o ,__ 3(3352+157) 1493
(—6+z)(3+5z)® ~  15125(252% + 30z +9) ' 499125

log (5z+3)

20
+—3993 log (z—6)

inputLintegrate((x‘3—x‘2)/(-6+x)/(3+5*x)‘3,x, algorithm="maxima")

output‘ 3/15125%(335*x + 157)/(25*%x"2 + 30*x + 9) + 1493/499125%log(5*x + 3) + 20/

13993+log(x - 6)

3.7.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.72

log (|52 + 3|) +

/ —e®+a® . 3(335z+157) 1493
(—6+z)(3+52)° "~ 15125(5x +3)° 499125

0
3993

log (|2 — 6])

input Lintegrate ((x~3-x"2)/(-6+x)/ (3+5*x) ~3,x, algorithm="giac")

~—

output‘3/15125*(335*x + 157)/(5*x + 3)72 + 1493/499125*log(abs(5*x + 3)) + 20/399

‘3*log(abs(x - 6))

—(L'2 T
3.7. f( e (';+5z dx
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3.7.9 Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.67

/ -z’ + - 20In(z —6) 1493 In(z+2) 2z 4+ A0
(=6 +)(3+5z)3 3993 499125 24+ 8242

input Lint(—(x”2 - x73)/((5*%x + 3)73*(x - 6)),x)

outputl (20%1log(x - 6))/3993 + (1493%log(x + 3/5))/499125 + ((201%x)/75625 + 471/3

\78125)/((6*x)/5 + X72 + 9/25)

—(L'2 T
3.7. f( e (';+5z dx
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3.8.1 Optimal result

Integrand size = 25, antiderivative size = 227

/ (a 4+ bx)3vc+ dz(e + fx) i

T
_ 2 3/2 3 3/2
 dbeVe T dn 4+ 2(3bde — 2bcf + 2a;l]1‘6)lga + bz)*(c + dx) n 2f(a+ ba:)gcgc + dz)
N 2(c + dx)3/? (2(20a%d® f + 3a2bd?(45de — 16¢f) — 9ab?cd(Tde — 4cf) + 4b3c?(3de — 2cf)) + 3bd(21abd
315d*
— 2ay/cearctanh | Y-S o
Ve

output | 2/21% (2xaxd*f-2*xbxcxf+3*b*xd*e) * (b*x+a) ~2x (d*x+c) ~(3/2) /d"2+2/9*f* (b*x+a) ~3
* (d*x+c) " (3/2) /d+2/315% (d*x+c) ~(3/2) * (40*a~3*d~3*xf+6*a”2xb*d~2* (-16*c*f+45
*xd*xe) -18*a*xb”~2*ckd* (~4*ckf+7*d*e) +8*%b~3*c”™ 2% (-2*ckf+3*kd*e) +3kbxd* (21 *axb*d
~2xe-4* (—axd+bxc) * (2*xaxd*f-2xb*xc*xf+3*b*d*e) ) *¥x) /d~4-2*a" 3*e*arctanh ((d*x+c
)~ (1/2)/c™(1/2) ) *c™ (1/2) +2xa”~3*e* (d*x+c) ~(1/2)

3.8. f (a—{—bw)?’\/c:dz(e-l—fz) dz




input

output
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3.8.2 Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 197, normalized size of antiderivative = 0.87

/ (a + bx)3vc+ dz(e + fx) i
T
_ 2vVe+ dz(105a°d?(3de + cf + dfz) + 63abd? (¢ + dx)(5de — 2cf + 3dfz) + 9ab®d(c + dx) (82 f + 3d x|

B 3:
c+dx
5

—2a cearctanh(

LIntegrate[((a + b*x) "3*Sqrt[c + d*x]*(e + £*x))/x,x] J

e N

(2%8qrt[c + d*x]*(105*%a~3*d"3*(3*d*e + c*xf + d*f*xx) + 63*a~2*bxd"2x(c + d*
x)*(5xd*e — 2kc*f + 3*kd*xf*x) + Okaxb~2kd*(c + d*x)*(8*c~2*f + 3*d"2xx*(T*e
+ Bkfxx) - 2xckd*(7*e + 6*f*xx)) — b~ 3*(c + d*x)*(16*c™3*f — 24*c~2*d*(e +
f*x) + 6%cxd”2*x*(6ke + 5kf*x) — 5kd"3*x"2x(9%e + T*f*x))))/(315%d"4) - 2
*a~3*Sqrt [c] *exArcTanh [Sqrt [c + d*x]/Sqrt[c]]

N\ J

3.8.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.07,
number of steps used = 9, number of rules used = 8§, number of rules _ 0.320, Rules used

integrand size
= {170, 27, 170, 27, 164, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+bx)3Vc+ dx(e + fx) "

x

l'170

2z
9d 9d

l 27
f (a+bx)2m@ade—;(3bde—2bcf+2adf)x) dz  2f(a+ bx)3 (c+ dac)3/2
3d 9d
| 170

2f 3(a+bx)?+/c+dz(3ade+(3bde—2bcf+2adf)x) d . 2f(a + bx)3(c+ d$)3/2

3.8. f (a—{—bw)?’\/c:dz(e-l—fz) dz
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(a+bz)vc+dx (21a25d2+ (21abd2e—4(bc—ad)(3bde—2bcf+2adf)>;z:)

2]

dx + 2(a+bx)2 (c+dz)3/2(2adf —2bcf+3bde)
7d

2z
7d

34 +

2f(a + bx)3(c + dx)3/?
9d

l27

(a+bz)vc+dx (21a2ed2+ (21abd2e—4(bc—ad) (3bde—2bcf+2adf)) :1:)

J

dx + 2(a+bx)?(c+dz)3/2 (2adf —2bcf+3bde)
7d

Z
7d

34 +

2f(a + bx)3(c + dx)3/?
9d

l 164

2(ct+dx)3/2 (40a3d3 f+6a2bd? (45de—16cf)—18ab? cd(Tde—Acf)+3bdz (21abd25—4(bc—ad)(2adf—2bcf+3bde)) +8b3c2 (346—2cf))
1542
7d +
3d

21a3d%e [ ¥ C:dz dr+ 2(c

2f(a + bx)3(c + dx)3/?
9d

| 60

2(ct+dx)3/2 (40a3d3 f+6a2bd2 (45de—16¢f)—18ab2cd(7de—4cf)+3bdz (21abd2e—4(bc—ad)(2adf—2bcf+3bde)) +8b3¢2 (3¢

21a3d26<cf ﬁdﬁt—l—?x/c—i-dz) +

1542
7d
3d
2f(a + bx)3(c + dx)3/?
9d
l 73
2] g g Vet 2(c+de)3/2 (40a3d3 £ +-6a2bd2 (45de—16cf) —18ab2cd(Tde—Acs)+3bde (21abd2 e—4(bc—ad)(2adf —2be f+3bde) )-
21a3d2e( SR roverds | 4261 ( £+ ( ) ( fi;—d2 ( (be—ad) (2adf —2bef+3bde) )
7d
3d
2f(a + bx)3(c + dx)3/?
9d
l 221
JeTds 2(ctdx)3/2 (404343 £ +6a2bd? (45de—16cf) —18abZcd(Tde—4cf)+3bdw (21abd?e—4(be—ad) (2adf —2be f+3bde)
21a3d2e(2\/c+dz—2\/5arctanh( Cﬁ’))Jr s '
7d
3d
2f(a + bx)3(c + dx)3/?
9d

input‘ Int[((a + bxx)"3xSqrt[c + d*x]*(e + f*x))/x,x]

3.8. f (a—{—bw)?’\/c:dz(e-l—fz) dz
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output | (2xf*(a + b*x)~3*(c + d*x)~(3/2))/(9%d) + ((2%(3*b*d*e - 2*b*cxf + 2kaxdxf
)x(a + bxx)"2x(c + d*x)~(3/2))/(7*d) + ((2%(c + d*x)~(3/2)*(40*%a~3*d"3*f +
6*a~2%b*xd"2* (45xdxe — 16%c*f) — 18*a*xb~2xcxdx(7xd*e — 4*c*f) + 8+b~3*c~2x*
(3*d*xe — 2xc*f) + 3*b*d*(21*axb*d"2*xe — 4x(bkc - a*d)*(3*b*d*e - 2xbxcxf +
2xaxd*f))*x))/(15%d"2) + 21*a~3*d"2*ex(2*Sqrt[c + d*x] - 2*Sqrt[c]*ArcTan
h[Sqrtlc + d*x]/Sqrtlcl]))/(7*d))/(3*d)

3.8.3.1 Defintions of rubi rules used

ruk327{Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Qn] Il (GtQ[m, O] &% LtQ[m - n, 0]))) && !ILtQ[m + n + 2, O] &% IntLinear
Qla, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, 4, m, n, x]

rule 164 Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e ) + (£_.)*(x_
N*x((g_.) + (a_.)*(x_)), x_1 :> Simp[(-(a*d*f*h*(n + 2) + bkckxfxh*x(m + 2) -
b*d*(f*g + exh)*(m + n + 3) - bkd*fxh*(m + n + 2)*x))*(a + b*x)"(m + 1)*((
c+d*xx)"(n + 1)/(0"2%d"2*%(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*f*h
*(n + Dx(n + 2) + a*xbxd*x(n + 1)*(2*kcxfxh*(m + 1) - d*(f*g + exh)*(m + n +
3)) + b™2x(c"2xfxh*(m + 1)*(m + 2) - c*xd*x(f*g + exh)*(m + 1)*(m + n + 3) +
d"2%e*xgx(m + n + 2)*(m + n + 3)))/(P"2%d"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x)"mx(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n}, x]
&% NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

3.8. f (a—{—bw)?’\/c:dz(e-l—fz) dz




rule 170

rule 221
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Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
) (p)*((g_.) + (W_.)*(x_)), x_] :> Simp[h*(a + bxx) m*x(c + d*x)~(n + 1)*((
e + £*xx)"(p + 1)/(d*f*(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))

Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[a*d*f*g*(m + n + p + 2
) - hx(bkcxexm + ax(d*ex(n + 1) + c*f*x(p + 1))) + (b*d*f*g*(m + n + p + 2)
+ hx(a*xd*f*m - bkx(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]
&& IntegerQ[m]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

3.8.4 Maple [A] (verified)

Time = 1.66 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.94

method result

2v/dxz+c | 3 ( (1££+e)z3b3 +3(éf7‘£+;)z2ab2

7

+z(3‘sz+e)a2b+(%+e)a3> d4+ (

—2a3./cd*e arctanh ( Vdztc ) +

pseudoelliptic L
9 7 7 7 5 5 5 5
2f b3 (dx+c) 2 + 6a b2 df (dz+c)2 Gbscf(dw+c) 2 + 2b3de(dw+c) 2 + 6a2b d2f(dac+c) 2 _12a bzcdf(dw+c) 2 + 6ab2d e(dz+c)2
. . .. 9 7 7 7 5 5 5
derivativedivides
9 7 7 7 5 5 20 5
2f b3 (da+c) 2 L 6a b2df (dz+c)2 _ 6b3cf(datc)Z " 2b3de(dz+c) 2 " 6a2bd?f(dz+c)2 _ 12abcdf (dztc)2 4 6ab?dPe(date)?
9 7 7 7 5 5 5
default

input Lint ((bxx+a) 3% (fxx+e) * (d*x+c) ~(1/2) /x,x,method=_RETURNVERBOSE)

output

2/3% (-3%a~3*c~ (1/2) *d"4*e*arctanh ((d*x+c) ~(1/2)/c~(1/2))+(d*x+c) ~(1/2) * (3%
(1/7%(T/9*%f*x+e) *x"3*%b~3+3/5* (5/T*f*x+e) *x~2*a*xb”2+x* (3/5*%f*xx+e) *a~2*b+(1/
3*f*x+e)*a~3) *d"4+(3/35*x" 2% (5/9*f*x+e) *b~3+3/5% (3/7*f*x+e) *x*a*b~2+3*(1/5
*f*x+e) *a~2xb+f*a”~3) xcxd"3-6/5xb* (2/21* (1/2*f*x+e) *x*b~2+a* (2/7*f*x+e) *b+a
~2xf ) *c"2xd"2+24/35% (1/3* (1/3*f*x+e) *b+axf) *b"2*%c~3*d-16/105*%b"3*c~4*f)) /d
4

3.8. f (a—{—bz)?’\/c:dz(e-l—fz) dz
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3.8.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 649, normalized size of antiderivative = 2.86

/ (a + bx)3v/c+ dz(e + fx) i

T

315 a®/cd*elog (dﬂ”—zvd’ycm%) +2(35b3d4 fat + 5 (9 b3die + (BPed® + 27 ab®d®) f)z® + 3 (3 (bPed® 4

input  integrate ((b*x+a) ~3* (f*x+e)*(d*x+c)~(1/2) /x,x, algorithm="fricas")

output | [1/315*%(315%a"3*sqrt(c)*d"4*e*xlog((d*x - 2xsqrt(d*x + c)*sqrt(c) + 2xc)/x)
+ 2% (35%b~3*%d~4*f*xx"4 + 5% (9*b~3*d"4*e + (b~3*ckd~3 + 27*axb~2xd~4)*f) *x~
3 + 3*%(3*x(b"3*%c*xd”"3 + 21*a*b~2*d"4)*e - (2*b"3*c”2*%d"2 - 9*axb”"2*cxd"3 - 6
3*%a"2%b*d"4) *f) *x"2 + 3*(8*b"3*%c"3*d - 42*axb"2xc”2*xd"2 + 105*%a”2¥b*c*d"3
+ 105%a~3*d"4)*e - (16*b~3*%c”4 - 72xa*b~2*%c”3*d + 126%a~2*xb*c”~2*d"2 - 105%
a~3*c*d"3)*f - (3*x(4*xb~3*kc”"2*%d"2 - 21*a*xb"2*xcxd"3 - 105*%a”2*b*d"4)*e - (8%
b~3*c”3*d - 36*a*b"2*c”2*%d”"2 + 63*a”2*bxc*kd~3 + 105*a”3*d"4)*f)*x)*sqrt (d*
X + ¢))/d"4, 2/315%(315*%a"3*sqrt(-c)*d 4*e*arctan(sqrt(d*x + c)*sqrt(-c)/c
) + (35*b"3*d"4*f*x"4 + 5x(9*%b~3*d"4*e + (b~3*c*d"3 + 27*axb”"2+d~4)*f)*x"3
+ 3% (3% (b~ 3*c*d~3 + 21*a*xb”~2*d"4)*e - (2*xb"3*%c"2*d"2 - 9*axb~2*ckd~3 - 63
*a"2xb*d~4) *f) *x"2 + 3% (8%b"3*c"3*d - 42%axb~2*c~2*d~2 + 105*%a"2*b*ckd~3 +
105%a~3*d"4) e - (16%b~3*%c™4 - 72xaxb~2%c”~3*d + 126*a~2*bxc~2xd~2 - 105%a
“3xc*kd"3)*f - (3% (4*b"3*%c"2*%d"2 - 21*a*b"2*c*d"3 - 105%a”2*xb*d"4)*e - (8*b
“3%c”3*%d - 36%axb"2xc”2*d"2 + 63*a”2xb*cxd~3 + 105*a”~3*d”4)x*f)*x)*sqrt (d*x
+ c))/d74]

3.8.6 Sympy [A] (verification not implemented)

Time = 12.08 (sec) , antiderivative size = 355, normalized size of antiderivative = 1.56

/ (a+ bzx)3vc+dz(e + fr) i

T

2a3ce atan ( ctds

V—c ) 3 2b3 f(c+-dx) 5 2(c+dzx) 3. (3ab2df—3b3cf+b3de) 2(c+dzx) 3. (3a2bd? f—6ab2cdf+3ab2d
7= + 2a°ev/c+ dz + + +

943 7dl 54
z3- (3ab? 3e 22.(3a2 ab2e
ﬁ%ﬁbg@+QM+m%m+%ﬁ+ @?M)+ @gwbv

input ‘ integrate ((b*x+a) **3% (fxx+e)* (d*x+c) ** (1/2) /x,x)

3.8. f (a—{—bw)?’\/c:dz(e-l—fz) dz
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output | Piecewise ((2*a**3*c*e*atan(sqrt(c + d*x)/sqrt(-c))/sqrt(-c) + 2*a**3*e*sqr
t(c + d*x) + 2%b**3xf*x(c + d*x)**(9/2)/(9%d**x4) + 2% (c + d*x)**(7/2)*(3*a*
bk*2kd*f — 3%b**x3kckxf + bx*3kdxe)/(7*d**4) + 2%x(c + d*x)**(5/2)*(3ka*x*2xb*
d**x2%f — Gkaxbx*2kxcxd*f + 3kakxb**x2kd*x*2%e + 3*b**3kckx*2xf — 2xbx*3kckd*e)/
(5%d**x4) + 2% (c + d*x)**(3/2)*(a*x*3*xd**3*xf — 3kakx*2kbkckd**x2*xf + 3kax*2xb*
d**3%e + 3kaxbx*2kck*2xd*xf — 3Jkakxbkx*kkckdk*2ke — bk*k3kck*k3kxf + bk*k3kck*2xd
xe) /(3xd**4), Ne(d, 0)), (sqrt(c)*(ax*3xexlog(x) + ax*3*xfxx + 3kax*2kbkexx
+ b**x3kfxx**4/4 + x**%3% (3ka*xbx*2*xf + b**3%ke)/3 + x**x2%x(3*ka**x2xbxf + 33*xaxb
**2xe) /2), True))

3.8.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 239, normalized size of antiderivative = 1.05

[SIB

2 (315 Vdzx + ca*d*e + 35 (dz + c)%b:”f + 45 (b3de — 3 (b3c — ab®d) f)(dz + c)? — 63 ((2b3cd — 3 ab*d?

+

-

inputLintegrate((b*x+a)“3*(f*x+e)*(d*x+c)‘(1/2)/x,x, algorithm="maxima")

|

output a~3*sqrt(c)*e*xlog((sqrt(d*x + c) - sqrt(c))/(sqrt(d*x + c) + sqrt(c))) + 2
/315%(315*sqrt(d*x + c)*a~3*d"4*e + 35*(d*x + c)~(9/2)*b"3*f + 45%(b"3xd*e
- 3x(b"3xc - axb~2*d)*f)*(d*x + c)~(7/2) - 63*x((2%b"3*cxd — 3*axb~2%d"2)*
e - 3%(b"3%c™2 - 2%a*b”~2xc*d + a~2xb*d"2)*f)*(d*x + c)~(5/2) + 105%((b~3*c
~2xd - 3*a*xb”2xckd"2 + 3*a~2*b*d"3)*e - (b"3*%c”3 - 3*a*b”"2*c”~2*d + 3*a~2*b
*cxd”™2 - a~3*%d"3)*f)*x(d*x + c)~(3/2))/d"4

3.8.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 330, normalized size of antiderivative = 1.45

[le by e T dafe + fa) , _ 2atcearctan (YEE)
T - v —C

2 (45 (dz + ¢)2b3d®e — 126 (dz + ¢)?b3cde + 105 (dz + ¢)2b3c2d%e + 189 (dz + ) ab*de — 315 (d
+

3.8. f (a—{—bw)?’\/c:dz(e-l—fz) dz
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input‘integrate((b*x+a)“3*(f*x+e)*(d*x+c)”(1/2)/x,x, algorithm="giac")

output | 2¥a~3*cxexarctan(sqrt (d*x + c)/sqrt(-c))/sqrt(-c) + 2/315*%(45x(d*x + c)~(7
/2)*¥b"3*%d"33%e - 126*(d*x + c)~(5/2)*b"3*c*d"33*e + 105%(d*x + c)~(3/2)*b~
3*%c"2*%d"33%e + 189*(d*x + c)~(5/2)*a*xb"2*xd"34*xe - 315%(d*x + c)~(3/2)*axb”
2xcxd~34xe + 315x(d*x + c)~(3/2)*a"2%b*d"35%e + 31b5*sqrt(d*x + c)*a~3*d"36
*xe + 35%(d*x + c)~(9/2)*b"3%d~32%f - 135%(d*x + c)~(7/2)*b~3*c*d~32*f + 18
9x(d*x + c)~(5/2)*b"3*%c~2*%d"32*xf - 105*(d*x + c)~(3/2)*b~3*%c~3*%d"32*f + 13
5x(d*x + c)~(7/2)*axb~2+%d"33*%f - 378%(d*x + c)~(5/2)*a*b"2xc*d"33*f + 315%
(d*x + c)~(3/2) *a*b”~2xc~2*%d"33*f + 189*(d*x + c)~(5/2)*a"~2*b*xd~34*f - 315%
(d*x + c)~(3/2)*a~2*bkckd~34*f + 105%(d*x + c)~(3/2)*a"~3*d~35*f)/d"~36

3.8.9 Mupad [B] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 413, normalized size of antiderivative = 1.82

/ (a + bx)3v/c+ dz(e + fx) i

x
_ 23de —8b3cf+6ab’df 2b3cf\ 6b(ad—bc) (adf—2bcf+bde)
=|clec|ec i + P + de
2 3
+_2(ad be) (ad§4 4bcf—%3bde)>__2(ad bi;(cf de)) Jordz
. C:<c <2b3de—8bi;f+6abzdf +_2ﬁ;ff) +_6b(ad—b@(a2{—2bcf+bde))
3
2
+2(ad bc)(adgfd4 4bcf+3bde) (c+dz)™”
203de —8b3cf+6ab’df 2b3cf 7/2
+( — i t )(c+d@
2b3de—8b3cf+6ab’df 203 cf
N C( ez T >_+6b(ad——bc)(adf——2bcf—kbde) (c+dz)?
) 5d*
3 9/2 — .
+2b f(;;;dm) +a ceatan(—c—i\_/(_imh) 2i
c

input‘ int(((e + f*x)*(a + b*x) 3*(c + d*x)~(1/2))/x,x)

3.8. f (a—{—bz)?’\/c:dz(e-l—fz) dz
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output | (cx(c*x(c*((2*%b~3*d*e - 8xb~3kc*f + 6kaxb~2xd*f)/d~4 + (2%b~3*xc*f)/d~4) + (
6xb* (a*d - bxc)*(axd*f - 2%bkckxf + bxdxe))/d"4) + (2x(a*d - b*c) 2% (axd*f
- 4xbxcxf + 3xbxdxe))/d"4) - (2*(a*d - bxc) 3x(cxf - d*e))/d"4)*(c + d*x)”
(1/2) + ((cx(c*x((2%b~3*d*e - 8*b~3xcxf + 6*xaxb”~2*d*f)/d"4 + (2*xb~3*xcxf)/d~
4) + (6%b*(a*d - bxc)*(axdxf — 2*bkc*f + b*d*e))/d"4))/3 + (2x(a*d - b*c)”
2% (axd*f - 4*bxcxf + 3xbkd*e))/(3*d"4))*(c + d*x)~(3/2) + ((2*xb~"3*d*e - 8%
b 3xcxf + 6xaxb~2xd*f)/(7*d"4) + (2%b~3*c*f)/(7*d~4))*(c + d*x)~(7/2) + ((
cx((2%b~3*d*e — 8*b~3*c*f + 6ka*xb~2xd*f)/d"4 + (2*%b~3*xc*f)/d"4))/5 + (6xbx*
(a*xd - bxc)*(axdxf - 2%bkxcxf + bkdxe))/(5xd"4))*(c + d*x)~(5/2) + a~3*c~(1
/2)*exatan(((c + d*x)~(1/2)*1i)/c~(1/2))*2i + (2%xb~3*f*(c + d*x)~(9/2))/(9
*d~4)

3.8. f (a—{—bw)?’\/c:dz(e-l—fz) dz
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3.9 f(a—l—bx)2 c—l—da;(e—l—fx)d

i
T
3.9.1 Optimalresult . ... ... ... ... ... ... 122
3.9.2 Mathematica [A] (verified) . . . . . .. . ... . L 122
3.9.3 Rubi [A] (verified) . . . . ... . ... 123]
3.9.4 Maple [A] (verified) . ... ... ... ... 125
3.9.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 126
3.9.6 Sympy [A] (verification not implemented) . . ... ... ... ... .....
3.9.7 Maxima [A] (verification not implemented) . ... ... ... ... ... ... 127
3.9.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 127
3.9.9 Mupad [B] (verification not implemented) . . . .. .. ... ... ... ... 128

3.9.1 Optimal result

Integrand size = 25, antiderivative size = 146

/ (a+ bx)%/c + dz(e + fx) iz — 20%ev/e T dm 4 2f(a + bx)?(c + dz)*/?

x 7d
N 2(c + dz)®? (2(10a%d% f — b*c(7de — 4cf) + Tabd(5de — 2cf)) + 3bd(7bde — 4bcf + 4adf)x)
105d3
— 2a?y/cearctanh | Y- +dz
: 7

e

output

2/7T*f* (b*x+a) ~2*x (d*x+c) ~(3/2) /d+2/105*% (d*x+c) ~(3/2) * (20*a~2*d~2*f-2%b~2*cx*
\(—4*c*f+7*d*e)+14*a*b*d*(-2*c*f+5*d*e)+3*b*d*(4*a*d*f—4*b*c*f+7*b*d*e)*x)/
Ld‘3—2*a“2*e*arctanh((d*x+c)“(1/2)/c“(1/2))*c‘(1/2)+2*a‘2*e*(d*x+c)‘(1/2) J

3.9.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 131, normalized size of antiderivative = 0.90

/ (a+ bz)?Vc+dz(e+ fx) i
T
_ 2V + dx(35a2d?(3de + cf + df ) + 14abd(c + dz)(5de — 2cf + 3dfz) + b*(c + dx) (8% f + 3dx(Te + 5
B 10543
— 2a?y/cearctanh | Y- o
\/E

3.9. f (a+bw)2\/c:dz(e+fz) dz
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input‘ Integrate[((a + b¥x) 2#Sqrtlc + d*x]*(e + f*x))/x,x] ‘

output((2*Sqrt[c + d*x]*(35%a~2xd"2*(3*d*e + cxf + d*f*x) + 14*axbxdx(c + d*x)*(5
‘*d*e - 2kcxf + 3*dxf*x) + b™2x(c + d*x)*(8*c™2+f + 3kd"2*x*(7*e + b*kf*xx) -
‘ 2xcxd*(7xe + 6*%f*x))))/(105%d"3) - 2%a~2*Sqrt[c]*e*ArcTanh[Sqrt[c + d*x]/
LSqrt[c]]

|

3.9.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.03,
number of steps used = 7, number of rules used = 6, Bumber of rules _ 944 Ryles used

integrand size
= {170, 27, 164, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (a+ bx)*/c+ dx(e + fx) da

x

l 170

2.[ (a—i—bz)\/c+da:(7ade—£—a£7bde—4bcf+4adf)m) dx N 2f(a + ba:)Q(C + do:)3/2

7d 7d

| 27

f (a+bz)v/ct+dx(Tade+(7bde—4bc f+4adf )x) dx N 2f(a + b:c)2(c + d.’L')3/2

x

7d 7d
l.164
C i / a’ x\4aaa] —40C e al €—4CJ )— Cl E€—4aC,
7a2def ‘/cjmdw n 2(c+dz)3/2(20a2d? f+3bdz(4adf —4b f;;;gd )+14abd(5de—2cf)—2b%c(7de—4cf))
+

7d

2f(a + bx)?(c + dx)3/?
7d
l 60

2(c+-dx)3/2(20a2d? f4-3bdx (4adf —4bcf+7bde)+14abd(5de—2cf) —2b2c(Tde—Acf

7a2de(0fw/—cl+dzdw+2\/W)+ (c+da)®" (20a =(da cl5dze) abd(Sde—2ef)— 20 e(Tde c))+
7d

2f(a + bx)?(c + dx)3/?
7d
l 73

3.9. f (a+bw)2\/c:dz(e+fz) dz
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2¢ [ —gt——dv/ctd
742 de( e/ cide _g VT 4o m) . 2c+de)¥/? (2002 f+3bdu(dadf —dbef + Tbde) +14abd(5de—2cf)—20c(Tde—def))

d 15d2
7d
2f(a + bx)?(c + dx)3/?
7d
J'221
C XL / a T\ aaa] —a0C € a, e—4uCf )— C €e—4C
7a2de(2\/M— %/Earctanh(@)) n 2(c+dz)3/2(20a2d? f+3bdz(dadf —4b fl-gzgd )+14abd(5de—2cf)—2b%c(7de—4cf))
7d
2f(a + bx)?(c + dx)3/?
7d

inputLInt[((a + bxx)"2*Sqrt[c + d*x]*(e + f*x))/x,x]

Output((2*f*(a + bxx)"2%(c + d*x)7(3/2))/(7*d) + ((2x(c + d*x)~(3/2)*(20%a"2%d 2%
\f - 2xb"2%ck (T*d*e — 4*c*xf) + 14*xaxbxd*(5xd*e — 2xc*f) + 3*bxd*(7xb*d*e -
\4*b*c*f + 4dxaxd*f)*x))/(156%d~2) + T*a~2*d*ex(2*Sqrt[c + d*x] - 2*Sqrt[cl*A
'TcTanh([Sqrt[c + d*x]/Sqrt[c]1))/(7+d)

3.9.3.1 Defintions of rubi rules used

e

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*x(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQm - n, 0]))) && !'ILtQ[m + n + 2, O] && IntLinear
Qfa, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

3.9. f (a+bw)2\/c:dz(e+fz) dz

+



rule 164

rule 170

rule 221

CHAPTER 3. LISTING OF INTEGRALS

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e ) + (£_.)*(x_
Nx((g_.) + (h_)*(x_)), x_1 :> Simp[(-(axd*f*h*(n + 2) + bxc*f*hk(m + 2) -
b*d*x(fxg + e*h)*(m + n + 3) - bxd*fxh*(m + n + 2)*x))*(a + b*x) " (m + 1)*((
c+ d*xx)"(n + 1)/(072+%d"2*%(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*f*h
*(n + Dx(n + 2) + a*xbxd*x(n + 1)*(2*kckxfxh*(m + 1) - d*(f*g + exh)*(m + n +

3)) + b™2x(c"2xfxh*(m + 1)*(m + 2) - c*xd*x(f*g + exh)*(m + 1)*(m + n + 3) +

d"2%e*xgx(m + n + 2)*(m + n + 3)))/(P"2%d"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n}, x]

&% NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)~ (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[h*(a + b*x) m*(c + d*x)~(n + 1)*((
e + £f*x)"(p + 1)/(d*f*(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))
Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*gk(m + n + p + 2
) - h*(b*cxe*m + ax(d*ex(n + 1) + c*fx(p + 1))) + (bkd*f*gx(m + n + p + 2)
+ h*(axd*f*m - b*(d*e*(m + n + 1) + cxf*(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]

&& IntegerQ[m]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

3.9.4 Maple [A] (verified)

Time = 1.61 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.99

method result

3(2‘;—1+e)z2b2 3f ( z )zb2
2+/dz+c f-ﬁ-Qz( 5:v +e)ab+3(%+e)a2 d3+c f+2(%+e)a
Lo —2a2,/cd3e arctanh( Y ‘%"‘C) +
pseudoelliptic p
7 5 5 5 3
202 f(dz+c)2 | 4abdf(dz+c)2  4b2cf(dztc)2 | 2b2de(dz+c)2 | 2a2d2f(dz+c)2  4abedf (dz+c)
. . o . 7 + 5 - 5 + 5 + 3 _ 3
derivativedivides
7 5 5 5 3
202 f(dz+c)2 | 4abdf(dz+c)2  4b2cf(dz+c)2 | 2b2de(dz+c)2 | 2a2d2f(dz+c)2  4abedf (dz+c)
7 + 5 B 5 + 5 + 3 B 3 +
default

input Lint ((b*xx+a) “2* (f*x+e) * (d*x+c) ~(1/2) /x,x,method=_RETURNVERBOSE)

3.9. f (a+bz)2\/c:dz(e+fz) dz



CHAPTER 3. LISTING OF INTEGRALS 126

output \ 2/3*(-3*a"2xc” (1/2) *d"3*e*arctanh ((d*x+c)~(1/2)/c™ (1/2))+(d*x+c) ~(1/2)*((3 |
/5% (5/TxE¥x+e) ¥x™2xb"2+2%x (3/5*E*x+e) xaxb+3* (1/3xf+x+e)*a~2) ¥d"3+c* (1/5%(
\3/7*f*x+e)*x*b“2+2*(1/5*f*x+e)*a*b+a“2*f)*d“2—4/5*b*((1/7*f*x+1/2*e)*b+a*f
|)*CT2%d+8/35%b™2%c"3%£)) /d"3 |

3.9.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 405, normalized size of antiderivative = 2.77

/ (a+ bzx)?vc+dz(e + fr) i

T

105 a%/cde log (dw—“dﬁjcﬁm) +2(1562d3 fo® + 3 (7TH2dPe + (b2cd? + 14 abd®) f)z? — 7 (2b%c*d — 1

e

input Lintegrate ((bxx+a) ~2x (f*xx+e) * (d*x+c) ~(1/2) /x,x, algorithm="fricas")

-/

output | [1/105%(105*%a~2*sqrt(c)*d~3*exlog((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2*c)/x)
+ 2% (15%b~2%d"3*f*x~3 + 3*(7*b~2xd"3*e + (b~2xc*d"2 + 14*axb*xd~3)*f)*x"2
- 7*x(2*b~2%c”2*d - 10*a*bkcxd~2 - 15*%a”~2*d"3)*e + (8*%b~2*c~3 - 28*a*bkxc™2*
d + 35%xa”2kcxd"2)*f + (7*(b~2%c*d™2 + 10*a*xb*d~3)*e - (4*xb~2%c”2*d - 14*a*
bxcxd~2 - 35%a”2xd"3)*f)*x)*sqrt(d*x + c))/d"3, 2/105*(105*a~2*sqrt(-c)*d"
3xexarctan(sqrt (d*x + c)*sqrt(-c)/c) + (15xb~2*%d"3*f*x"3 + 3x(7*b~2+d"3*e
+ (b7™2%c*d"2 + 14xaxbxd~3)*f)*x"2 — 7*(2%b"2*%c"2*xd — 10*a*bkc*d™2 - 15%a”~2
*d"3)*e + (8*b"2kc”"3 - 28*a*b*c”2xd + 35xa~2kxckd"2)*f + (7*(b"2*cxd"2 + 10
*axb*d~3)*e - (4*b~2%c”2xd - 14xa*bkxc*d~2 - 35%a”2*d"3)*f)*x)*sqrt(d*x + c

))/d"3]

3.9.6 Sympy [A] (verification not implemented)

Time = 9.43 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.53

2
(a+bx) c;—dw(e%—fx)dx

2a2ce atan ( ctds

etdz) 2 /e dz 2 f(ctdz)s | 2ctdr)3-(2abdf—262cf+b2de) | 2(c-+dw)? (a?d? f—2abedf+2abd2e-+b?
T + 2a*evc+dx + + +

7 54 38
2 2 b2fz3 | x2-(2abf+ble)
\/E<a elog (z) + a” fx + 2abex + 5 + 5 >

3.9. f (a+bw)2\/c:dz(e+fz) dz
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input‘integrate((b*x+a)**2*(f*x+e)*(d*X+C)**(1/2)/X,X)

output | Piecewise ((2xa**2xc*e*atan(sqrt(c + d+*x)/sqrt(-c))/sqrt(-c) + 2%a*x2*e*sqr
t(c + d*x) + 2xb**2xf*x(c + d*x)**(7/2)/(T*d*x*3) + 2x(c + d*x)**(5/2)*(2*ax*
bkdxf — 2xbx*2kckf + b**x2xd*e)/(5xd**3) + 2% (c + d*x)**(3/2)* (a*x*x2kxd*x*2*f
- 2xaxbkxckd*f + 2kxaxbkdk*2kxe + bkk2kck*x2*xf — bxx2xckd*e)/(3*%d**3), Ne(d, O
)), (sqrt(c)*(ax*2xexlog(x) + a**2*kf*x + 2kakbkexx + bx*2kf*x**3/3 + xk*2x*
(2xaxb*f + b**2%e)/2), True))

3.9.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.04

/(a+bx)2\/c+dw(e+fx) dr = deelo <\/dw+c—\/5)
T s Vdz +c++/c
2 (105 Vdzx + ca’de + 15 (dz + c)%bzf + 21 (b%de — 2 (b%c — abd) f)(dz + c)g — 35 ((b?cd — 2 abd?)e -
+ 105
inputLintegrate((b*x+a)‘2*(f*x+e)*(d*x+c)‘(1/2)/x,x, algorithm="maxima") J

output‘a‘2*sqrt(c)*e*log((sqrt(d*x + c) - sqrt(c))/(sqrt(d*x + c) + sqrt(c))) + 2
| /105%(105%sqrt (d*x + c)*a~2+%d"3%e + 16%(d¥x + c)~(7/2)¥b™2%f + 21% (b 2xd*e
| - 2x(b"2%c - axbxd)*f)x(d*x + c)"(5/2) - 35x((b~2xckd - 2xaxbxd"2)*e - (b
“2*0‘2 - 2%axbxcxd + a”2xd"2)*f)*(d*x + c)~(3/2))/d"3 \

3.9.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.34

z V=c
2 (21 (dz + ¢)362d% — 35 (dz + ¢)2b%cd e + 70 (dz + c) 2abd®e + 105v/dz + ca®d? e + 15 (dz + ¢)*

Vdztc
/ (a+bz)*Vec+ dz(e + fz) o — 2 a’cearctan (%)

_|_

inputLintegrate((b*x+a)‘2*(f*x+e)*(d*x+c)“(1/2)/x,x, algorithm="giac") J

3.9. f (a+bz)2\/c:dz(e+fz) dz
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output 2%a~2%cxexarctan(sqrt(d*x + c)/sqrt(-c))/sqrt(-c) + 2/105%(21*(d*x + c)~(5
/2)*b"2%d"19%e - 35*%(d*x + c)~(3/2)*b"2%c*xd"19%e + 70x(d*x + c)~(3/2)*a*b*
d~20*%e + 105*sqrt(d*x + c)*a~2+#d"21xe + 15x(d*x + c)~(7/2)*b"2*d~18+f - 42
*(d*x + c)~(5/2)*b"2%c*d"18*f + 35x(d*x + c)~(3/2)*b"2%c"2*%d"18*f + 42*x(dx*
X + ¢c)7(5/2)*axb*xd~19*f - 70*x(d*x + c)~(3/2)*a*xb*xcxd~19*f + 35%(d*x + c)~(
3/2)*a~2*%d~20*f) /d~21

3.9.9 Mupad [B] (verification not implemented)

Time = 2.88 (sec) , antiderivative size = 263, normalized size of antiderivative = 1.80

/ (a+ bx)?Vc+ dz(e + fr) i

X

2b2de —6b%cf+4abdf 2bcf 5/2
_( 5 d® t ) (c+dz)
+<C(c(2b2de—6b2d§f+4abdf+2b;3cf)+2(ad—bc) (ad]:l3—3bcf+2bde))

202 de—6b2cf+dabdf +_2b2cf>
d3

_2(ad—b@2@f——d@> VEIEE%—(C< B
3

3

+2(ad—bc) (adf—3bcf+2bde) (c+dz)™”
3d3
2 7/2 —— .
20 f(;;;dx) +a? ceatan(%) 2i

input‘int(((e + fxx)*(a + bxx)"2%(c + d*x)~(1/2))/x,x)

output | ((2%b~2xd*e - 6%b~2xc*f + 4kxaxbxd*f)/(5xd~3) + (2%xb~2xcxf)/(5%xd~3))*(c + d
*x)~(5/2) + (c*x(c*x((2*%b~2*d*e - 6xb~2xcxf + 4*axb*d*f)/d~3 + (2xb~2*xc*f)/d
~3) + (2x(axd - bxc)*(a*d*f - 3*bxcxf + 2xbkxd*e))/d"3) - (2x(axd - bxc) 2%
(c*xf - dxe))/d"3)*(c + d*x)~(1/2) + ((cx((2*b~"2*d*e — 6%b~2*c*xf + 4dxaxbkxdx*
£)/d"3 + (2%b~2%c*f)/d"3))/3 + (2*(a*d - bxc)*(a*d*xf - 3*bkc*xf + 2*bxd*e))
/(3%d~3))*(c + d*x)~(3/2) + a"2*c~(1/2)*exatan(((c + d*x)~(1/2)*1i)/c~(1/2
))*2i + (2%b"2xf*(c + d*x)~(7/2))/(7*d"3)

3.9. f (a+bw)2\/c:dz(e+fz) dz
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3.10 f (a+bzx)Vct+dz(e+fx) d

i
T
3.10.1 Optimalresult . . .. . ... .. ... . . 129
3.10.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo 129
3.10.3 Rubi [A] (verified) . . . . .. . . . . ... 1301
3.10.4 Maple [A] (verified) . .. ... .. ... ... 132
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 132
3.10.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ..... 133
3.10.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 133
3.10.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 134
3.10.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... .... 134

3.10.1 Optimal result

Integrand size = 23, antiderivative size = 77

/ (a+ bz)vc : dz(e+ fx) iz — 2aev/e T do — 2(c + dx)3/?(2bcf — 5d(be + af) — 3bdfz)

15d2
ve+dx
Ve

— Zaﬁearctanh(

p
output \ -2/15% (d*x+c) = (3/2) * (2xbkc*f-5*xd* (axf+b*e) -3*b*d*f*x) /d~2-2*a*e*arctanh ((d
*x+C)”(1/2) /7 (1/2)) ¢~ (1/2) +2%are* (drx+c) " (1/2)

3.10.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.05

/ (a+bx)vec+dz(e+ fx) i
T
_ 2vc+dz(—b(c+ dx)(—5de + 2cf — 3dfx) + 5ad(3de + cf + dfx))
N 15d2
— 2a\/Eearctanh( et dx)
Ve

e

inputLIntegrate[((a + bxx)*Sqrt[c + d*x]*(e + f*x))/x,x]

A >

3.10. f (a+bm)\/c:m(e+fz) dz
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output‘ (2#%Sgrt[c + d*x]*(-(b*(c + d*x)*(-B*dxe + 2xc*f - 3*dxf*x)) + Bxakxd*(3xd*e

L + c*f + dxfx*x)))/(15%d"2) - 2%a*Sqrt[c]l*exArcTanh[Sqrt[c + d*x]/Sqrt[c]]

3.10.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 4, Bumber of rules _ () 174 Ryjes used = {164,
integrand size
60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

| 164
ae / \/‘7 Lo et 2 (—5d(a 11”5—(;2be) + 2bef — 3bdfx)
| 60
( / " mdm + 2\/@) 2(c + dz)¥/2(—5d(a {5221,6) + 2bcf — 3bdfz)

| 73

+ 2m) ~ 2(c+ dz)®/?(—5d(af + be) + 2bcf — 3bdfz)

(2Cf C_,_dz%d\/C‘F d.’):
ae ~d__d

d 15d2
| 221
e <2m 3 %/Earctanh(vc +dz\\  2(c+ dz)%/2(=5d(af + be) + 2bcf — 3bdfx)
Ve 15d2

inputLInt[((a + bxx)*Sqrt[c + d*x]*(e + f*x))/x,x]

output‘ (-2%(c + d*x)~(3/2)*(2*b*c*f — 5xd*(b*e + a*xf) - 3*xbxd*f*x))/(15%d"2) + ax
Le*(Z*Sqrt [c + d*x] - 2*Sqrt[c]l*ArcTanh[Sqrt[c + d*x]/Sqrt([cl])

3.10. f (a+bm)\/ci-m(e+fz) dz




rule 60

rule 73

rule 164

rule 221
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3.10.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*x(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_ ) + (f_.)*(x_
Nx((g_.) + (h_)*(x_)), x_1 :> Simp[(-(axd*f*h*(n + 2) + bxc*f*hk(m + 2) -
bxd* (f*g + exh)*(m + n + 3) - bxd*f*hx(m + n + 2)*x))*(a + bxx)~(m + 1)*((
c + d*xx)"(n + 1)/(b"2+%d"2*%(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*f*h
*(n + Dx(m + 2) + a*xbxd*(n + 1)*(2*kcxfxh*(m + 1) - d*(f*g + exh)*(m + n +

3)) + b™2x(c"2xfxh*(m + 1)*(m + 2) - c*xd*x(f*g + exh)*(m + )*(m + n + 3) +

d"2%e*xgx(m + n + 2)*(m + n + 3)))/(P"2%d"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n}, x]

&& NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

3.10. f (a+bm)\/ci-m(e+fz) dz
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3.10.4 Maple [A] (verified)

Time = 1.56 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.08

method result size
2
e . —2a\/5dze a,rctanh(@)*‘2@((x(3%£+6)b+3(L}-FE):)d2+((%€+e)b+af)6d_2i5ﬂ>
pseudoelliptic pe 83

5 3 3 3
2fb(da;+c)f+2adf(d§c+c)7 _2bcf(d;+c)?+2bde(d§;+c)?+2adgem_2a\/adze arctanh(‘/M) %9

derivativedivides 2 v
5 3 3 3
2fb(da;+c) + 2adf(d§c+c) _ 2bcf(d§c+c) + 2bde(d§:+c) +2a d2ev/dztc—2av/cd2e arctanh( \/%rc)
default " 89

input Lint ((bxx+a) * (£*x+e) * (d*x+c) ~(1/2) /x,x,method=_RETURNVERBOSE) J

output ‘ 2/3x%(-3*axc” (1/2) *d"2*e*xarctanh ( (d*x+c) ~(1/2) /c~(1/2) )+ (d*xx+c) ~(1/2) * ((x*( ‘
\3/5*f*x+e)*b+3*(1/3*f*x+e)*a)*d“2+((1/5*f*x+e)*b+a*f)*c*d—2/5*c‘2*b*f))/d*

} 2

3.10.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 219, normalized size of antiderivative = 2.84

/(a—i—bx)\/c—l—dw(e—l—fx) s

15 ay/cd?e log (dw—“d";ﬂ\/&“‘*‘) +2(3bd2fx® + 5 (bed + 3ad?)e — (2bc? — 5 acd) f + (5bd2e + (bed +
- 15 a2

inputLintegrate((b*x+a)*(f*x+e)*(d*x+c)“(1/2)/x,x, algorithm="fricas") J

output | [1/15% (16*xa*sqrt(c)*d"2*exlog((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2*c)/x) + 2
* (3xbxd"2*f*x"2 + Bk (b*cxd + 3*a*d~2)*e — (2%b*c”™2 - S*akxckd)*f + (5xbxd~2
xe + (bxckd + bxa*d~2)*f)*x)*sqrt(d*x + c))/d~2, 2/15%(1b*axsqrt(-c)*d~2*e
*arctan(sqrt (d*x + c)*sqrt(-c)/c) + (3*bxd"2xf*x"2 + b5x(bxc*d + 3*axd~2)*e

- (2%bxc™2 - bxaxc*d)*f + (5*xbxd"2%e + (b*cxd + 5*xa*xd~2)*f)*x)*sqrt(d*x +

c))/d"2]

3.10. f (a+bm)\/ci-m(e+fz) dz
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3.10.6 Sympy [A] (verification not implemented)

Time = 10.30 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.58

/(a+bz)\/c+d9:(e+fx) i

Vet+dzx

2 tan 3 3
et () | s/t 4 Mgyl bt por

\/E(ae log (z) + afx + bex + #) otherwise

input Lintegrate ((bxx+a)* (fxx+e)* (d*x+c)**(1/2)/x,x)

output‘Piecewise((2*a*c*e*atan(sqrt(c + d*x)/sqrt(-c))/sqrt(-c) + 2%a*exsqrt(c +
\d*x) + 2xbxfx(c + dxx)**(5/2)/(5*%d**2) + 2x(c + d*x)**(3/2)*(axd*f - bxcxf
‘ + bxdxe)/(3xd**2), Ne(d, 0)), (sqrt(c)*(axexlog(x) + axf*x + bkexx + bxfx
x*%2/2), True))

3.10.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.18

/(a+bx)\/c+dx(e+fx) s
x
= a+/celo < dx—{—c—\/E)
& Vdz +c++/c
2(15\/dx+cad26+3(d:c+c)gbf-|—5(bde—(bc—ad)f)(dm-}—c)%)
+

15d?

inputLintegrate((b*x+a)*(f*x+e)*(d*x+c)“(1/2)/x,x, algorithm="maxima"

output‘a*sqrt(c)*e*log((sqrt(d*x + c) - sgrt(c))/(sqrt(d*x + c) + sqrt(c))) + 2/1
‘5*(15*sqrt(d*x + c)*axd"2%e + 3*(d*x + c)”(5/2)*b*f + 5x(bxd*e - (b*c - ax
Ld)*f)*(d*x + ¢)"(3/2))/d72

3.10. f (a+bm)\/c:m(e+fz) dz
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3.10.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.32

Vvdx+c
2 ace arctan (—\/_—C )

/ (a+bx)vec+dx(e+ fx)
dr =
T Vv —C
2(5(dx-+<g%bd9e4-15\/dx-rcad“%z+-3(dx-+<93bd§f-5(dx-+<g%bcd%f4-5(dx-rc)%ad9f)
15d10

+

-

input Lintegrate ((b*x+a) * (f*x+e) * (d*x+c) ~(1/2) /x,x, algorithm="giac")

~—

output‘ 2*axc*e*arctan(sqrt (d*x + c)/sqrt(-c))/sqrt(-c) + 2/15x(5+(d*x + c)~(3/2)* ‘
\b*d*g*e + 15*sqrt(d*x + c)*a*d~10%*e + 3*(d*x + c)~(5/2)*bxd~8*f - 5x(d*x +
| ©)7(3/2)*bxckd"BxE + B (d¥x + c)~(3/2)*a*d"9£)/d"10 |

3.10.9 Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.77

a+bx)ve+dx(e+ fx 2a —4bcf+2bde 2bc
bx)v/ d f df —4bcf bd bef
- dr=|(c 2 + 7

_2(ad—bcc)i2(0f_de)>m

2adf—4bcf+2bde 2bcf

+( 38 T3e

2b f (c+ dz)*?

5d?

)(c+algc)3/2

+ aﬁeatan(%) 2i
c

~—

input[int(((e + £4x)*(a + bR *(c + d*x)~(1/2))/x,%)

output‘{(c*((z*a*d*f - 4xbkc*f + 2%bxd*xe)/d"2 + (2xbkxc*f)/d"2) - (2*(axd - bxc)*(c
\*f - d*e))/d"2)*(c + d*x)~(1/2) + ((2xaxd*f - 4*bxcxf + 2xbkxd*e)/(3*d"2) +
\ (2xb*c*f) /(3%d"2) ) *(c + d*x)~(3/2) + (2*xb*xf*(c + d*x)~(5/2))/(5%d"2) + ax*
c”(1/2)*e*xatan(((c + d*x)~(1/2)*1i)/c~(1/2))*2i

N\ J

/|

3.10. f (a+bm)\/ci-m(e+fz) dz
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3.11 f \/c—l—d:vx(e—l—fx) dz

3.11.1 Optimalresult . . . . ... ... ... . 135
3.11.2 Mathematica [A] (verified) . . . . . .. . .. .. .. 135
3.11.3 Rubi [A] (verified) . . . . . .. . . ... 1361
3.11.4 Maple [A] (verified) . ... ... ... ... 137
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ..... 138
3.11.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ..... 138
3.11.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 139
3.11.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 139
3.11.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 139

3.11.1 Optimal result

Integrand size = 18, antiderivative size = 54

3/2
/ \/c-i-dxx(e-l- fz) dz = 2eve + dz + % _ 2\/Eearctanh<vc\_/|__dm>
c

output(2/3*f*(d*x+c)“(3/2)/d-2*e*arctanh((d*x+c)“(1/2)/c“(1/2))*c”(1/2)+2*e*(d*x+
‘c)”(1/2)

-

3.11.2 Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

/ Ve+ d:pm(e + fz) dr — 2Ve+ dm(3c;ed—|- cf +dfz) Qﬁearctanh(\/c\_/;dm)

-

inputLIntegrate[(Sqrt [c + d*xx]*(e + f*x))/x,x]

~—

output‘ (2%Sqrt[c + d*x]*(3*d*e + cxf + dxf*x))/(3*d) - 2xSqrt[c]*exArcTanh[Sqrt[c ‘
\ + d*x]/Sqrt[cl] \

311, [ vetsletio) gy
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3.11.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02, number

of steps used = 5, number of rules used = 4, Bumber of rules _ 999 Ryjes used = {90,
integrand size
60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Vetdi(e+ fz)

| 90

+ 2f(c+ dz)3/?
x 3d

l 60
3/2
dr +2ve+ d:z:) M

3d
l 73

+2‘/C+d$) (+—d.’L')3/2

() ez

(2Cf M%d\/C‘i‘d.’E
e d —d

d 3d
l 221
Yo = 3/2
e <2\/c +dx — 2\/Earctanh< c\-/l_(_:dx>> + 2f(c-|?-’;la:)

inputLInt[(Sqrt[c + dxx]*(e + £*x))/x,x]

output‘ (2%f*(c + d*x)~(3/2))/(3*d) + ex(2xSqrt[c + d*x] - 2xSqrt[c]*ArcTanh[Sqrt[

Lc + d*x]/Sqrt[cl])

311, [ vetsletio) gy



rule 60

rule 73

rule 90

rule 221
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3.11.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*x(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_))*((c_.) + (@_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
), x_1 > Simp[bx(c + d*x)"(n + D *((e + £xx)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(a*d*f*(n + p + 2) - bkx(d*ex(n + 1) + c*xf*x(p + 1)))/(d*f*(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f, n,

p}, x] && NeQ[n + p + 2, 0]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

3.11.4 Maple [A] (verified)

Time = 5.25 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.85

method result size
3
2f(dz+c)2 dx+c
X . L. SDREEE S 4 2dev/dz+c—24/cde arctanh
derivativedivides 2 ! ( ve ) 46
3
2f(dz+c)2 Vdz+c
L2222 4 2dey/dx+c—24/cde arctanh =
default 2 y (47%) 46
_ Vdztc
doellivti 6y/cde arctanh( G >+2((fa:+3e)d+cf)\/ dz+c 48
pseudoelliptic 3d

input | int ((f*x+e)*(d*x+c) ~(1/2) /x,x,method=_RETURNVERBOSE)
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output ‘ 2/dx (1/3*fx (d*x+c) = (3/2) +d*ex (d*x+c) ~(1/2)-c~ (1/2) *d*e*arctanh ( (d*x+c) ~(1/ ‘
L2)/c‘(1/2))) J

3.11.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 111, normalized size of antiderivative = 2.06

/\/c—l—dz(e—l—fx) s
T
3 y/cdelog <dx_2 K dm;c‘ﬁwc) +2(dfr+3de+cf)vVdr+c 2 (3 \/—cde arctan (—W) + (dfz + -
B 3d ’ 3d
inputtintegrate((f*x+e)*(d*x+c)‘(1/2)/x,x, algorithm="fricas") J

output‘[1/3*(3*sqrt(c)*d*e*log((d*x - 2xsqrt(d*x + c)*sqrt(c) + 2xc)/x) + 2x(d*f*
‘x + 3*dxe + c*f)*sqrt(d*x + c))/d, 2/3*(3*sqrt(-c)*d*e*arctan(sqrt(d*x + c ‘
L)*sqrt(—c)/c) + (d*f*x + 3*d*e + c*f)*sqrt(d*x + c))/d] J

3.11.6 Sympy [A] (verification not implemented)

Time = 1.67 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.30

ceatan ( Yetde 3
/\/c+dx(e-|—fz)dx: %—I—Ze«/c—l—daz—i—w ford # 0
o Ve(elog (fz) + fx) otherwise
input Lintegrate ((f*x+e)* (d*x+c)**(1/2) /x,%) J

output‘Piecewise((2*c*e*atan(sqrt(c + d*x)/sqrt(-c))/sqrt(-c) + 2xexsqrt(c + d*x) ‘
|+ 2%fx(c + dkx)*x(3/2)/(3%d), Ne(d, 0)), (sqrt(c)*(exlog(f*x) + f*x), Tru
&) |
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3.11.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.11

/\/Tdﬂcx(e+fm) dw=ﬁelog<%;£)+2<3md§;(dx+c)gf>

-

input Lintegrate ((f*x+e)*(d*x+c)~(1/2)/x,x, algorithm="maxima")

-/

Output‘sqrt(c)*e*log((sqrt(d*x + ¢c) - sqrt(c))/(sqrt(d*x + c) + sqrt(c))) + 2/3x(
LS*sqrt(d*x + c)*dxe + (d*x + c)~(3/2)*£f)/d

~

3.11.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02

+

Ve +dz(e + fx) 2 ce arctan (@) 9 (3 Vaz T edle + (dx+c)%d2f)
e, e

inputLintegrate((f*x+e)*(d*x+c)‘(1/2)/x,x, algorithm="giac")

p
output\ 2*cxexarctan(sqrt(d*x + c)/sqrt(-c))/sqrt(-c) + 2/3*(3*sqrt(d*x + c)*d"3*e
L + (d*x + c)~(3/2)*d"2xf)/d"3

~

3.11.9 Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.83

3/2

/\/c—l-dxx(e-l-fa:)dxzzem_i_2f(c+dx)

ve+dzli oi
3d c

+ ﬁeatan(T

input Lint(((e + fxx)*(c + d*x)~(1/2))/x,%)

outputlz*e*(c + d*x)~(1/2) + c~(1/2)*e*xatan(((c + d*x)~(1/2)*1i)/c~(1/2))*2i + (2
\*f*(c + d*x)~(3/2))/(3*d)
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3.12 f Vetdz(e+fx) dz

z(a+bx)
3.12.1 Optimal result . . . . . . . . . .. 140
3.12.2 Mathematica [A] (verified) . . . . . . .. ... ... L oL 140
3.12.3 Rubi [A] (verified) . . . . . . ... 141
3.12.4 Maple [A] (verified) . .. . . ... ... .. 143
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 143
3.12.6 Sympy [B] (verification not implemented) . . . . ... ... ... ... ... 144
3.12.7 Maxima [F(-2)] . . . . . . 145
3.12.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 1451
3.12.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 145

3.12.1 Optimal result

Integrand size = 25, antiderivative size = 101

ctdx
/ «/c-l—dw (e + fz) e — 2fve+ dr ~ 2\/Eearctanh< \2
z(a + bx) B b a
2v/bc — ad(be — af )arctanh(‘/gbcc_";‘ff>
_|_
ab3/?

OutPUt‘—2*e*arctanh((d*x+c)”(1/2)/C”(1/2))*c"(1/2)/a+2*(—a*f+b*e)*arctanh(b“(1/2)
\*(d*x+c)“(1/2)/(-a*d+b*c)‘(1/2))*(—a*d+b*c)“(1/2)/a/b“(3/2)+2*f*(d*x+c)”(1
/2)/b

3.12.2 Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.00

Vbyctdz
/ m(e + fz) . 2fve+ da . 2v/—bc + ad(be — af) arctan (ﬁ)
z(a + bx) b ab’/?
24/c earctanh(vyrdz)
h a

input [Integrate[(Sqrt [c + d*x]*(e + fxx))/(x*(a + b*x)),x]

—/
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output \ (2xf*Sqrt[c + d*x])/b + (2%Sqrt[-(b*c) + axd]*(b*e - a*f)*ArcTan[(Sqrt[b]*
‘ Sqrt[c + d*x])/Sqrt[-(b*c) + a*d]])/(a*b~(3/2)) - (2+Sqrt[c]*e*ArcTanh[Sqr
‘ tlc + d*x]/Sqrtlc]l)/a

3.12.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.06,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 94y Ryles used

integrand size
= {171, 27, 174, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/\/c+d:z (e+ fx)
+ bx)

l 171

bee+(bde+bef—adf )
2 f 2z (a+bzx)v/c+dz “dz n 2fv c+dx

b b

| 27

f bee+(bde+bef— adf)acdz

z(a+bz)vctdz I 2f\/ c+dx
b b

l 174

bee [

a a

b b

| 73

2bce [ c+d+cd‘/c+d$ 2(bc—ad)(be—af) [ md\/c+dw

ﬁdm _ (bc—ad)(be—af) [ mdz‘ N 2fm

B N LAY
b b
l 221
2v/bc—ad(be— af)arctanh( bcct‘ff) 2bﬁearctanh( C\jzd””)
b Ty

input | Int[(Sqrtlc + dxxl*(e + £*x))/(x*(a + b*x)),x]
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output‘(2*f*Sqrt[c + d*x])/b + ((-2xb*Sqrt[c]*e*ArcTanh[Sqrt[c + d*x]/Sqrtlcl])/a
‘ + (2xSqrt[b*xc - axd]*(b*e - a*f)*ArcTanh[(Sqrt[b]l*Sqrtl[c + d*x])/Sqrt[bxc
| - a*d]1)/(a*Sqrt[b]))/b

3.12.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x]1, x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 171 Int [((a_.) + (b_.)*(x_)) " (m_ )*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)
)7 (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[h*(a + b*x) m*x(c + d*x)~(n + 1)*((
e + £xx)7(p + 1)/(d*f*(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))

Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*gk(m + n + p + 2
) - hx(bxcke*m + ax(dxex(n + 1) + cxf*x(p + 1))) + (b*d*f*gx(m + n + p + 2)
+ hx(a*d*f*m - b*(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, O] && NeQ[m + n + p + 2, 0]
&& IntegersQ[2*m, 2*n, 2xp]

rule 174 Int[(((e_.) + (£_.)*(x_))~(p_)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Ce_.) + (d_)*(x_))), x_1 :> Simp[(bxg - a*h)/(b*c - axd) Int[(e + f*x)~
p/(a + b*x), x], x] - Simp[(d*g - c*h)/(bxc - a*d) Int[(e + f*x)7p/(c + d
*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rtl-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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3.12.4 Maple [A] (verified)
Time = 5.35 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.02
method result size
2 tanh ( Y92+c) /¢ 2(—a2df +acfb+abde—bce) arctan bvadf‘zc
derivativedivides | 2 ”l‘f”c - = (FE)ve + ( e )b) 103
ab+/(ad—bc)b
ztc —a2df +acfb+abde—b?ce) arctan by/dzte
ofVdzte 2e arctanh( ‘f/; )\/E 2(~a ( (ad—bo)b
default b . + b a0 103
—2(af—be)(ad—bc) arctan baV df"'cc +2( — arctanh 7“1“”:'0 Vecbet+vdztcaf )/ (ad—bc)b
pseudoelliptic ( V(ad=? )b) ab\(/(a d_bc)b( v ) ) 105

inPlltLint((f*x+e)*(d*x+c)‘(1/2)/x/(b*x+a),x,method=_RETURNVERBOSE)

output \ 2xf* (d*x+c) ~(1/2) /b-2%e*arctanh ((d*x+c) ~(1/2) /c~(1/2))*c~(1/2) /a+2*(-a~2*d
\ xf+axb*cxf+axb*xd*xe-b~2xc*e)/a/b/ ((a*d-b*c)*b) ~(1/2) *arctan (b* (d*x+c) ~(1/2)

/((axd-bxc)*b)~(1/2))

3.12.5 Fricas [A] (verification not

implemented)

Time = 0.31 (sec) , antiderivative size = 449, normalized size of antiderivative = 4.45

Ve+dx(e + fx)

z(a + bx)

by/celog (dz—"'vdf“/‘?*“) 2z + caf —

dz

/

(be — af) /bc‘“dl og (bdm+2bc—ad 2 v/daFoby [ beged

bx+a

> by/ce L

ab

input Lintegrate ((f*x+e)*(d*x+c)~(1/2) /x/ (b*x+a) ,x, algorithm="fricas")

Vetdz(e+fz) dz
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[(b*sqrt(c)*e*log((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2xc)/x) + 2xsqrt(d*x +

c)*a*f - (bxe - a*f)*sqrt((b*xc - axd)/b)*log((bxd*x + 2*bxc - a*d - 2*sqrt
(d*x + c)*bxsqrt((bxc - axd)/b))/(b*x + a)))/(axb), (b*sqrt(c)*e*log((d*x
- 2*sqrt(d*x + c)*sqrt(c) + 2%c)/x) + 2*ksqrt(d*x + c)*a*f + 2x(bxe - axf)=*
sqrt (-(bxc - ax*d)/b)*arctan(-sqrt(d*x + c)*bxsqrt(-(b*c - axd)/b)/(b*c - a
*d)))/(axb), (2*b*sqrt(-c)*e*arctan(sqrt(d*x + c)*sqrt(-c)/c) + 2xsqrt(d*x
+ c)*axf - (bxe - axf)*sqrt((b*c - axd)/b)*log((bxd*x + 2*bxc - a*d - 2*s
grt(d*x + c)*bxsqrt((bxc - a*d)/b))/(bxx + a)))/(axb), 2x(b*sqrt(-c)*e*arc
tan(sqrt(d*x + c)*sqrt(-c)/c) + sqrt(d*x + c)*a*xf + (bke - a*f)*sqrt(-(b*c
- axd) /b)*arctan(-sqrt(d*x + c)*bxsqrt(-(bxc - a*d)/b)/(b*c - axd)))/(a*b
)]

3.12.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 196 vs. 2(90) = 180.

Time = 15.02 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.94

/ Ve +dz(e + fx)
dx
z(a + bx)
(
—
st Fesan (GEE) _ e son (75
b av/—c a2, adzbe
1 1,6
_:c—il—)2a fora:O 2—22‘1 fora=0
2% 2a
_ log (2a( 142 )b log (2a( 242 )+b
o (20(5-+3;) ) otherwise o8 (o( i) ) otherwise elog (-
Vel (=f+5) - N - E
c Se b b 2a

input(integrate((f*x+e)*(d*x+c)**(1/2)/X/(b*x+a),X)

output

Piecewise((2*f*sqrt(c + d*x)/b + 2*cxe*atan(sqrt(c + d*x)/sqrt(-c))/(a*sqr

t(-c)) - 2*(axd - bxc)*(a*f - bke)*atan(sqrt(c + d*x)/sqrt((a*d - bxc)/b))
/ (axb*x2xsqrt ((axd - b*xc)/b)), Ne(d, 0)), (sqrt(c)*((-f + b*xe/(2*a))*(2xa*
Piecewise((-(1/x + b/(2*a)) /b, Eq(a, 0)), (log(2*ax(1/x + b/(2*a)) - b)/(2
*a), True))/b - 2*a*Piecewise(((1/x + b/(2*a))/b, Eq(a, 0)), (log(2*a*x(1/x
+ b/(2%a)) + b)/(2%a), True))/b) - exlog(a/x**2 + b/x)/(2%a)), True))
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3.12.7 Maxima [F(-2)]

Exception generated.

dxr = Exception raised: ValueError

/\/c+dx (e+ fr)
a + bx)

p
input Lintegrate ((f*x+e)*(d*x+c)~(1/2) /x/ (b*x+a) ,x, algorithm="maxima")

-/

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m
‘ore detail

- @

3.12.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.08

Vdz+c

/ Ve + dx(e + fx) B 2 ce arctan (__c> QWJ‘
z(a + bx) - a/—c 2
2 (BPce — abde — abef + a*df) arctan (L2E2 )

v —b2c+abd
v —b%c + abdab

input ‘ integrate ((f*x+e)* (d*x+c)~(1/2) /x/ (b*x+a) ,x, algorithm="giac")

output‘2*c*e*arctan(sqrt(d*x + c)/sqrt(-c))/(axsqrt(-c)) + 2xsqrt(d*x + c)*f/b -
‘2*(b“2*c*e - a*bxd*e - ax*bxc*f + a~2+dxf)*arctan(sqrt(d*x + c)*b/sqrt(-b~2
‘*c + a*bxd))/(sqrt(-b"2xc + a*bxd)*a*b)

3.12.9 Mupad [B] (verification not implemented)

Time = 3.33 (sec) , antiderivative size = 2368, normalized size of antiderivative = 23.45

dx = Too large to display

/\/c+dx (e+ fr)
+ bx)
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input(int(((e + fxx)*(c + d*x)~(1/2))/(xx(a + b*x)),x)

output

(2xf*x(c + d*x)~(1/2))/b - (c~(1/2)*e*xatan(((c~(1/2) *e*x((8*(c + d*x)~(1/2)*
(a"4*xd~4*f~2 + a~2*xb"2*%d"4*e”2 + 2*%b"4*xc"2*%d"2*%e”2 - 2*a”3*bxd~4xe*f + a2
*¥b"2%cT2%d"2%f 72 — 2*a*xb"3*kckd"3*%ke"2 - 2*%a~3*bkckd"3*xf~2 - 2%axb~3*xc”2*xd”"2
xexf + 4xa~2xb"2kckd"3*e*f)) /b + (c”(1/2)*ex((8*(a~3*b~2*c*d"3*f - a~2*xb~3
*c"2*%d"2*f) ) /b + (8%c”(1/2)*e*(a~3*b"3*%d"3 - 2*xa”2¥b~4*c*d~2)*(c + d*x)~(1
/2))/(axb)))/a)*1i)/a + (c~(1/2)*e*x((8*(c + d*x)~(1/2)*(a~4*d~4*f~2 + a~2%
b~2xd"4*xe”2 + kb~ 4xcT2%d"2%e”2 - 2%a”~3*bkd"4dkexf + a~2xb "2xc " 2xd"2*f"2 -
2xa*b~3*kckxd"3*%e”2 - 2%a~3*kbkxckd 3*f"2 - 2%axb~3kc 2*d"2%exf + 4¥xa~2xb”"2xc*
d~3%exf)) /b - (c~(1/2)*e*x((8*(a~3*b~2%c*d~3*f - a~2%b~3*c~2*d~2*f))/b - (8
*C~(1/2) xex(a~3*%b~3*d"3 - 2*ka~2*b~4*ckd"2)*(c + d*x)~(1/2))/(a*b)))/a)*1i)
/a)/ ((16%(b~3*c~2*d"3*e~3 - a*b”~2*cxd"4*e~3 - a~3*xckd 4*xe*f~2 + b~3*xc”3*d”
2%e"2%f — 3*%a*b"2*%c"2*d"3*%e"2*%f - ax*b"2*kc"3kd"2ke*xf "2 + 2%a”2%bkc~2*d"3*ex*
£72 + 2¥a"2xbxcxd~4*xe"2*f)) /b - (c~(1/2)*ex((8x(c + d*x)~(1/2)*(a~4*d~4*f~
2 + a”2¥%b"2*%d"4*e"2 + 2*¥b"4*kcT2*d"2*%e”2 — 2*%a”3*xbkxd"4*kexf + a"2%b"2*kc"2*xd”
2xf72 — 2xa*xb”"3*ckxd"3*%e"2 - 2%a"3*b*ckd"3*f72 - 2%axb"3kc"2xd"2*ex*f + 4*a”
2%b~2*xc*d"3*e*f)) /b + (c”(1/2)*e* ((8*(a~3*b"2*cxd"3*f — a~2*b~3*c 2xd"~2+*f)
)/b + (8%c™(1/2)*ex(a”~3*b~3*d"3 - 2*a~2*xb~4*cxd"2)*(c + d*x)~(1/2))/(a*b))
)/a))/a + (c”(1/2)*ex((8*(c + d*x)~(1/2)*(a~4*d"4*f"2 + a~2xb"2*d"4*e"2 +
2xb74*cT2xd"2*%e"2 - 2*%a"3*kb*kd"4xe*xf + a"2*%b"2xcT2*d"2xf72 - 2%a*xb~3kxckd 3%
e”2 - 2%a 3xbxc*d"3*f"2 - 2%axb~3%c"2xd"2%exf + 4¥a”~2%b~2*c*d"3xexf))/b...
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3.13 f Vetdz( e—i—fa:) dz

z(a+bz)?
3.13.1 Optimal result . . . . . . . . . . . . e (147
3.13.2 Mathematica [A] (verified) . . . . . . . . ... . L 147
3.13.3 Rubi [A] (verified) . . . . ... . . ... T48]
3.13.4 Maple [A] (verified) . ... ... ... . ... 150
3.13.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 150
3.13.6 Sympy [F(-1)] . . . . o [151]
3.13.7 Maxima [F(-2)] . . . . . . 152
3.13.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 152
3.13.9 Mupad [B] (verification not implemented) . . .. ... ... ... ... ... 153

3.13.1 Optimal result

Integrand size = 25, antiderivative size = 127

I v c—+ Toe+ fr) , _ (be—af)Verds 2VE earctanh( 7)
a + b-'L' o ab(a + bx)
Vby/ct+dx
N (2b206 — ad(be + af)) arctanh( \/ﬁ >
a2b3/24/bc — ad

output‘-2*e*arctanh((d*x+c)“(1/2)/0”(1/2))*c“(1/2)/a‘2+(2*b‘2*c*e-a*d*(a*f+b*e))*
‘arctanh(b‘(1/2)*(d*x+c)‘(1/2)/(-a*d+b*c)“(1/2))/a“2/b‘(3/2)/(-a*d+b*c)“(1/
2)+(—axf+bre) * (dxx+c) ™ (1/2)/a/b/ (bxx+a) |

3.13.2 Mathematica [A] (verified)

Time = 0.46 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.97

/ \/c+dx (e + fx)
dzx
z(a + bx)?
Vo/ords
a(be—af)Vetde (—2b2ce-+abde+a?df) a.rctan( m) Jords
batbo) e — 2y/cearctanh Y2

a?

~—

input[lntegrate[(Sqrt [c + d*x]*(e + f*x))/(x*(a + b*x)~2),x]

Vetdz(et+fx
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Output‘ ((a*(bxe - a*xf)*Sqrt[c + d*x])/(bx(a + b*x)) + ((-2%b~2%c*e + axbkd*e + a”
‘2*d*f)*ArcTan[(Sqrt [b]*#Sqrt[c + d*x])/Sqrt[-(bxc) + a*d]]1)/(b~(3/2)*Sqrt[-
‘ (b*c) + axd]) - 2*Sqrt[cl*exArcTanh[Sqrt[c + d*x]/Sqrt([cl])/a"2

3.13.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.10,
number of steps used = 6, number of rules used = 5, Lumber of rules _ ( 94y Ryles used

integrand size
= {166, 27, 174, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/Me-l—fx)

a+ bx)? dz

l 166

2bce+d(betaf)z
Ve + dx(be — af) /- 2z a+bx)\/c+d:cd

ab(a + bx) ab

l 27
2bcet-d(betaf)x
f :v(a+b:1:)\/c+dz ve+ da:(be — af)

2ab ab(a + bx)
| 174
2bce [ ﬁdm _ (2b%ce—ad(af+be)) fmdw m(be B af)

2ab ab(a + bx)

l 73
4bcef Ed\/c—kdx 2(2b206—ad(af+be)) f mdm
dadd — ad 3 3 +vC+d.’E(b6—af)
2ab ab(a + bx)

l 221

2arctanh ( f\/i Vefds ) (2b2ce—ad(af+be)) 4bﬁearctanh < Setds )

av/b/bo—ad a Ve + dz(be — af)
2ab ab(a + bx)

input [Int[(Sqrt [c + d*xx]*(e + f*x))/(x*(a + b*x)~2),x]

~—

Vetdz(et+fx
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Output‘ ((bxe - axf)*Sqrt[c + d*x])/(a*b*(a + b*x)) + ((-4xbxSqrt[c]*e*ArcTanh[Sqr
‘t[c + d*x]/Sqrtlcl])/a + (2%(2+%b"2xcxe - axdx(bxe + a*f))*ArcTanh[(Sqrt[b]
‘*Sqrt[c + d*x])/Sqrt[bxc - a*d]])/(a*Sqrt[b]*Sqrt[bxc - a*d]))/(2*a*b)

3.13.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x]1, x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 166 | Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)
)o(p)*((g_.) + (W_.)*(x_)), x_]1 :> Simp[(b*g - a*h)*(a + b*x)"(m + 1)*(c +

d*x) "n*x((e + £xx)"(p + 1)/(b*(b*e - axf)*(m + 1))), x] - Simp[1/(b*(b*e -
axf)*(m + 1)) Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1)*(e + f*x) pxSimp [b*
ck(f*g - exh)*(m + 1) + (b*g - a*h)*(d*exn + c*xfx(p + 1)) + d*x(b*(f*g - exh
)*x(m + 1) + fx(bxg - axh)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c, d,
e, £, g, h, p}, x] && ILtQ[m, -1] && GtQ[n, O]

rule 174 Int [((Ce_.) + (F_.)*(x_))"(p_)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Ce_.) + (d_)*(x))), x_1 :> Simp[(b*xg - a*h)/(b*c - a*d) Int[(e + f*x)~
p/(a + b*x), x], x] - Simp[(d*g - c*h)/(bxc - a*d) Int[(e + f*x)7p/(c + d
*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

rule 221 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]
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3.13.4 Maple [A] (verified)

Time = 1.62 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.04

method result
L —(bz+a) (a?df +abde—2b2ce) arctan(%) + <2be\ﬁ (bz+a) arctanh( ‘f}’gﬂ ) tav/dzte (af—be)) (ad=be
pseudoelliptic — T
e arctanh( dz+c> | adaf—be) BT (a2 df +abde—2bce) arctan( b(%b)
derivativedivides | 2d | — — Ve ) 4 2Mdeielbrad-be) - 2b./(ad—bo)b
e arctanh( dm+c> R (a2df +abde—2bce) arctan< b(%b)
default 2d | — — Ve + 2b((dz+c)b+ad—bc) - 2b\/(ad—bc)b

inputLint((f*x+e)*(d*x+c)‘(1/2)/x/(b*x+a)“2,x,method=_RETURNVERBOSE)

output‘—(-(b*x+a)*(a“2*d*f+a*b*d*e—2*b‘2*c*e)*arctan(b*(d*x+c)“(1/2)/((a*d—b*c)*b
‘)‘(1/2))+(2*b*e*c“(1/2)*(b*x+a)*arctanh((d*x+c)‘(1/2)/c‘(1/2))+a*(d*x+c)‘(
‘1/2)*(a*f—b*e))*((a*d—b*c)*b)‘(l/z))/((a*d—b*c)*b)‘(l/z)/a‘2/(b*x+a)/b

3.13.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 245 vs. 2(109) = 218.

Time = 0.35 (sec) , antiderivative size = 1018, normalized size of antiderivative = 8.02

/\/c—i-dx (e+ fx) i

a + bx)?

(@®df — (2ab?c — a?bd)e + (a?bdf — (263c — ab?d)e)z)v/b%c — abd log (

bdz+2 bc—ad—2 v/b%c—abdv/dz+c +2 (
bx+a

2 (a3b3c — a*ba

p
input Lintegrate ((£*x+e)*(d*x+c) ~(1/2)/x/ (b*x+a)~2,x, algorithm="fricas")

-/
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[1/2%((a”3*d*f - (2*a*b~2*c - a~2*bxd)*e + (a~2*bxd*f - (2%¥b~3*c - a*b~2xd
)*e) *x) *sqrt (b"2*%c - a*b*d)*log((b*d*x + 2*bkc - a*d - 2*sqrt(b~2%c - a*bx
d)*sqrt(d*x + c))/(b*xx + a)) + 2x((b"4*c - a*b~3*d)*exx + (a*xb"3*c - a~2*b
~2xd) *e) *sqrt (c)*log((d*x - 2*sqrt(d*x + c)#*sqrt(c) + 2*xc)/x) + 2x((a*b~3*
Cc - a”2%b"2xd)*e - (a"2%b"2%c - a~3%b*d)*f)*sqrt(d*x + c))/(a"3*b"3*c - a”
4%b~2xd + (a"2*b~4*c - a~3*b"3*d)*x), ((a”3xd*f - (2*axb~2kc - a~2*bxd)*e
+ (a"2xb*dxf - (2xb"3*c - axb~2xd)*e)*x)*sqrt(-b"2xc + a*b*d)*arctan(sqrt(
-b~2%c + a*b*d)*sqrt(d*x + c)/(bxd*x + bxc)) + ((b~4*c - axb~3*d)*e*x + (a
*b~3xc - a"2%b~2%d)*e)*sqrt(c)*log((d*x - 2xsqrt(d*x + c)*sqrt(c) + 2*c)/x
) + ((axb~3%c - a"2%b"2+d)*e - (a"2%b"2%c - a”3*b*d)*f)*sqrt(d*x + c))/(a”
3%b~3%c - a~4%b"2xd + (a~2%b~4*c - a~3%b~3xd)*x), 1/2%(4*x((b~4*c - axb~3*d
Y*exx + (axb~3%c - a~2%b"2xd)*e)*sqrt(-c)*arctan(sqrt(d*x + c)*sqrt(-c)/c)
+ (a”3%d*f - (2%axb~2*c - a"2xbxd)*e + (a”2xbxd*f - (2¥b~3%c - a*b”~2*d)*e
)*x)*sqrt (b"2*c - a*bxd)*log((b*d*x + 2xb*c - axd - 2*sqrt(b”2xc - axb*d)x*
sqrt(d*x + c))/(b*x + a)) + 2*x((a*b™3*c - a~2*b"2xd)*e — (a"2%b~2%c - a~3%
bxd)*f)*sqrt(d*x + c))/(a”3*%b"3*c - a~4*b~2*d + (a"2xb~4*c - a~3*b~3*d)*x)
, ((a"3*%dxf - (2*a*xb™2xc - a”~2*bxd)*e + (a~2xbxd*f - (2*%b~3*c - axb~2*d)*e
)*x)*sqrt (-b~2*c + axbxd)*arctan(sqrt(-b~2xc + axbxd)*sqrt(d*x + c)/(b*d*x
+ bxc)) + 2%((b"4*c - axb~3#d)*exx + (axb~3xc - a~2*%b~2*d)*e)*sqrt(-c)*ar
ctan(sqrt(d*x + c)*sqrt(-c)/c) + ((a*b™3xc - a"2*b~2*d)*e - (a"2%b"2*c ...

3.13.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/me-l—fx)

z(a + bx)?

integrate((fxx+e)* (dkx+c)++(1/2) /x/ (brx+a) ++2,%)

output‘Timed out

Vetdz(et+fx
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3.13.7 Maxima [F(-2)]

Exception generated.

dxr = Exception raised: ValueError

/\/c+dx (e+ fr)
a + bx)?

p
input Lintegrate ((£*x+e)*(d*x+c) ~(1/2)/x/ (b*x+a)~2,x, algorithm="maxima")

-/

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m

- @

‘ore detail

3.13.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.10

m (e + fx) 2 ce arctan (%) (2b%ce — abde — a?df) arctan (%)
/ z(a + bx)? N a%\/—c V—=b%c + abda2b
vVdz + cbde — v/dx + cadf
((dz + ¢)b — bc + ad)ab

inputLintegrate((f*x+e)*(d*x+c)‘(1/2)/x/(b*x+a)‘2,x, algorithm="giac") J

‘ - a~2*dxf)*arctan(sqrt(d*x + c)*b/sqrt(-b~2xc + a*b*d))/(sqrt(-b~2*c + ax*
' bxd)*a”2%b) + (sqrt(dsx + c)¥bxd*e - sqrt(dxx + c)xa*d*f)/(((d*x + c)*b -

e B
output\2*c*e*arctan(sqrt(d*x + c)/sqrt(-c))/(a~2xsqrt(-c)) - (2xb~2%c*e - axbkd*e \
'bxc + a*d)*a*b) |

Vetdz(et+fx
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3.13.9 Mupad [B] (verification not implemented)

Time = 0.81 (sec) , antiderivative size = 1827, normalized size of antiderivative = 14.39

dxz = Too large to display

/\w+dxe+f@
(a + bx)?

input | int(((e + £*x)*(c + d*x)~(1/2))/(xx(a + b*x)~2),x)

output

(atan(((((((2*x(2*a~4*b"3*c*d"3*e - 2*xa~5xb~2xc*xd"3*f))/(a"3*b) + ((4*a~5*b
~3*xd"3 - 8*a~4xb~4*cxd"2)*(-b"3*(axd - bxc)) " (1/2)*(c + d*x)~(1/2)*(a"2*d*
f - 2%b~2%c*e + axbxd*e))/(a"2xb*(a~2%¥b~4%c - a~3%b~3*d)))*(-b~3*(axd - b*
c))~(1/2)*(a~2xd*f - 2xb~2xcxe + axbxdxe))/(2*(a~2%b~4*xc - a~3*%b~3*d)) + (
2x(c + d*x)~(1/2)*(a~4*d~4*f~2 + a~2%b"2xd"4*e”2 + 8%b~4*c~2%d"2*e"2 + 2*a
~3%b*d~4*exf - 4*axb~3kckd~3%e”2 - 4*a~2%b~2xc*d"3*xexf))/(a"~2%b))*(-b~3*(a
*d - bxc))~(1/2)*(a~2*d*f - 2%b~2kcke + axbkdke)*1i)/(2%(a~2%b~4*c - a~3%b
~3%d)) - (((((2%(2*a~4%b~3*c*d"3*%e - 2%a~5xb~2%c*d~3*f))/(a~3%b) - ((4*a"5
*b~3*%d"3 - 8*a"4*b~4*c*d"2)*(-b"3*x(axd - b*c)) " (1/2)*(c + d*x)~(1/2)*(a"2x*
dxf - 2+%b"2*c*xe + axbxdxe))/(a”"2*b*(a”2%b~4*c - a~3*b"3*d)))*(-b"3*(a*xd -
bxc)) " (1/2)*(a"2*d*f - 2*xb"2xcxe + axbkxd*e))/(2*(a”2*¥b~4*c - a~3*b"3*d)) -
(2% (c + d*x)~(1/2)*(a"4*%d"4*f72 + a~2*xb"2*xd"4*e”2 + 8*b~4*c™2*%d"2*e"2 + 2
*a " 3*b*xd"4*exf — 4*axb"3*kcxd"3*e”2 - 4*a~2*b"2xckd"3xex*xf))/(a"2%b) ) *x (-b~3*
(a*xd - bxc))~(1/2)*(a~2%d*f - 2%¥b~2xc*xe + ax*bkxdke)*1i)/(2*%(a~2%b~4*c - a~3
*b~3%d)) )/ ((4*(axb~2%c*d"4*xe~3 - 2xb~3*%c~2*xd"3%e”3 + a~3*ckd 4xe*xf"2 - 2%a
*b"2%c"2x%d"3*xe”"2%xf + 2*a”2xbxcxd"4*xe”~2xf))/(a"3*b) + (((((2x(2*xa~4xb~3xc*d
“3%e - 2xa"5xb~2xcxd"3xf))/(a"3%b) + ((4*a~5*b~3%d"3 - 8*a~4*b 4*c*d”2)*(-
b~3*(axd - bxc)) " (1/2)*(c + d*x)~(1/2)*(a"2*xd*f - 2*xb~2*c*e + axb*d*e))/(a
~2xbx (a"2xb"4*c - a"3*%b"3*d)))*(-b"3*x(axd - b*c)) " (1/2)*(a"2*d*f - 2xb"2*c
*e + axbxdxe))/(2*(a"2*%b"4*c - a~3*b"3xd)) + (2*(c + d*x)~(1/2)*(a~4*d"...

Vetdz(et+fx
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3.14 f Vetdz( e—i—fa:) dz

z(a+bz)?
3.14.1 Optimalresult . . . ... . ... . .. .. ... 154
3.14.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 155
3.14.3 Rubi [A] (verified) . . . . . . . . . . .. 1551
3.14.4 Maple [A] (verified) . ... ... ... . ... 158
3.14.5 Fricas [B] (verification not implemented) . . . . . . . .. ... ... ..... 58]
3.14.6 Sympy [F(-1)] . . . . o 159
3.14.7 Maxima [F(-2)] . . . . . . 160
3.14.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 1601
3.14.9 Mupad [B] (verification not implemented) . . . . .. .. ... ... ... ... 161l

3.14.1 Optimal result

Integrand size = 25, antiderivative size = 208

/ \/c—l— dz(e + fx) dp — (be — af)Vc+dz N (4b%ce — 3abde — a?df) v/c + dx
z(a + bx)3 v 2ab(a + bx)? 4a02b(bc — ad)(a + bx)
2\/Eearctanh< C}‘“)
a3

(8b3c’e — 12ab’cde + 3abd*e + a®d? f) arctanh(‘/gv C"'dm)

+ 4a3b3/2(bc — ad)3/?

output | 1/4* (a~3*d~2*f+3*a”~2*¥b*d"2*e-12*a*xb~2xcxd*e+8*b~3*c~2+*e) *arctanh (b~ (1/2) *(
d*x+c) " (1/2)/ (—axd+b*c)~(1/2))/a~3/b~(3/2) / (—a*d+bxc) ~ (3/2) -2*exarctanh ((d
*xx+c) " (1/2)/c”(1/2))*c™(1/2) /a~3+1/2* (—axf+bxe) * (d*x+c) " (1/2) /a/b/ (b*x+a) =
2+1 /4% (—a~2*xd*f-3*a*bxd*re+4*b~2*c*e) * (d*x+c) ~(1/2) /a~2/b/ (—axd+b*c) / (b*x+a
)

Vetdz(et+fx
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3.14.2 Mathematica [A] (verified)

Time = 0.83 (sec) , antiderivative size = 195, normalized size of antiderivative = 0.94

Ve —|— dx(e + fx)
dz
z(a + bx)3
avetdz (addf+4b3cex+3ab?e(2c—dz) —a2b(5de+2cf+df z)) + (8b%c®e—12ab%cde+3a’bd’e+a’d” f) arctan( %) _ 8\/Eearctan}
b(bc—ad)(a+bz)? b3/2(—bc+ad)3/2

4a3

| —

input [Integrate[(Sqrt [c + d*xx]*(e + fxx))/(xx(a + b*x)~3),x]

output | ((a*Sqrt[c + d*x]*(a”3*d*f + 4xb~3*ckexx + 3*axb~2%ex(2%c - d*x) - a~2*b*(
5xdxe + 2xcxf + d*f*xx)))/(bx(b*c - a*d)*(a + b*x)~2) + ((8xb~3*c™2xe - 12%
a*b"2*xckd*e + 3*a"2*b*d"2*e + a~3*d"2*f)*ArcTan[(Sqrt[b]*Sqrt[c + d*x])/Sq
rt[-(bxc) + a*d]1)/(b~(3/2)*(-(bxc) + a*d)~(3/2)) - 8xSqrt[c]l*exArcTanh[Sq
rt[c + d*x]/Sqrt[c]])/(4*a"3)

3.14.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.14,
number of steps used = 8, number of rules used = 7, number of rules _ () 280, Rules used

integrand size
= {166, 27, 168, 27, 174, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/c+dx e+fa:) i

a + br)3
l 166

f _ 4bce+d(3be+af)zd

vetdz(be —af) 22 (a+bx)2/c+dz
2ab(a + bx)? 2ab

l27

4bce+d(3be+af)x
| alarterverds ¥ et dz(be —af)

4ab 2ab(a + br)?
| 168

Vetdz(et+fx
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8bc(bc—ad)e+d (4b2ce—ad(3be+af)) T

z(a+bz)y/ctdzr dz \/ctdz(a2(—d)f—3abde+4b2ce
: (a-&:ciad-;d + (a(a(—i-b;{(bc—ad) ) ve+ dx(be - af)
4ab 2ab(a + bx)?

l 27

8bc(bc—ad)e+d (4bzce—ad(3be+af)) T

dx 2 2
z(a+bz)v/ctdz Vetdz (a?(—d) f—3abde+4bce)
QZ(bbC_aZSl + a(a+bz)(bc—ad) Ve + dx(be — af)
4ab 2ab(a + bzx)?
| 174
8bce(bc—ad) ({ ﬁdm 3 (a3d2f+3a2bd25—12ab20de:8b3c2e) I W md c+dz(a2( d)f 3abde+4b206)

2a(bc—ad) a(a+bz)(be—ad)

+
4ab
Ve + dz(be — af)
2ab(a + br)?

| 73

16bce(be—ad) [ ﬁdm 2(a%d? f+3a%bd%e—12ab2cde+8b3c2e) | Wd Fdz
ad ! ad 4 4 \/C+d$(a2( d) f —3abde+4bce)
2a(bc—ad) a(a+bx)(bc—ad) +

4ab
Ve + dz(be — af)

2ab(a + bx)?
l.221

Qarctanh<% "ch;((iiz) (a3d2 f+3a2bd26—12ab2 cde+8b3c26) 16b\/Ee(bc—ad)arCtanh( Ve
Vet+dz (a?(—d) f—3abde+4b2ce) av/b/bo—ad - a
a(a+bz)(bc—ad) 2a(bc—ad)
+
4ab
Ve + dz(be — af)

2ab(a + br)?

input!Int[(Sqrt[c + dxx]*(e + £*x))/(x*(a + b*x)~3),x]

output | ((bxe - axf)*Sqrtlc + d*x])/(2*axb*(a + b*x)~"2) + (((4*b"2xc*e - 3*axb*dxe

- a~2+d*f)*Sqrt[c + d*x])/(a*(b*c - axd)*(a + b*x)) + ((-16%b*Sqrt[c]x* (b*
c - axd)*exArcTanh[Sqrt[c + d*x]/Sqrtlcl])/a + (2% (8*b~3%c™2%e - 12¥a*b~2%
c*xdxe + 3*a”2xbxd"2%e + a~3*d"2+f)*ArcTanh[(Sqrt[b]l*Sqrt[c + d*x])/Sqrt [b*
c - axd]])/(axSqrt[b]*Sqrt[b*xc - a*d]))/(2*xax(b*c - a*d)))/(4*a*b)

Vetdz(et+fx
3.14. [ YEEEE gy



rule 27

rule 73

rule 166

rule 168

rule 174

rule 221
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3.14.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (f_.)*(x_)
)= (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(bxg - a*h)*(a + b*x)"(m + 1)*(c +
d*x) “nx((e + £*x)~(p + 1)/(bx(b*e - a*f)*(m + 1))), x] - Simp[1/(b*(bxe -
axf)*(m + 1)) Int[(a + bxx)"(m + 1)*(c + d*x)~(n - 1)*(e + f*x) p*Simp [b*
cx(fxg - exh)*(m + 1) + (bxg - a*h)*(d*exn + cxf*(p + 1)) + d*(b*x(f*g - exh
Y*x(m + 1) + fx(b*g - a*xh)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c, d,

e, £, g, h, p}, x] && ILtQ[m, -1] && GtQ[n, O]

N

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) " (m_)*((e_.) + (£_.)*(x_)
) (p)*((g_.) + (W_.)*(x_)), x_]1 :> Simp[(b*g - a*h)*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*((e + £xx)"(p + 1)/((m + 1) *x(b*c - a*d)*(bxe - axf))), x] + S
imp[1/((m + 1)*(b*c - a*d)*(bxe - a*f)) Int[(a + b*x)"(m + 1)*(c + d*x)"n
*(e + f*x) p*Simp[(a*xd*f*g — b*(d*e + cxf)*g + bkckexh)*(m + 1) - (bxg - ax*

h)*(d*xex(n + 1) + cxf*x(p + 1)) - dxfx(b*g - a*h)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && ILtQ[m, -1]

Int[((Ce_.) + (£_D*(x_))"(p)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Ce_.) + (d_)*(x))), x_1 :> Simp[(bxg - a*h)/(b*c - a*d) Int[(e + f*x)~
p/(a + b*x), x], x] - Simp[(d*g - c*h)/(bxc - a*d) Int[(e + £*x)"p/(c + d
*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

3.14. [ YEEEE gy
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3.14.4 Maple [A] (verified)

Time = 1.69 (sec) , antiderivative size = 213, normalized size of antiderivative = 1.02

method result
(b:v+a)2 a3d? f+3a2bd2e—12a b2cde+8b3c2e) arctan bydzte
( 1 ) ( Y (ad_bc)b> +24/(ad—bc)b <(bz+a)26b (c% b—adﬁ) arctanh( dod
pseudoelliptic /(ad—b0)b a® (bz-+a)2 (ad—be)b
ad(a2df+3a2dz—4;l;2ce)(dm+c)% ~ (a2df—5abde+:bb2ce) adv/da¥c (a3d2f+3a2bd2e—
e+/c arctanh ( Ydzte aa—2oc 5 +
derivativedivides | 2d* | — d2a3< 7 + (depelpad—to) BE
ad(a2df+3agdz—4;l;2ce)(dz+c)% ~ (anf—5abde+:bb2ce) adv/da¥c (a3d2f+3a2bd25—
e+/c arctanh ( Ydzte aa—2oc 5 +
default 242 | — d2a3< Z) + (rteptad=te) pre

input‘int((f*x+e)*(d*x+c)‘(1/2)/x/(b*x+a)”3,x,method=_RETURNVERBOSE)

output 2/ ((a*d-b*c)*b) ~(1/2) *(1/8* (b*x+a) ~2* (a~3*d"2*f+3*a~2xb*d~2*e-12*a*xb~2*c*d
*e+8xb~3xc”~2*e) *arctan (b* (d*x+c) ~(1/2) / ((a*d-b*c) *b) ~(1/2) )+ ((a*d-b*c) *b) ~
(1/2) *((b*x+a) ~2*exb* (¢~ (3/2) *b—a*d*c~ (1/2) ) *arctanh ((d*x+c) ~(1/2)/c~(1/2)
)-1/8*%(a"3*d*f-2%b* (5/2*xd*e+f* (1/2*d*x+c) ) *a~2+6*e* (—1/2xd*x+c) *a*b~2+4*b"
3xcxe*x) * (d*xx+c) ~(1/2)*a)) /a~3/ (b*x+a) ~2/(a*d-b*c) /b

3.14.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 545 vs. 2(182) = 364.

Time = 0.67 (sec) , antiderivative size = 2216, normalized size of antiderivative = 10.65

dx = Too large to display

/Me—l—fx)

a+bx)3

inputLintegrate((f*x+e)*(d*x+c)“(1/2)/x/(b*x+a)‘3,x, algorithm="fricas") J

Vetdz(et+fx
3.14. [ YEEEE gy



output
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[-1/8%((a~6*d"2*f + (a~3*b~2*d"2xf + (8%b~5*c”2 - 12%a*b~4xc*d + 3*xa~2%b"3
*d"2) *e)*x"2 + (8*%a~2*b"3*%c”2 - 12*a"3*b"2*c*d + 3*a~4*b*d"2)*e + 2*(a~4x*b
*d"2xf + (8xa*b~4*c”2 - 12%a”2xb"3*c*d + 3*a~3*b~2%d"2)*e) *x) *sqrt (b"2*c -
axb*d) *log((b*d*x + 2%bxc - a*d - 2*sqrt(b~2*c - a*bxd)*sqrt(d*x + c))/(b
*x + a)) — 8*x((b"6*c™2 - 2%a*b~5xcxd + a~2*xb"4*d"2) *e*x"2 + 2% (axb~5xc”2 -
2xa"2xb~4xc*xd + a~3*b"3*d"2)*exx + (a”2*%b~4*c"2 - 2%a”~3*b”"3xckd + a~4*b”2
*d~2) xe) *sqrt (c)*log((d*x - 2*sqrt(d*x + c)*sqrt(c) + 2*xc)/x) - 2x((6*a~2x%
b~4*c™2 - 11*%a"3%b"3*c*d + 5*xa~4*xb"2*xd"2)*e - (2*%a~3*%b"3*c”2 - 3*a”~4*b"2*c
*d + a~bxb*xd"2)*f + ((4*a*b”~5*xc”2 - T*a~2%b~4*cxd + 3*a~3*b~3*d"2)*e - (a”
3%b~3%c*xd - a~4*b"2*d"2)*f)*x)*sqrt(d*x + c))/(a"bxb~4*c”2 - 2*a~6xb~3xc*d
+ a”7*%b"2%d"2 + (a~3*b"6xc”2 - 2%a"~4*b"5*c*d + a~5xb~4xd"2)*x"2 + 2% (a"4*
b~5%c”2 - 2*xa~5xb~4*xcxd + a~6*b~3*%d"2)*x), -1/4%((a"5xd"2*xf + (a~3*%b"2%xd"2
*f + (8xb~5xc”2 - 12%a*b~4*c*d + 3*a"2xb"3xd"2) *e) *x"2 + (8%a"2*b"3xc"2 -
12*a”~3*b~2kc*d + 3*a~4*b*d"2)*e + 2x(a”"4*xb*d"2*f + (8*axb~4xc”2 - 12*a”2*b
“3%c*d + 3*a”3%b"2xd"2)*e)*x)*sqrt (-b"2xc + axbxd)*arctan(sqrt(-b~2*c + ax
b*d) *sqrt (d*x + c)/(bxd*x + bxc)) - 4*x((b"6%c”2 - 2*a*b”~b*c*d + a~2*b~4*d”
2)xe*xx”2 + 2% (axb"5*c”2 - 2*a"2*b~4*xckd + a"3*b~3*d"2)*xe*xx + (a"2¥b~4*c"2
- 2%a”~3*%b~3*ckd + a~4*b~2*xd"2)*e)*sqrt(c)*log((d*x - 2*sqrt(d*x + c)*sqrt(
c) + 2xc)/x) - ((6%xa~2xb~4xc~2 - 11*%a~3%b~3*ckd + 5*a~4xb~2xd"2)*e - (2%a”
3*¥b~3%c”2 - 3*a”4*b"2xc*d + a~b¥b*d"2)*f + ((4*a*b~bxc”2 - Txa~2%b"4xcx...

3.14.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/me-l—fx)

z(a + bx)3

integrate((fxx+e)* (dkx+c)++(1/2)/x/ (brx+a) ++3,%)

output‘Timed out

Vetdz(et+fx
3.14. [ YEEEE gy
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3.14.7 Maxima [F(-2)]

Exception generated.

dxr = Exception raised: ValueError

/\/c+dx (e+ fr)
a+ bx)3

p
input Lintegrate ((£*x+e)*(d*x+c)~(1/2)/x/ (b*x+a)~3,x, algorithm="maxima")

-/

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m

- @

‘ore detail

3.14.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 292, normalized size of antiderivative = 1.40

/\/c—l—dz (e + fx) i

a+ bx)?

3.2 2 21 72 3 72 \dz+cb Vdz+c
:_(Sb c’e — 12 ab’cde + 3 a*bd*e + a°d” f) arctan <m> . 2 ce arctan (W)

4 (a®b%c — a*bd)v/—b*c + abd ady/—c
4 (dz + c)%b:"’cde — 4+/dzx + cb*cPde — 3 (dz + c)%abdee +9+/dz + cab’cd’e — 5+/dz + ca*bdie — (dz

4 (a2b2c — a3bd)((dz + c)b — be + ad)?

input Lintegrate ((f*x+e)*(d*x+c)~(1/2) /x/ (bxx+a)~3,x, algorithm="giac")

~—

output | -1/4*(8*b~3%c"2%e - 12xa*b~2kckxd*e + 3*a~2+b*d"2xe + a~3*d"2*f)*arctan(sqr
t(d*x + c)*b/sqrt(-b"2xc + a*bxd))/((a"3*b~2%c - a~4*b*d)*sqrt(-b~2*c + ax
b*d)) + 2*cke*arctan(sqrt(d*x + c)/sqrt(-c))/(a"3*sqrt(-c)) + 1/4%(4x(d*x
+ ¢)~(3/2)*b"3xc*d*e - 4*sqrt(d*x + c)*b~3*c"2xdxe - 3*(d*x + c)”(3/2)*a*b
~2xd"2xe + 9xsqrt(d*x + c)*axb~2xcxd"2xe - bxsqrt(d*x + c)*a”2xbxd"3xe - (
d*x + c)~(3/2)*a"2*bxd"2*xf - sqrt(d*x + c)*a”"2xb*cxd"2*xf + sqrt(d*x + c)*a
~3%d"3*f)/((a"2xb"2xc - a~3*bxd)*((d*x + c)*b - b*c + axd)~2)

Vetdz(et+fx
3.14. [ YEEEE gy
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3.14.9 Mupad [B] (verification not implemented)

Time = 5.52 (sec) , antiderivative size = 4852, normalized size of antiderivative = 23.33

dxz = Too large to display

/\w+dxe+f@
(@ + bx)?

input | int(((e + £*x)*(c + d*x)~(1/2))/(x*(a + b*x)"3),x)

output

(c™(1/2)*exatan(((c™(1/2) *e*(((c + d*x)~(1/2)*(a"6*d"6*f"2 + 9*a~4*xb~2*xd"6
*¥e"2 + 128%b"6*c"4*xd"2*%e"2 + 6*a~bkbkd"6xe*f + 256%a”2xb"4*c"2xd"4*e"2 - 3
20*a*b~b*c"3*%d"3*%e"2 - 72*%a"3*%b"3*kckd"bke"2 + 16*%a"3*%b"3kxc 2*xd " 4xexf - 24x%
a~4*b~2%cxd"5*xexf)) /(8% (a~6*b*d~2 + a~4*b~3%c”2 - 2%a~5xb"2xc*d)) + (c~(1/
2)*ex ((5*%a”~8xb~3*c*d~5*e - a~9*b~2xc*d~5*f + 4*a~6*b~5xc 3*d"3*e - 9*a~T*b
“4xc”2kd"4%e + a~8xb"3*kcT2xd"4*f)/(a”8%b*d"2 + a”6*b~3*c”2 - 2%a”T*b"2xc*d
) + (c”(1/2)*ex(c + d*x)~(1/2)*(64*a~9%b~3*d"5 — 256*a~8*b~4*cxd"4 - 128%a
“6xb"6xc~3*xd"2 + 320*%a"T7*b"5*xc"2*%d~3))/(8*a"3*(a"6*b*d"2 + a~4*b"3*xc"2 - 2
*a~5xb~2xc*xd))))/a"3)*1i)/a"3 + (c~(1/2)*ex(((c + d*x)~(1/2)*(a~6*xd"6*f"2

+ 9%a"4*b"2xd"6*%e”2 + 128*%b"6kc"4*xd"2%e"2 + 6*a~bxbxd " 6xexf + 256*xa~2xb"4x*
c"2xd"4xe"2 - 320*%axb"5*c”3*d"3*%e"2 - 72*xa"3*xb"3*xcxd"5xe"2 + 16*a”~3*b"3*c”
2%d"4*exf - 24*a~4xb~2kckd"5*e*xf))/(8*%(a”6*¥b*d"2 + a"4*b"3*%c”2 - 2*a~5*xb"2
xc*xd)) - (c~(1/2)*e*x((5*%a~8*b~3*xc*d"5*e — a~9*b~2%c*d~5*f + 4*a~6xb~5*xc~3*
d"3*%e — 9%a”Txb~4dxc"2xd"4*e + a~8*b~3*c"2*%d"4*f)/(a"8*b*d"2 + a~6*b~3*c"2

- 2%xa"T*b"2xc*xd) - (c~(1/2)*ex(c + d*x)~(1/2)*(64*a”~9*b~3*%d"5 - 256%a”~8b~
4xc*d~4 - 128%a”~6xb~6%c~3*d"2 + 320*a"7*b~5xc~2%d~3))/(8*a~3*(a"~6%b*d~2 +

a~4*b~3%c”2 - 2¥a”5xb"2xc*d))))/a"3)*1i)/a"3)/(((a~b*xc*d"6*xexf~2)/4 - 12*a
~2xb"3*c"2xd"5*%e”3 - 8*b"5*c"4*d"3*e~3 + 18*axb~4*c"3*d"4*e"3 + (9*a~3*xb”2
*c*xd"6xe"3) /4 + 2*%a”2%b"3*c"3*d"4*e"2xf - 4*a”~3*b"2%c"2*%d"5*e"2xf + (3*xa”~4
*bxcxd~6xe~2xf) /2) /(a"8%b*d"2 + a~6*b"3xc”2 - 2*a”~7*b"2*c*d) + (c~(1/2)...

Vetdz(et+fx
3.14. [ YEEEE gy
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3.15 f \/a+bx(c—|—;lx)3(e+fx) dx

3.15.1 Optimalresult . . . . ... ... ... ... .. .. 162
3.15.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 163
3.15.3 Rubi [A] (verified) . . . . . .. . . . ... 1631
3.15.4 Maple [A] (verified) . ... ... ... . ... 166
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 167
3.15.6 Sympy [A] (verification not implemented) . . . .. ... ... ... . ... .. 167
3.15.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 168
3.15.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 168
3.15.9 Mupad [B] (verification not implemented) . . . . ... ... ... .. .... 169

3.15.1 Optimal result

Integrand size = 25, antiderivative size = 226

Vva+bx(c+ dzr)d(e + fx) i
T
_ 3/2 2 3/2 3
— 9ev/a T hE 4 2(3bde + 2bcf 2a;ijl‘l))§a + bx)*?(c + dzx) N 2f(a+ bz)gb (c+dzx)
_ 2(a+ bx)3? (2(8a*d® f — 12a%bd*(de + 3cf) — 5b*c*(27de + 4cf) + 3ab’cd(21de + 16¢f)) — 3bd(21b%c
315b%
— 2+v/ac®earctanh a+tbs
va

output | 2/21* (—2xaxd*f+2*xbkxc*f+3*b*d*e) * (bxx+a) ~(3/2) * (d*x+c) ~2/b"2+2/9*f* (bxx+a) ~
(3/2) *(d*x+c) ~3/b-2/315* (b*x+a) ~(3/2) * (16*a~3*d~3*f-24*a~2xb*xd "2+ (3kc*f+d*
e)-10%b~3%c™ 2% (4*c*f+27*d*e) +6*axb~2%ckd* (16*cxf+21*d*e) -3xb*xd* (21*xb~2*c*d
*e+4* (—axd+b*c) * (-2*axd*f+2xbkc*f+3*b*d*e) ) *x) /b~4-2*c”3*e*arctanh ((b*x+a)
~(1/2)/a~(1/2))*a~ (1/2)+2*c~3*e* (b*x+a) ~(1/2)

3.15. f M(c+;lm)3(e+fm) da




input

output
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3.15.2 Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.04

Va+bzx(c+dr)d(e + fr) i

T

_ 2va+ bz(—16a'd® f + 8a’bd?(3de + 9cf + dfz) — 6a*b*d(21c* f + d*x(2e + fx) + 3cd(Te + 2fx)) + ab’

— 2v/acearctanh (M)

Va

LIntegrate[(Sqrt [a + b*xx]*(c + d*x)~3*(e + f*x))/x,x]

p

(2%Sqrt[a + b*x]*(-16*a~4*d"3*f + 8*a~3*bxd"2*(3xd*e + 9*xc*f + d*xfxx) - 6%
a~2xb"2*d* (21*%c~2*f + d"2*x*(2*e + f*x) + 3kckd*x(7T*e + 2*f*x)) + axb~3*(10
5xc”3*f + 63*%c”2xd*(5kxe + f*x) + 9*xckxd"2*x*(7T*e + 3*kf*x) + d~3*x"2*(9*e +
5xf*x)) + b~4*(105%c~3*(3*e + f*xx) + 63*kc 2kd*x* (5ke + 3xf*x) + 27*ckd™2*x
“2%(7xe + B*fxx) + 5xd"3*x"3%(9%e + T*xf*x))))/(315%b~4) - 2*Sqrt[a]l*c”3*e*
ArcTanh[Sqrt[a + b*x]/Sqrt[all

3.15.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.07,
number of steps used = 9, number of rules used = 8, Lumber of rules _ 0.320, Rules used

integrand size
= {170, 27, 170, 27, 164, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

Va+bz(c+dz)3(e + fz) i
T
| 170

2f 3\/a+bx(c+dm)2(3bce2—|z—(3bde+2bcf—2adf)x) d . 2f(a + ba:)3/2(c+ d$)3
9b 9

l 27

\/a+bx(c+dx)2(3bce+(3bde+2bcf—2adf)w)dm 9 b )3/2 dx)3
J + f(a+bx)**(c+ dx)

x

3b 9%
l 170

3.15. j'vﬂi$§@+gmﬁ(e+ﬁw da
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Va+bz(c+dx) (21172 ec?+ (210deb2+4(bc—ad)(3bde+2bcf—2adf))z)

2/

P dx + 2(a+bx)3/2 (c+dx)? (—2adf+2bcf+3bde)
7b 7b +
3b
2f(a + bx)3/%(c + dz)?
9b
l 27
Va+bz(c+dzx) (21b2562 + (21cdeb2+4(bc—ad)(3bde+2bcf—2adf)) z)
/ = dx + 2(a+bx)3/2 (c+dx)?(—2adf+2bcf+3bde)
7b 7b +
3b
2f(a + bx)3/%(c + dx)3
9b
l 164
2182 | ‘/“;'Wdz— 2(a+tbz)3/2 (16a3d3f—24a2bd2(3cf+de)—3bdz (4(bc—ad)(—2adf54;22bcf+3bde)+21b2cde) +6abZcd(16¢f+21de)—1063 c2 (4cf+27de)) :
7b +-
3b
2f(a + bx)3?(c + dz)?

9%
l 60

2(a+bx)3/2 (16a3d3f—24a2bd2(3cf+de)—3bd:z (4(bc—ad)(—2adf+2bcf+3bde)+21b2cde) +6ab2cd(16¢f+21de)—10b3 c2 (-
15b2

21bzc3e<af ﬁdw-l—%/a-{-bw) -

b

3b
2f(a + bx)3?(c + dx)?

9

| 73

2(a+bz)3/2 (16a3d3f—24a2 bd? (3cf+de)—3bdx (4(bc—ud)(—2udf+2bcf+3bde)+21b2cde) +6ab2cd(16cf+21de).

2a f md\ﬂH—bz
21b%c3e b 5 b +2va+bx | —

15b2
7b
3b
2f(a + bx)3/%(c + dz)3
9
l 221
21b2c3e<2\/a+W—2\/Earctanh< V‘f}?)) B 2(a+bz)3/2 (16a3d3f724a2bd2(3cf+de)73bdx (4(bcfad)(72adf;;22bcf+3bde)+21b2cde) +6ab2cd(16¢f+21de
7b
3b
2f(a + bz)3/%(c + dz)3
9b

input‘ Int[(Sqrt[a + b*x]*(c + d*x)"3x(e + f*x))/x,x]

3.15. f M(c+;lm)3(e+fm) da
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output | (2xf*x(a + b*x)~(3/2)*(c + d*x)~3)/(9%b) + ((2%(3xbxd*e + 2xbxcxf - 2¥axdx*f
Yk(a + b*x)~(3/2)*(c + d*x)~2)/(7*b) + ((-2*(a + b*x)~(3/2)*(16*a”~3*d~3*f
- 24%a”2xbxd"2x(dxe + 3kc*f) — 10%b"3*c"2x(27*xd*e + 4*xc*f) + 6*axb™2xcxdx*(
21%d*e + 16xc*f) — 3*bkd*(21*%b~2*c*d*e + 4x(bxc — a*xd)*(3*b*d*e + 2xbxc*f
- 2xaxd*f))*x))/(16%¥b~2) + 21xb~2*c~3*e*(2*Sqrt[a + b*x] - 2xSqrt[a]*ArcTa
nh[Sqrt[a + b*x]/Sqrt[all))/(7*b))/(3*b)

3.15.3.1 Defintions of rubi rules used

ruk327{Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Qn] Il (GtQ[m, O] &% LtQ[m - n, 0]))) && !ILtQ[m + n + 2, O] &% IntLinear
Qla, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, 4, m, n, x]

rule 164 Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e ) + (£_.)*(x_
N*x((g_.) + (a_.)*(x_)), x_1 :> Simp[(-(a*d*f*h*(n + 2) + bkckxfxh*x(m + 2) -
b*d*(f*g + exh)*(m + n + 3) - bkd*fxh*(m + n + 2)*x))*(a + b*x)"(m + 1)*((
c+d*xx)"(n + 1)/(0"2%d"2*%(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*f*h
*(n + Dx(n + 2) + a*xbxd*x(n + 1)*(2*kcxfxh*(m + 1) - d*(f*g + exh)*(m + n +
3)) + b™2x(c"2xfxh*(m + 1)*(m + 2) - c*xd*x(f*g + exh)*(m + 1)*(m + n + 3) +
d"2%e*xgx(m + n + 2)*(m + n + 3)))/(P"2%d"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x)"mx(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n}, x]
&% NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

3.15. j'vﬂi$§@+gmﬁ(e+ﬁw da




rule 170

rule 221
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Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
) (p)*((g_.) + (W_.)*(x_)), x_] :> Simp[h*(a + bxx) m*x(c + d*x)~(n + 1)*((
e + £*xx)"(p + 1)/(d*f*(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))

Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[a*d*f*g*(m + n + p + 2
) - hx(bkcxexm + ax(d*ex(n + 1) + c*f*x(p + 1))) + (b*d*f*g*(m + n + p + 2)
+ hx(a*xd*f*m - bkx(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]
&& IntegerQ[m]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

3.15.4 Maple [A] (verified)

Time = 1.62 (sec) , antiderivative size = 217, normalized size of antiderivative = 0.96

method result

32

9(—5(%&+e)13d3—21(i';—m-ke)mzcd2—SSx(%§+e)c2d—35(%+e)cs)b4 108 (

322 (

16

—2y/ab*c3e arctanh( v bz:”‘ ) -

pseudoelliptic
9 7 7 7 5 5 5
2f d3(b:c+a)§ __6a dsf(bm-i—a)? +6bc dzf(bz-i—a)? +2b dse(bw+a)§ +6a2d3f(bz+a)§ _ 12abc dzf(bac-i—a)? _ 4ab dBe(b:c-Q—a)f 4
. . .. 9 7 7 7 5 5 5
derivativedivides
9 7 7 7 5 5 5
2f d3(ba+a)2  6ad3f(bz+a)2 |, 6bcd? f(bz+a)2 |, 2bd3e(bzta)2 +6a2d3f(bz+a)§ _ 12abcd?f(bz+a)2 _ 4abd3e(bz+a)2 .
default CE— u * i * 4 ° : -

inPlltLint((d*X+c)A3*(f*x+e)*(b*x+a)”(1/2)/x,x,method=_RETURNVERBOSE)

output

2/315%(-315%a” (1/2) *b~4*c~3*e*arctanh ((b*x+a) ~(1/2) /a~(1/2))-16*(9/16* (5%
(7/9*f+x+e) *¥x~3%d"3-21* (5/T*f*x+e) *x~2*c*xd~2-35*x* (3/5*f*x+e) *c~2*xd-35% (1/
3*f*x+e)*c”3)*b~4-105/16* (3/35*%x" 2% (5/9*f*xx+e) *d~3+3/5* (3/7*f*x+e) *x*c*d "2
+3% (1/5%f*x+e) *c"2xd+f*c”~3) *a*xb~3+63/8% (2/21* (1/2*xf*xx+e) *x*kd"~2+C* (2/7*f*x+
e) *d+c"2xf ) *d*a~2xb"2-9/2% (1/3* (1/3*f*x+e) *d+c*f) *d~2*ka"~3*b+a~4*d " 3*f) * (b*
x+a)~(1/2))/b"4

3.15. f M(c+;lm)3(e+ 17) g
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3.15.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 641, normalized size of antiderivative = 2.84

va+bz(c+dz)*(e+ fz) i

T

315 y/ab*celog (”x—””x;“m“) + 2(35b*d® fz* + 5 (9 b*d%e + (27 bcd? + ab®d®) f)z® + 3 (3 (21 b*cd

input  integrate ((d*x+c) ~3* (f*x+e)*(b*x+a) ~(1/2) /x,x, algorithm="fricas")

output | [1/315*%(315*sqrt(a)*b~4*c”3*e*xlog((b*xx - 2xsqrt(b*x + a)*sqrt(a) + 2xa)/x)
+ 2% (35%b~4*d"3*%f*xx"4 + 5% (9*b~4*d"3*%e + (27*b~4*cxd"2 + axb~3*d~3)*f)*x~
3 + 3*%(3*%(21*%b~4*c*d"2 + a*b~3*d"3)*e + (63*b~4*c”2*%d + 9*a*b~3kc*d~2 - 2%
a~2xb"2x%d"3) *f) *x"2 + 3% (105%b~4*c”3 + 105*a*b~3*c”2*d - 42*a~2*b~2*c*xd"2

+ 8*a~3*%b*d"3)*e + (105%a*b~3*%c”~3 - 126*a”2*xb~2*%c"2*%d + 72*a"3*b*cxd~2 - 1
6*%a~4*d"3)*f + (3*x(105*b~4*c~2%d + 21*a*xb~3*c*xd~2 — 4*a”~2*b"2*d"3)*e + (10
5xb~4xc™3 + 63*%axb"3*c”"2xd - 36*a”2*b"2kc*d"2 + 8*a”3xb*d”~3)*f)*x) *sqrt (b*
X + a))/b~4, 2/315%(315*sqrt(-a)*b~4*c 3*e*arctan(sqrt(b*x + a)*sqrt(-a)/a
) + (35*b"4*d”"3*f*x"4 + 5x(9*%b~4*d"3*e + (27*b"4*c*xd”2 + axb~3*d"3)*f)*x"3
+ 3% (3% (21*b~4*c*d"2 + a*b~3*d"3)*e + (63*b~4*c”2*d + 9*a*b~3xc*d"2 - 2*a
~2%b~2%d"3) *f) *x"2 + 3*(105%b~4*c~3 + 105*a*b~3*c"2*d - 42%a”2%b"2*c*kd"2 +
8*%a”~3*b*d"3)*e + (105*xaxb~3*c”~3 - 126*a~2*%b~2xc~2xd + 72%a"3*b*c*d"2 - 16
*a"4*d"3)*f + (3% (105*%b~4*c~2*d + 21*a*b~3*kc*d~2 - 4*a”~2*%b~2*xd"3)*e + (105
*b~4xc”3 + 63*%axb”3*c”2kd - 36%a”2%b"2*kcxd"2 + 8*a~3*b*xd”3)*f)*x)*sqrt (b*x
+ a))/b"4]

3.15.6 Sympy [A] (verification not implemented)
Time = 11.44 (sec) , antiderivative size = 355, normalized size of antiderivative = 1.57
Va +bz(c+dz)*(e + fx) i

T

2ac’eatan (L322 3 $  2(atbe)? (—3add f+3bcd? f+bd® 2(a+bz) % - (3a2d® f—6abed? f—2abd
_(a\/fa)+2cge\/m+2df(a+bm)i+ (a+bz) 2 (—3ad3 f+3bcd? f+ e)+ (a+bx)2 - (3ad3 f—6abcd? f—2a

9b7 THe 557
3 3 2 dBfzt | 23-(3cd?f+d3e) | z2-(3c%df+3cd2e)
\/c_z(c elog (z) + ¢’ fr + 3c’dex + L= + + !

3

input ‘ integrate ((d*x+c) **3% (fxx+e) * (bkx+a) ** (1/2) /x,x)

3.15. j'vﬂi$§@+gmﬁ(e+ﬁw da
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output | Piecewise ((2*a*c**3*e*atan(sqrt(a + bxx)/sqrt(-a))/sqrt(-a) + 2*c**3*e*sqr
t(a + b*x) + 2*%d**x3*xf*(a + b*x)**x(9/2)/(9%b**4) + 2x(a + b*x)**x(7/2)*(-3*a
*d**x3*xf + 3xbkckd**x2%f + bkd**3%e)/(7*b**x4) + 2% (a + b*xx)**x(5/2)* (3ka*x*2*d
*%3xf — Gkaxbkckd**2xf — 2kaxbkd*x*x3%e + 3kbk*2kck*2kd*f + 3Jkb**2kckd*k*x2*e)
/ (5%b**x4) + 2%(a + b*x)**x(3/2)*(—a*x*3*kd**x3*%f + 3Ika*x*x2kbkckd*x*2*xf + a**x2*xbx*
d**3%e — 3kaxbkx*2kck*2kd*f — 3Jkaxbkk2kckd**2ke + b**k3kck*k3xf + 3¥bk*k3kck*2
xdxe) / (3xbx*x4), Ne(b, 0)), (sqrt(a)*(c**3*exlog(x) + c**3xf*x + 3kc**2xd*e
*x + d*x3kf*kx**4/4 + x*k*k3*%(3kckd**2*xf + d**3%e)/3 + x*k*x2* (3kck*x2xd*f + 3*c
*d*x*x2*e) /2), True))

3.15.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.05

Va+bz(c+dz)’(e+ fx) , 5 <\/bx+a—\/5>
/ " dx = v/ac’elog Ve Tatva
2 (315 Vbz T abicPe + 35 (bx + a) 2 dP f + 45 (bdPe + 3 (bed? — ad®) f) (bz + a)

NI

+ 63 ((3b%cd? — 2 abd®

+

-

inputLintegrate((d*x+c)“3*(f*x+e)*(b*x+a)‘(1/2)/x,x, algorithm="maxima")

|

output  sqrt(a)*c~3xexlog((sqrt(b*x + a) - sqrt(a))/(sqrt(b*x + a) + sqrt(a))) + 2
/315%(315*sqrt (b*x + a)*b~4xc"3*e + 35*(b*x + a)~(9/2)*d"3*f + 45%(b*d"3*e
+ 3% (bxc*d™2 - a*d"3)*f)*(bxx + a)~(7/2) + 63x((3*b"2*c*xd"2 - 2*a*b*d”~3)*
e + 3%(b"2*c™2xd - 2*axbxc*xd"2 + a~2+%d"3)*f)*(bxx + a)~(5/2) + 105%((3*%b"3
*c"2*%d - 3*a*b~2kc*d"2 + a~2*b*d"3)*e + (b"3*%c”3 - 3*a*b”"2*xc”~2+d + 3*a~2*b
*xc*d"2 - a~3%d"3)*f)*(b*x + a)~(3/2))/b"4

3.15.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 330, normalized size of antiderivative = 1.46

v/ Vbz+a
a+bx(c+dz)d(e+ fz) o — 2acdearctan (ﬁ)

T J—a

2 (315 Vbz + ab®ce + 315 (bx + a) 2b%c2de + 189 (bx + a) 2 b%cd2e — 315 (bx + a)? ab*icd2e + 45 (ba
+

3.15. f M(c+;lm)3(e+fm) da
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input‘integrate((d*x+c)“3*(f*x+e)*(b*x+a)”(1/2)/x,x, algorithm="giac")

output | 2xa*c”~3*exarctan(sqrt (b*x + a)/sqrt(-a))/sqrt(-a) + 2/315*%(315*sqrt(bxx +

a)*b~36*c"3*e + 315x(b*x + a)~(3/2)*b"35*%c"2xd*e + 189*(b*x + a)~(5/2)*b"3
4xcxd"2%e - 315%(b*x + a) ~(3/2)*a*b~34*c*d"2*e + 45x(bxx + a)~(7/2)*b~33*d
~3*%e - 126*(b*x + a)~(5/2)*a*xb~33*d"3*e + 105*%(b*x + a)~(3/2)*a~2*%b~33*d"~3
xe + 105%(b*x + a)~(3/2)*b~35%xc~3*f + 189*(b*x + a) "~ (5/2)*b~34*c~2*d*xf - 3
15*% (b*x + a)~(3/2)*a*xb”34*xc”2*d*f + 135*x(b*x + a)~(7/2)*b~33*c*d~2*f - 378
*(b*x + a)~(5/2)*axb”~33*c*d"2*f + 315x(b*x + a) ~(3/2)*a~2*b~33*c*xd~2*f + 3
5x(bxx + a)~(9/2)*b~32*d"3+f - 135%(b*x + a) ~(7/2)*a*xb”~32+%d"3*f + 189* (b*x
+ a)~(5/2)*a~2xb"32+%d"3*f - 105*(b*x + a)~(3/2)*a"3*b~32*d~3*f) /b~36

3.15.9 Mupad [B] (verification not implemented)

Time = 3.01 (sec) , antiderivative size = 413, normalized size of antiderivative = 1.83

Vva+bzx(c+dr)d(e + fr) 2bd*e —8ad® f+6bcd®f 2ad’f
z & 70 708

= + )(a+b@”2

3 3 2 3
a <2bd e-8ad’ f+6bed’ f | 2ad f)

+ 2z b
5
6d(ad—0bc) (bcf —2adf+bd
_6d(a ¢) ( ;{4 adf+bde) (a+bx)*?
+<a (a <a (2bd3e—8ad3f+6bcd2f+2ad3f>_6d(ad—bc) (bcf—2adf+bde))+2(ad—
b4 b4 b4
a (a (2bd3e—8ad3f+6bcd2f Jr_2ad3f) __6d(ad—b@(bcf—2adf+bde)> 0
N [ b 2z +2Md—b@ (bef—4adf+3b
3 3v
3 9/2 s
2d f(g;;bx) +\/c_zc3eatan(—a—:/2xh> 2i

inputtint(((e + fHx)*(a + b*x)~(1/2)*(c + d*x)~3)/x,x)

-/

315 f M(c—f-‘;lm):;(e-i-fm) d.'I/'
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output | ((2+¥bxd~3*e - 8xaxd~3*f + 6xbkc*d~2xf)/(7*b~4) + (2*a*d~3*f)/(7*b~4))*(a +
b*x)~(7/2) + ((a*x((2*b*d~3*e - 8*a*d~3*f + 6xbkxc*d~2*f)/b~4 + (2*xa*xd~3*f)
/b”4)) /5 - (6xd*x(axd — b*c)*(b*c*f - 2¥axd*f + bxd*xe))/(5%b"4))*(a + b*x)~
(5/2) + (ax(ax(ax((2*b*d"3*e - 8*a*d~3*f + 6*bkckd"2*f)/b~4 + (2*xaxd~3*f)/
b~4) - (6*d*(a*d - b*c)*(bxcxf — 2*xaxd*f + b*d*e))/b"4) + (2x(axd - b*c) "2
*(bkc*f — 4*axd*f + 3*xb*d*e))/b~4) + (2x(a*d - b*c) 3x(a*f - b*e))/b"4)*(a
+ b*x)~(1/2) + ((a*x(a*x((2*b*d~3*e - 8*a*d~3*f + G*bxc*xd"2*f)/b~4 + (2*axd
~3xf)/b"4) - (6*%d*(axd - bxc)*(bxcxf - 2xaxd*f + bxdxe))/b~4))/3 + (2x(a*d
- b*c) "2x(bxcxf - 4*xaxdxf + 3xbxd*e))/(3*%b~4))*(a + bxx)~(3/2) + a~(1/2)*
c"3xexatan(((a + b*x)~(1/2)*1i)/a~(1/2))*2i + (2*xd"3xf*x(a + b*x)~(9/2))/(9
*b~4)

3.15. f M(C-F;lm):‘(e-i-fm) dx
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3.16 f \/a+bx(c—|—;lx)2(e+fx) dx

3.16.1 Optimal result . . . . . . . . . . . ... e Ival
3.16.2 Mathematica [A] (verified) . . . . . .. . ... . L Ival
3.16.3 Rubi [A] (verified) . . . . ... . . . ... 1721
3.16.4 Maple [A] (verified) . ... ... ... ... Ive!
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 175
3.16.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ..... 175
3.16.7 Maxima [A] (verification not implemented) . ... ... ... . ... ... .. 176
3.16.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 176
3.16.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... .. .. I

3.16.1 Optimal result

Integrand size = 25, antiderivative size = 145

2 3/2 2
Va+bz(c+dz)*(e + fx) d — 22e/a T BT+ 2f(a + bx)*?(c + dx)

x 7b
N 2(a + bx)®/? (2(4a2d?f — Tabd(de + 2cf) + 5b%c(Tde + 2cf)) + 3bd(Tbde + dbcf — 4adf)x)
10563
— 2+/ac’earctanh atbe
: NG

e

2/7*f*(b*x+a) = (3/2) *(d*x+c) ~2/b+2/105* (b*xx+a) ~(3/2) * (8*a~2xd~2*xf-14*a*xb*dx*
‘(2*c*f+d*e)+10*b‘2*c*(2*c*f+7*d*e)+3*b*d*(—4*a*d*f+4*b*c*f+7*b*d*e)*x)/b‘3
L—Q*c“Q*e*arctanh( (bxx+a) ~(1/2)/a~(1/2))*a~ (1/2) +2*xc~2*ex (b*x+a) ~(1/2) J

output

3.16.2 Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.08

va +bz(c+dz)*(e + fx) i
T
_ 2Va + bx(8aPd? f — 2a°bd(Tde + 14cf + 2dfx) + ab?(35¢* f + 14cd(5e + fx) + d®z(Te + 3fx)) + b*(35¢°
B 105b3
— 2+v/ac’earctanh atbo
NG

3.16. f M(c+;lm)2(e+ 17) g
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input‘ Integrate[(Sqrt[a + b*x]*(c + d*x)~2x(e + f*x))/x,x] ‘

output((2*Sqrt[a + bxx]*(8%a~3xd~2xf - 2%a~2xb*d*(7*xdxe + 14*xcxf + 2*dxf*x) + a*b
\‘2*(35*c‘2*f + 14%c*d*(5xe + fxx) + d"2*x*(7T*e + 3*f*xx)) + b~ 3*(35kc™2*(3*
‘e + f£*x) + 14*cxd*x*x(5xe + 3*xf*x) + 3*d"2*x"2*(7xe + 5*xf*x))))/(105%b"3) -
L 2xSqrt [a] *c~2*e*ArcTanh [Sqrt[a + b*x]/Sqrt[all

|

3.16.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.03,
number of steps used = 7, number of rules used = 6, Bumber of rules _ 944 Ryles used

integrand size
= {170, 27, 164, 60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ Va+bx(c+ dz)%(e + fz) da

l 170

2f \/a+bw(c+dw)(7bce—12—:£7bde+4bcf—4adf)z) dr N 2f(a+ b:r)3/2(c+ da:)Q

7b 7b

| 27

f Va+bz(c+dzx)(Tbce+(Tbde+4bcf —4adf)x) d N 2f(a + ba:)3/2 (C + d.’I})Z

b b
l.164
a T / a L\ —4adQ C. €e)— a C € cl4c €
7bhe2e f \/a:W da + 2(a+bx)3/2 (8a2d? f+3bdx(—4adf +4b flj;;bd )—14abd(2cf+de)+10b%c(2cf+7de)) .

7b

2f(a + bx)3/%(c + dx)?
b
l 60

/ — _
7he2e (a f _ alerx de +2 \/a—i——b:z:) n 2(a+bxz)3/2 (8a%d? f+3bda( 4adf+4bcf1—gl’:§de) 14abd(2cf-+de)+10b%c(2cf+7de))
M _|_
b

2f(a + bx)3/?(c + dx)?
b
l 73

3.16. f M(c+;lm)2(e+ 17) g
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1 /
TheZe <2"f %;%d atbe 4o m) 4 2artbe)¥/? (8022 f+3bde(~dadf +4bef+ Tode) ~14abd(2cf +de) +106c(2ef +Tde))

1562
7 *
2f(a + bx)3/%(c + dx)?
b
J'221
2(a+bzx)3/2 (8a2d2f+3bdz(—4adf+4bcf:'l-gzzbde)—14abd(2cf+de)+1Ob2c(2cf+7de)) + TheZe (2m _ 2\/Earctanh ( @) )
+
7
2f(a + bx)3/%(c + dx)?
b
input LInt [(Sqrtla + b¥x]*(c + d*x)~2%(e + £*x))/x,x] J

\ - 14xaxb*d*(d*e + 2*c*f) + 10*%b~2%c*kx(7xd*e + 2xcxf) + 33*xbxdx(7*bkxd*e + 4%
|brcxf - dxaxd*f)*x))/(15%b"2) + Txbkc 2xex(2xSqrtla + bxx] - 2%Sqrt[alxArc

Output((2*f*(a + b*x)7(3/2)*(c + d*x)72)/(T*b) + ((2x(a + bxx)~(3/2)*(8*a~2xd"2*f )
‘Tanh([Sqrt[a + bxx]/Sqrt[al1))/(7+b) |

3.16.3.1 Defintions of rubi rules used

e B

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, xI] ‘

rule 27

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*x(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQm - n, 0]))) && !'ILtQ[m + n + 2, O] && IntLinear
Qfa, b, ¢, d, m, n, x]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1) *(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

3.16. f M(c+;lm)2(e+ 17) g




rule 164

rule 170

rule 221
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Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e ) + (£_.)*(x_
Nx((g_.) + (h_)*(x_)), x_1 :> Simp[(-(axd*f*h*(n + 2) + bxc*f*hk(m + 2) -
bxd* (f*g + exh)*(m + n + 3) - bxd*f*hx(m + n + 2)*x))*(a + bxx)~(m + 1)*((
c+ d*xx)"(n + 1)/(072+%d"2*%(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*f*h
*(n + Dx(n + 2) + a*xbxd*x(n + 1)*(2*kckxfxh*(m + 1) - d*(f*g + exh)*(m + n +

3)) + b™2x(c"2xfxh*(m + 1)*(m + 2) - c*xd*x(f*g + exh)*(m + 1)*(m + n + 3) +

d"2%e*xgx(m + n + 2)*(m + n + 3)))/(P"2%d"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n}, x]

&% NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
)~ (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[h*(a + b*x) m*(c + d*x)~(n + 1)*((
e + £f*x)"(p + 1)/(d*f*(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))
Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*gk(m + n + p + 2
) - h*(b*cxe*m + ax(d*ex(n + 1) + c*fx(p + 1))) + (bkd*f*gx(m + n + p + 2)
+ h*(axd*f*m - b*(d*e*(m + n + 1) + cxf*(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]

&& IntegerQ[m]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

3.16.4 Maple [A] (verified)

Time = 1.59 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.00

method result
35 (i‘;—z+e)zd:
21( 302 1e)22d2 35z (3fZte)cd  105(LEte)c? 5
—210y/ab3c?e arctanh( (ifaj“)—l—lﬁx/bx—l—a < (Ts )= + E(T ) + (j"; )
pseudoelliptic 10563
2 7 2 5 5 2 5 29 3 2
2d“ f(bz+a) 2 _4ad f(bz+a)?2 +4bcdf(b:v+a)2 +2bd e(gz+a)2 +2a d f(3l):z+a)2 _4abcdf(§w+a) _ 2abd e(3bw+a)
. . o e 7 5 5
derivativedivides
2 7 2 5 5 2 5 22 3 2
2d“f(bz+a)2 _ 4ad”f(bz+a)2 +4bcdf(bsz+a)2 +2bd e(gz+a)2 +2a d f(3l)w+a)2 _4abcdf(§w+a) _ 2abd e(3bw+a)
7 5
default

input ‘ int ((d*x+c) ~2* (f*xx+e) * (b*x+a) ~(1/2) /x,x,method=_RETURNVERBOSE)

3.16. f M(c+;lm)2(e+ 17) g
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output‘1/105*(-210*a“(1/2)*b”3*c“2*e*arctanh((b*x+a)”(1/2)/a”(1/2))+16*(b*X+a)”(1
‘/2)*((21/8*(5/7*f*x+e)*x“2*d”2+35/4*x*(3/5*f*x+e)*c*d+105/8*(1/3*f*x+e)*c”
\2)*b‘3+35/8*(1/5*(3/7*f*x+e)*x*d‘2+2*(1/5*f*x+e)*c*d+c‘2*f)*a*b‘2—7/2*((1/
‘7*f*x+1/2*e)*d+c*f)*d*a‘2*b+a‘3*d‘2*f))/b“3 \

3.16.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 403, normalized size of antiderivative = 2.78

/ va +bz(c+ dz)*(e + fx) i

105 /ab3c2e log (”z—“”“;“ﬁ*“) +2(1563d2fa3 + 3 (T3 d%e + (14 b3cd + ab®d?) f)a® + 7 (15632 + 1

e

input Lintegrate ((d*x+c) ~2x (f*x+e) * (b*x+a) ~(1/2) /x,x, algorithm="fricas")

-/

output | [1/105%(105*sqrt (a)*b~3*c~2*exlog((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x)
+ 2% (15%b~3%d"2xf*x~3 + 3*(7*b~3*xd"2%e + (14%b~3*c*d + a*b~2%d"2)*f)*x"2
+ T*(15%b~3%c~2 + 10*a*b~2*cxd - 2%a”~2%b*d~2)*e + (35%a*b~2%c~2 - 28*a”2*b
xckd + 8*a~3*d"2)*f + (7*(10%b~3*ckd + axb~2xd"2)*e + (35%b~3*c”2 + 14*ax*b
“2kckd - 4*xa”~2%b*d"2)*f)*x)*sqrt(b*x + a))/b~3, 2/105%(105*sqrt(-a)*b~3*c”
2xexarctan(sqrt (b*x + a)*sqrt(-a)/a) + (15xb~3*%d"2xfxx"3 + 3x(7*b~3*d"2*e
+ (14%b"3*c*d + a*xb~2xd"2)*f)*x"2 + 7*(15%b"3*c”2 + 10*axb~2kc*d - 2*a~2%b
*d"2)*e + (35*%axb”~2%c”2 - 28*a"2xbxckxd + 8*a"3*d"2)*f + (7*(10*b~3*c*xd + a
*b~"2%d"2) *e + (35*%b7"3*c”2 + 14*a*xb~2xc*d - 4*a”2%b*d"2)*f)*x)*sqrt(b*x + a

))/b~3]

3.16.6 Sympy [A] (verification not implemented)

Time = 8.86 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.54

va +bz(c+dz)*(e + fx) i
T

Va+bx 5 3
2aczea,tan_(a \/f—a ) n 22e/a Tho 4+ 2d2f(a+b;t)% + 2(a+bz) 2 (—2ad? f+2bcdf+bd2e) + 2(a+bz) 2 (a2d? f—2abcdf —abd?e+b?

5 555 367
2 2 d2fz3 | @2 (2cdf+d%e)
ﬁ(c elog (z) + ¢ fx + 2cdex + 5% + 5 >

3.16. j'vﬂi$§@+gmf(e+ﬁw da
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input‘integrate((d*x+c)**2*(f*x+e)*(b*x+a)**(1/2)/X,X)

output | Piecewise ((2xa*c**2xe*atan(sqrt(a + b*x)/sqrt(-a))/sqrt(-a) + 2*c**2*e*sqr
t(a + b*x) + 2*d**x2xfx(a + bxx)**(7/2)/(7+b**3) + 2x(a + b*x)**(5/2)*(-2*a
*d**x2xf + 2xbkxckd*f + bxd**2%e)/(5xb*x*3) + 2%x(a + b*xx)**(3/2)* (a**2*xd*x*2*f
- 2%axbxckd*f - axbxd**2%e + b**2kck*k2xf + 2*b*k*x2xckd*e)/(3xbx*x3), Ne(b,
0)), (sqrt(a)*(cx*2xexlog(x) + c**2xf*xx + 2kckdxexx + dx*2*f*x**3/3 + x**2
*(2kckd*f + d**x2%e)/2), True))

3.16.7 Maxima [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.05

/ Va+bz(c +xdx)2(e + fz) iz = Vactelog (M — \/E>

Vbr +a++/a
2 (105 Vbz T ab*c®e + 15 (bz + a)?d2 f + 21 (bd2e + 2 (bed — ad?) f)(be + a)? + 35 ((2b2cd — abd?)e +
_|_
105 b?
input Lintegrate ((d*x+c) ~2* (f*x+e) * (b*x+a) ~(1/2)/x,x, algorithm="maxima") J

output‘ sqrt(a) *c"2xexlog((sqrt(b*x + a) - sqrt(a))/(sqrt(b*x + a) + sqrt(a))) + 2 ‘
\/105*(105*sqrt(b*x + a)*b”"3*c”"2xe + 16x(b*x + a) " (7/2)*d"2*f + 21*(bxd"2*e
|+ 2x(bkcxd - axd™2)*f)x(b*x + a)”(5/2) + 35%((2¥b~2%c*d - axbxd~2)*e + (b
“2*0‘2 - 2kaxbkckd + a~2xd"2)*f)*(b*x + a)~(3/2))/v"3 \

3.16.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 196, normalized size of antiderivative = 1.35

v/ Vbata
a+ bx(c+ d:p)2(e + fz) o — 2 ac’e arctan (f-;)
T B V—a
2 (105 Vbz + ab?'c?e + 70 (b + ) :6%cde + 21 (ba + a) 10 dPe — 35 (bo + a) Fab®dPe + 35 bz + a)
_|_
oput Lintegrate ((@*x+c) ~2x (fxx+e) * (b*x+a) " (1/2)/x,x, algorithm="giac") J

3.16. f M(c+;lm)2(e+ 17) g
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output | 2*axc~2*e*arctan(sqrt (b*x + a)/sqrt(-a))/sqrt(-a) + 2/105%(105*sqrt (b*x +
a)*b~21*c"2*%e + T7O*(b*x + a)~(3/2)*b"20*cxd*e + 21*(b*x + a)~(5/2)*b~19%d"
2%e - 35%(b*x + a)~(3/2)*a*b~19*%d"2*e + 35*(b*x + a)~(3/2)*b~20*c"2*f + 42
*(bxx + a)”~(5/2)*b"19%c*d*f - T70*(b*x + a)~(3/2)*a*b~19*c*d*f + 15x(bxx +
a) " (7/2)*b"18%d"2xf - 42*%(b*x + a) ~(5/2)*a*b~18xd~2*f + 35%(b*x + a)~(3/2)
*a " 2xb~18*d"2x*f) /b~ 21

3.16.9 Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 263, normalized size of antiderivative = 1.81

fa + ba(c + dz)2(e + fz) do— <2bd2e—6ad2f+4bcdf 4 2ad2f> (a+ ba)*?

x 5 b3 5b3
2bd’e—6ad*f+4bcdf 2ad®f\ 2(ad—bc) (bcf—3adf+2bde)
+lafa b3 + b3 - b3

_2md—b@%af—b@>VG:$E
b3

bd2e—6ad? f+4bcd 2ad?
o (2festegietbedl 4 2080) o0 be) (bef —3adf +2bde) "
+ 3 T (a+bx)

2 d2 7/2 /—1.
d f((;;;ba:) +\/ECQeatan(—aT/§x 1> 2i

-

input Lint(((e + fHx)*(a + b*x)~(1/2)*(c + d*x)~2)/x,x)

~—

output | ((2*¥bxd~2*e - 6xaxd~2*f + 4xbkckd*f)/(5*¥b~3) + (2*a*d~2*f)/(5%b~3))*(a + b
*x)~(5/2) + (ax(a*x((2*xb*d"2*e - 6*xaxd™~2*f + 4xbkc*d*f)/b~3 + (2*axd”~2x*f)/b
~3) - (2x(a*d - b*c)*(bkc*xf - 3*axd*f + 2*xb*d*e))/b~3) - (2x(a*d - b*c) 2%
(axf - bxe))/b~3)*(a + bxx)~(1/2) + ((ax((2¥b*d"2*e - 6*axd~2xf + 4xbxcxd*
£)/b"3 + (2%xa*xd~2*f)/b"3))/3 - (2%(a*d - bxc)*(bkcxf - 3kaxd*f + 2kbxdxe))
/(3*b~3))*(a + b*xx)~(3/2) + a~(1/2)*c " 2*exatan(((a + b*xx)~(1/2)*1i)/a~(1/2
))*2i + (2xd"2*f*(a + bxx)~(7/2))/(7*b"3)

316 f M(c—f-‘;lm)z(e-i-fm) d.'I/'
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3.17 f \/a+bx(c—|:rcdx)(e+ fz) dx

3.17.1 Optimalresult . . .. .. . . . . ... .
3.17.2 Mathematica [A] (verified) . . . . . .. ... .. .. L
3.17.3 Rubi [A] (verified) . . . . . .. . . ..
3.17.4 Maple [A] (verified) . .. . ... ... ...
3.17.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ...
3.17.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .....
3.17.7 Maxima [A] (verification not implemented) . ... ... ... ... ... ..
3.17.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.17.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.17.1 Optimal result

Integrand size = 23, antiderivative size = 77

178
179

1KY)
182
183
183

Va+bz(c+dz)(e+ fz) , 2(a + bx)*?(2adf — 5b(de + cf) — 3bdfx)
/ . dr = 2ceva + bx —

1542

— 2\/Ecearctanh( ot bx)

Ja

p
output \ -2/15% (b*x+a) ~ (3/2) * (2*xa*xd*f-5*b* (cxf+d*e) -3*b*d*f*x) /b~ 2-2*c*xe*arctanh ((b
*x+a) " (1/2)/a” (1/2))*a~ (1/2) +2+cke* (bxx+a) " (1/2)

3.17.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.18

/\/a+bm(c+d3:)(e—|—fm) i

_ 2v/a + bx(15b*ce + 5bde(a + bx) + 5bcf (a + bx) — Sadf (a + bx) + 3df (a + bx)?)

o 1562
\/a+bx)

— 2\/Ecearctanh< NG

e

inputLIntegrate[(Sqrt[a + bkx]*(c + d*x)*(e + f*x))/x,x]

~—  /

3.17. f M(c—;dm)(e-i-fz) dx
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output‘ (2xSqrt[a + b*x]*(156%xb~2%c*e + bxbkd*ex(a + b*x) + bxbkckfx(a + bxx) - b5*a

\*d*f*(a + b*x) + 3*kdxfx(a + b*x)"2))/(16%b"2) - 2*Sqrt[a]*c*exArcTanh[Sqrt
‘ [a + b*x]/Sqrt([a]]

3.17.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 4, Mumber of rules _ () 174 Ryles used = {164,
integrand size
60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/a—i-bx(c—l-dx)(e—i-fa:) dx

l 164
Va+ bz 2(a + bx)3/2(2adf — 5b(cf + de) — 3bdfz)
ce . dx — 502

| 60

2(a + bx)3/2(2adf — 5b(cf + de) — 3bdfz)
< /:c — xdw+2\/a+b> 552
l 73
2a [ Wl_gd a+bx 3/2 _ _
ce( e v s m) _ 2a+b2)¥(2adf 155;1;@ £+ de) — 3bdfz)
l 221
VaTtiz / _ _
ce <2m - 2ﬁarctanh< a\/—%bx)) LGy ba) " (2adf 1522(Cf +de) = 3hdf)

input LInt[(Sqrt [a + bxx]*(c + d*x)*(e + £*x))/x,x]

‘ ex(2xSqrt[a + b*x] - 2#Sqrt[a]*ArcTanh[Sqrt[a + b*x]/Sqrtl[all)

3.17. f M(c—;dm)(e-i-fz) dx




rule 60

rule 73

rule 164

rule 221
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3.17.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*x(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_ ) + (f_.)*(x_
Nx((g_.) + (h_)*(x_)), x_1 :> Simp[(-(axd*f*h*(n + 2) + bxc*f*hk(m + 2) -
bxd* (f*g + exh)*(m + n + 3) - bxd*f*hx(m + n + 2)*x))*(a + bxx)~(m + 1)*((
c + d*xx)"(n + 1)/(b"2+%d"2*%(m + n + 2)*(m + n + 3))), x] + Simp[(a~2*d~2*f*h
*(n + Dx(m + 2) + a*xbxd*(n + 1)*(2*kcxfxh*(m + 1) - d*(f*g + exh)*(m + n +

3)) + b™2x(c"2xfxh*(m + 1)*(m + 2) - c*xd*x(f*g + exh)*(m + )*(m + n + 3) +

d"2%e*xgx(m + n + 2)*(m + n + 3)))/(P"2%d"2*%(m + n + 2)*(m + n + 3)) Int[(
a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n}, x]

&& NeQ[m + n + 2, 0] && NeQ[m + n + 3, 0]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

3.17. f M(c—;dm)(e-i-fz) dx
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3.17.4 Maple [A] (verified)

Time = 1.56 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.12

method result size
3 2
a/55Ta (5(—w(45&+e)112—3(%+e)c)b B 5((%+62)d+cf)ab+a2df>
L. —2y/ab?ce arctanh( ¥ b“”:"’ -
pseudoelliptic (%) - 10 86
3 3 3 3
) ) . 2df(ba;+a) . 2adf(bgc+a) + 2bcf(b?:f+a) + 2bde(b§:+a) 4202 cer/brTa—2+/ab3ce arctanh( zig/caj-a )
derivativedivides 2 89
3 3 3 3
2df(ba;)+a) _ 2adf(b§c+a) + 2bcf(b?:f+a) + 2bde(b§+a) 202 cer/brTa—2+/ab2ce arctanh( li;aj—a )
default = 89

input Lint ((d*x+c) * (f*xx+e) * (b*x+a) ~(1/2) /x,x,method=_RETURNVERBOSE) J

output ‘ 2/15x(-15%a" (1/2) ¥*b~2*c*e*arctanh ((b*x+a) ~(1/2)/a~ (1/2))-2* (b*x+a) = (1/2) *( ‘
\5/2*(—x*(3/5*f*x+e)*d—3*(1/3*f*x+e)*c)*b“2—5/2*((1/5*f*x+e)*d+c*f)*a*b+a‘2
| *d¥£)) /b2 |

3.17.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 217, normalized size of antiderivative = 2.82

/\/a-l—bz(c—kdz)(e—l—fx) i

15 /ab®celog (”-’”—2 Vb”;“ﬁ““) + 2 (3b%df2? + 5 (3b%c + abd)e + (5 abc — 2 a2d) f + (5b?de + (5 b2c +
15 b2

inputLintegrate((d*x+c)*(f*x+e)*(b*x+a)“(1/2)/x,x, algorithm="fricas") J

output | [1/15% (16*sqrt (a) *b~2*c*kexlog((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x) + 2
*(3*b~2*d*f*x"2 + 5k (3*%b"2%c + axbxd)*e + (5xaxbk*c - 2¥a”2*xd)*f + (5xb~2xd
xe + (5xb”"2xc + a*bxd)*f)*x)*sqrt(b*x + a))/b~2, 2/15%(15*sqrt(-a)*b " 2xc*e
*arctan(sqrt(b*x + a)*sqrt(-a)/a) + (3*b~2xd*f*x~2 + 5*%(3*b~2%c + axb*d)*e
+ (Bxaxb*c - 2xa~2*d)*f + (5¥b"2xdxe + (5¥b~2%c + axb*d)*f)*x)*sqrt(b*x +
a))/b~2]

3.17. f M(c—;dm)(e-i-fz) dx



CHAPTER 3. LISTING OF INTEGRALS 182

3.17.6 Sympy [A] (verification not implemented)

Time = 9.94 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.58

Vva+bx(c+dzx)(e+ fz) s
x
2aceatan ( Yotbe 3 3
t\/_(*a\/ja ) + 266\/m + 2df(z;;—2bz)2 + 2(a+bx)2 (—3(11:21f+bcf+bde) for b ?é 0
Va <ce log (z) + c¢fz + dex + #) otherwise

input Lintegrate ((d*x+c)* (fxx+e)* (bxx+a)**(1/2)/x,x)

output‘Piecewise((2*a*c*e*atan(sqrt(a + b*x)/sqrt(-a))/sqrt(-a) + 2*c*exsqrt(a +
\b*x) + 2xd*f*(a + bxx)**(5/2)/(5xb*x*2) + 2x(a + b*x)**(3/2)*(-axd*f + bxc*
\f + bxd*e)/(3*b**2), Ne(b, 0)), (sqrt(a)*(c*exlog(x) + c*fxx + dxe*x + d*f
*xx%2/2), True))

3.17.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.17

/\/a+bx(c+dx)(e—|—fx) s

_ bx +a —+/a
e
2 (15 Vbz T ab?ce + 3 (bz + a)2df + 5 (bde + (be — ad) f) (b + a)%)
_|_

152

inputLintegrate((d*x+c)*(f*x+e)*(b*x+a)“(1/2)/x,x, algorithm="maxima"

output‘sqrt(a)*c*e*log((sqrt(b*x + a) - sqrt(a))/(sqrt(b*x + a) + sqrt(a))) + 2/1
‘5*(15*sqrt(b*x + a)*b"2%cke + 3*(b*x + a)~(5/2)*d*f + 5x(bxdxe + (b*c - ax
Ld)*f)*(b*x + a)"(3/2)) /b2

3.17. f M(c—;dm)(e-i-fz) dx
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3.17.8 Giac [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.32

bx+a
va+ bx(c+dzx)(e + fr) e 2 acearctan (%)
z B vV —a
2 (15 Vbr + ab*®ce + 5 (bx + a)%dee +5 (bx + a)%b%f +3(bz + a)%bsdf 5 (b + a)%absdf>
+
15610

-

input Lintegrate ((d*x+c) * (f*x+e) * (b*x+a) ~(1/2) /x,x, algorithm="giac")

~—

output‘ 2xaxc*e*arctan(sqrt(b*x + a)/sqrt(-a))/sqrt(-a) + 2/15%(15*sqrt(b*x + a)*b ‘
\‘10*c*e + 5x(b*x + a)~(3/2)*b~9*d*e + 5x(b*x + a)~(3/2)*b~9*c*xf + 3*(b*xx +
| a)7(5/2)*b78¥d*E ~ Bx(b¥x + a)~(3/2)*a*b 8+dxf) /b710 |

3.17.9 Mupad [B] (verification not implemented)

Time = 2.85 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.77

/\/a+bx(c+dx)(e+fx) 2bcf—4adf+2bde 2adf
dr=|a +
x b2 b?

+2(ad—bcg2(a’f_be)> m

2bcf—4adf+2bde 2adf

+( 312 T3
2d f (a+bz)*?
52

)(a+bxfﬂ

+ +/aceatan M 2i
Ja

~—

input[int(((e + f*xx)*(a + b*x)~(1/2)*(c + d*x))/x,x)

output‘{(a*((z*b*c*f - 4xaxd*f + 2¥bxd*e)/b"2 + (2xa*xd*f)/b”2) + (2*(axd - bxc)*(a
\*f - b*xe))/b"2)*(a + b*x)~(1/2) + ((2xbkc*f - 4*axdxf + 2xbkxd*e)/(3*%b"2) +
\ (2xa*d*f)/(3*%b~2) ) *(a + b*x)~(3/2) + (2*xd*f*(a + b*x)~(5/2))/(5%b"2) + a~
(1/2) *c*e*xatan(((a + b*x)~(1/2)*1i)/a~(1/2))*2i

N\ J

/|

3.17. f M(c—;dm)(e-i-fz) dx
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3.18

3.18.
3.18.2

1 Optimalresult . . . . ... .. . . .
Mathematica [A] (verified)

3.18.3 Rubi [A] (verified)
3.18.4 Maple [A] (verified)

3.18.5
3.18.6
3.18.7
3.18.8
3.18.9

f \/a+bxx(e—|—fx) dx

Fricas [A] (verification not implemented)
Sympy [A] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)

Mupad [B] (verification not implemented)

3.18.1 Optimal result

Integrand size = 18, antiderivative size = 54

3/2
/ Va+ bm;e + fz) dz = 2eva + bz + 2f(a+bx)™" Zﬁearctanh(

3b

va+bx
Vva

)

L 80)

138)
183
18]

output ‘/2/3*f* (b*xx+a) ~(3/2) /b-2%exarctanh ((b*x+a) ~(1/2)/a~(1/2))*a~ (1/2)+2%e* (bxx+
‘ a)~(1/2)

3.18.2

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

2va + bx(3be + af + bfx)

/ Va+tbz(e+ fz)

3b

— 2\/Eearctanh<

va+ bx
Vva

)

-

inputLIntegrate[(Sqrt [a + bxx]*(e + f*x))/x,x]

~—

output ‘ (2%Sqrt[a + b*x]*(3*b*e + a*f + bxf*x))/(3*%b) - 2*Sqrt[al*exArcTanh[Sqrt[a
‘ + bxx]/Sqrt[al]

3.18.

f Va+bz(e+fzx) dz
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3.18.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02, number

of steps used = 5, number of rules used = 4, Bumber of rules _ ( 999 Ryjeg yged = {90,
integrand size
60, 73, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/a-i-—fm(e+ f) o

| 90

+ 2f(a+ bx)3/?
x 3b

| 60
dx+zm> | 2 (a+b2)*?

3b
l 73

(o) o

(2af Wlad\/a—l—bw
e [

b 3b
l 221
Yo 3/2
e<2\/a +bx — %/Earctanh( aﬁbx)) + 2f(a—?}:bba:)

inputLInt[(Sqrt [a + bxx]*(e + £*x))/x,x]

output‘ (2xfx(a + b*x)~(3/2))/(3*b) + ex(2+Sqrt[a + b*x] - 2+Sqrt[a]*ArcTanh[Sqrt[

La + bxx]/Sqrt[all)

3.18. [ vetbeletfo) g,



rule 60

rule 73

rule 90

rule 221
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3.18.3.1 Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*x(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

Int[((a_.) + (b_)*(x_))*((c_.) + (@_)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
), x_1 > Simp[bx(c + d*x)"(n + D *((e + £xx)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(a*d*f*(n + p + 2) - bkx(d*ex(n + 1) + c*xf*x(p + 1)))/(d*f*(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f, n,

p}, x] && NeQ[n + p + 2, 0]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

3.18.4 Maple [A] (verified)

Time = 5.29 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.85

method result size
3
2f(bz+a)2 br+a
X X L. 2R S 4 2bev/bz+a—2+/a be arctanh
derivativedivides 2 - ( va ) 46
3
2f(bzta)2 Vbeta
22T ER S +2bey/bx+a—2+/a be arctanh
default 2 : () 46
_ Vbzta
doellivti 6+/a be arctanh( Va ) +2((fz+3e)b+af)vVbz+a 48
pseudoelliptic 5

input | int ((f*x+e) * (b*x+a) ~(1/2) /x,x,method=_RETURNVERBOSE)

3.18.

f Va+bz(e+fzx) dz
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output ‘ 2/bx (1/3*fx (b¥x+a) ~ (3/2) +b*ex (b*x+a) ~(1/2)-a~ (1/2) ¥b*exarctanh ((b*x+a) ~(1/ ‘
L2)/a‘(1/2))) J

3.18.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 111, normalized size of antiderivative = 2.06

/ Va + bx(e + fx) s
x
3 y/abelog <b$_2 ”bz:a‘/aJrQa) +2(bfx +3be+af)Vvbr+a 2 (3 v/—abe arctan (—W) + (bfx +
B 3b ’ 3b
inputtintegrate((f*x+e)*(b*x+a)‘(1/2)/x,x, algorithm="fricas") J

output‘[1/3*(3*sqrt(a)*b*e*log((b*x - 2xsqrt(b*x + a)*sqrt(a) + 2*a)/x) + 2x(bxf*
‘x + 3%bxe + a*f)*sqrt(b*x + a))/b, 2/3*(3*sqrt(-a)*bxe*arctan(sqrt(b*x + a ‘
L)*sqrt(—a)/a) + (b*f*x + 3%bke + a*f)*sqrt(b*x + a))/b] J

3.18.6 Sympy [A] (verification not implemented)

Time = 1.67 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.30

aeatan ( Yatbe 3
/\/a+bm(e+fx)dx: %4_26\/&_'_%4_21‘@3;:@? forb#0
o Va(elog (fz) + fx) otherwise
input Lintegrate ((f*x+e)* (bxx+a)**(1/2) /x,x) J

Output‘Piecewise((2*a*e*atan(sqrt (a + b*x)/sqrt(-a))/sqrt(-a) + 2*e*sqrt(a + b*x) ‘
|+ 2%fx(a + bkx)*x(3/2)/(3%b), Ne(b, 0)), (sqrt(a)*(exlog(f*x) + f*x), Tru
&) |

3.18. [ vetbeletfo) g,
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3.18.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.11

/\/ﬁbmx(e+fx) d:v:\/aelog(\/ﬁ;ﬁ)+2<3mb§:(bx+a)gf>

-

input Lintegrate ((f*x+e)*(b*x+a) ~(1/2)/x,x, algorithm="maxima")

-/

Output‘sqrt(a)*e*log((sqrt(b*x + a) - sqrt(a))/(sqrt(bxx + a) + sqrt(a))) + 2/3x(
LS*sqrt(b*x + a)*bxe + (bxx + a)~(3/2)*f)/b

~

3.18.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.02

+

Va +bx(e+ fx) 2 ae arctan (%) 9 (3 bz + abPe + (bz + a)%b2f>
jresEen, e

inputLintegrate((f*x+e)*(b*x+a)‘(1/2)/x,x, algorithm="giac")

p
output \ 2*axexarctan(sqrt(b*x + a)/sqrt(-a))/sqrt(-a) + 2/3*(3*sqrt(b*x + a)*b~3*e
L + (b*x + a)~(3/2)*b~2xf)/b~3

~

3.18.9 Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.83

T 3/2 T
/a—l—bxx(e+f:c)dx:2em+2f(a;—bbx) +\/Eeatan(—a_\'_/§wh> 2i

input Lint(((e + fxx)*(a + b*x)~(1/2))/x,x%)

outputlz*e*(a + bxx)~(1/2) + a~(1/2)*e*xatan(((a + b*x)~(1/2)*1i)/a~(1/2))*2i + (2
\*f*(a + b*x)~(3/2))/ (3*Db)

3.18. [ vetbeletfo) g,
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3.19 f Va+bz(e+fx) dx

z(c+dzx)
3.19.1 Optimalresult . . . . . . .. . ... 189
3.19.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 189
3.19.3 Rubi [A] (verified) . . . . . ... .. 190
3.19.4 Maple [A] (verified) . .. .. ... ... .. 192
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 192
3.19.6 Sympy [B] (verification not implemented) . . . ... ... ... ....... 193]
3.19.7 Maxima [F(-2)] . . . . . . 194
3.19.8 Giac [A] (verification not implemented) . . . .. ... ... ... ....... 194
3.19.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 194

3.19.1 Optimal result

Integrand size = 25, antiderivative size = 101

\[\/a 49
/m e+ fz) i 2fva+ bz N 2\/bc—ad(de—cf)arctan< jﬁ )
z(c+ dx) B d cd3/?

2y/aearctanh ( ortbe )

N

c

output ‘ -2xe*arctanh ((b*x+a) ~(1/2)/a~(1/2))*a~ (1/2) /c+2*(-c*kf+d*e) *arctan(d™(1/2) *
\(b*x+a)“(1/2)/(-a*d+b*c)‘(1/2))*(-a*d+b*c)”(1/2)/c/d“(3/2)+2*f*(b*x+a)‘(1/
\2)/d

3.19.2 Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.00

Vdva¥bz
/ m(e + fa) o 2fva + bz ~ 2v/bc — ad(—de + cf) arctan ( \/ﬁ )
z(c+ dx) d cd3/?
2y/aearctanh < v ‘j/%b”C)

c

input [Integrate[(Sqrt [a + bxx]*(e + fxx))/(x*(c + d*x)),x]

—/

3.19. [ vEREEHE gy
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output‘ (2xf*Sqrt[a + bxx])/d - (2*Sqrt[b*c - a*d]*(-(d*e) + c*f)*ArcTan[(Sqrt[d]=*
‘ Sqrt[a + b*x])/Sqrt[b*c - axd]])/(c*d~(3/2)) - (2xSqrt[al*exArcTanh[Sqrt[a
‘ + b*x]/Sqrt[all)/c

3.19.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.06,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 94y Ryles used

integrand size
= {171, 27, 174, 73, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dx

/ Va+bx(e+ fz)
z(c+ dx)

l 171

2f ade+(bde—bcf—|—adf)zdx

2z+/a+bx(c+dx) 2f\/ a -+ bx
d Tt

| 27

f ade+(bde—bef+adf)x dz

zv/a+bx(c+dx) 2fVa+bx
d + d

l 174

(be—ad)(de—cf) [ mdz + ade J ﬁdm 2f\/a+—b$6

c Cc

d d

| 73

2ade [ md\/ a+bz
b

2(bc—ad)(de—cf)f mdv a+b$
A SR T

e + o +2f\/a+bx
d d
| 218
2ade [ a+b+ad Vatbe 2v/bc—ad(de—cf) arctan<7‘/am)
“ b b vbc—ad
e + vd pesed 2fv/a + bx
+
d d
| 221
2v/bc—ad(de—cf) arctan( \/jbi Vc‘i‘zzz ) 2¢Edearctanh( ‘f}%bm )
cVd - c 2fva+bx
d T4

3.19. [ YerelEdo g
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input‘ Int[(Sqrt[a + b*x]*(e + f*x))/(x*(c + d*x)),x]

output((2*f*Sqrt[a + b*x])/d + ((2*Sqrt[bxc - a*d]*(d*e - cxf)*ArcTan[(Sqrt[d]*Sq
‘rt[a + b*x])/Sqrt[b*c - axd]])/(c*Sqrtl[d]) - (2xSqrt[a]*d*e*ArcTanh[Sqrt[a
‘ + bxx]/Sqrtl[all)/c)/d

-

3.19.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 171 Int[((a_.) + (b_.)*(x_))"(m )*((c_.) + (d_)*(x_))" (@ )*((e_.) + (f_.)*(x_)
)T(p)*((g_.) + (h_.)*(x_)), x_] :> Simp[h*(a + b*x)“m*(c + d*x)"(n + 1)*((
e + f*xx)"(p + 1)/(d*f*x(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))

Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*gk(m + n + p + 2
) - hx(bxckxexm + ax(dxex(n + 1) + cxfx(p + 1))) + (b*d*f*g*(m + n + p + 2)
+ hx(a*d*f*m - b*(d*ex(m + n + 1) + cxfx(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]
&& IntegersQ[2*m, 2*n, 2xp]

rule 174 Int[(((e_.) + (£_.)*(x_))"(p_)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Ce_.) + (A_)*(x))), x_]1 :> Simp[(b*xg - a*h)/(b*c - axd) Int[(e + f*x)~
p/(a + b*x), x], x] - Simp[(d*g - c*h)/(b*xc - a*d) Int[(e + f*x)7p/(c + d
*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

ruk3218‘1nt[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
‘tla/b, 211, x] /; FreeQl{a, b}, x] && PosQ[a/b]
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ruk3221‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQla/b] |

3.19.4 Maple [A] (verified)

Time = 5.38 (sec) , antiderivative size = 103, normalized size of antiderivative = 1.02

method result size
dv/bz+a
2e arctanh ( Y22¥e) /g 2(acdf —aed®—c?bf+bede) arctanh( (ad_bc)d)
derivativedivides | 22 Z”a — (%) — 103

c de+/(ad—bc)d

Q

Vbz+a
% arctanh ( Y2Fa), /g 2(acdf —ae d2—c2bf+bcde) arctanh( dadfbc d)
default 2ot _ e _ e 103

de+/(ad—bc)d

—2(cf—de)(ad—bc) arctanh ( \/d(ai m) +2 <— arctanh < 7%1) vade++/bz+a cf) v/(ad—bc)d

de+/(ad—bc)d 105

pseudoelliptic

inPlltLint((f*x+e)*(b*x+a)‘(1/2)/x/(d*x+c),x,method=_RETURNVERBOSE) J

output ‘ 2xf* (b*x+a) ~(1/2) /d-2*e*arctanh ((bxx+a) ~(1/2)/a”~(1/2))*a~(1/2) /c-2/d* (a*c* ‘
| d*f-axd"2xe-bxc 2xf+bkcxdxe) /c/ ((a*d-bxc)*d) " (1/2)*arctanh (d* (bxx+a) ~(1/2)
/((axd-b¥c)*d)~(1/2)) |

3.19.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 450, normalized size of antiderivative = 4.46

dz

/\/a+bz (e + fz)
c+ dx)

—2 batas/at2a —a bdz—bc+2 ad—2 vbz+ad,/— =4
Vadelog (b 2 b:‘fH )+2\/bx+acf—(de—cf)@/—bddlog( Tore < ) 24
cd o

inputLintegrate((f*x+e)*(b*x+a)‘(1/2)/x/(d*x+c),x, algorithm="fricas") J

3.19. [ vEREEHE gy



output

CHAPTER 3. LISTING OF INTEGRALS

193

[(sqrt(a)*d*e*log((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2xa)/x) + 2xsqrt(bxx +

a)*cxf - (dxe - cxf)*sqrt(-(bxc - a*d)/d)*log((b*d*x - b*c + 2%a*d - 2%*sqr
t(b*x + a)*d*sqrt(-(b*c - axd)/d))/(d*x + c)))/(cxd), (2*sqrt(-a)*d*e*arct
an(sqrt(b*x + a)*sqrt(-a)/a) + 2*sqrt(b*x + a)*c*f - (d*e - c*f)*sqrt(-(b*
c - axd)/d)*log((bxd*x - bxc + 2*a*d — 2*sqrt(b*x + a)*d*sqrt(-(b*c - a*d)
/d))/(d@*x + c)))/(cxd), (sqrt(a)*d*exlog((b*x - 2xsqrt(b*x + a)*sqrt(a) +

2xa) /x) + 2*sqrt(b*x + a)*cxf - 2x(d*e - cxf)*sqrt((b*c - axd)/d)*arctan(-
sqrt (b*x + a)*d*sqrt((bxc - axd)/d)/(b*c - axd)))/(cxd), 2*(sqrt(-a)*dxexa
rctan(sqrt (b*x + a)*sqrt(-a)/a) + sqrt(b*x + a)*cxf - (d*e - cx*f)*sqrt((b*
c - axd)/d)*arctan(-sqrt(b*x + a)*d*sqrt((bxc - a*d)/d)/(b*c - a*d)))/(c*d
)]

3.19.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 199 vs. 2(90) = 180.

Time = 12.59 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.97

/\/a+bz (e+ fz) s
z(c + dz)
(
[
2ae atan (@) + ofv/aThs N 2(ad—bc)(cf—de) atan< _(tz;:—wbc>
cv/—a d cd2\/_M
d
1,4 .
_zJ‘;% forc=0 EJ;% forc=0
= 2c log <2c( +2dc)_d> ‘ 2c log (26<%+2%>+ ) ]
otherwise otherwise elog ( 5+
d- 2e 2c g (%
\/E (_f + %) d - d c

input(integrate((f*x+e)*(b*x+a)**(1/2)/X/(d*x+C),X)

output

Piecewise((2*a*e*atan(sqrt(a + b*x)/sqrt(-a))/(c*xsqrt(-a)) + 2xf*xsqrt(a +
b*x)/d + 2%(axd - bxc)*(cxf - d*e)*atan(sqrt(a + b*x)/sqrt(-(a*d - bxc)/d)
)/ (c*xd*x2*sqrt (-(axd - b*c)/d)), Ne(b, 0)), (sqrt(a)*((-f + dxe/(2%c))*(2x*
cxPiecewise((-(1/x + d/(2%c))/d, Eq(c, 0)), (log(2*cx(1/x + d/(2*c)) - d)/
(2*c), True))/d - 2*c*Piecewise(((1/x + d/(2*c))/d, Eq(c, 0)), (log(2*c*(1
/x + d/(2%c)) + d)/(2%c), True))/d) - exlog(c/x**2 + d/x)/(2*c)), True))
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3.19.7 Maxima [F(-2)]

Exception generated.

dxr = Exception raised: ValueError

/\/a-l-bx (e+ fr)
¢+ dx)

p
input Lintegrate ((£*x+e)*(bxx+a) ~(1/2) /x/ (d*x+c) ,x, algorithm="maxima")

-/

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m
‘ore detail

- @

3.19.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.08

2 ae arctan (—*”””_t“)

2\/bx+af

/ va+bz(e+ fx) o —
z(c + dz) V—ac
2 (bede — ad?e — be f + acdf) arctan ( Vbae+ad )

vbed—ad?
vVbed — ad?cd

+

input ‘ integrate ((f*x+e)* (b*x+a)~(1/2) /x/(d*x+c) ,x, algorithm="giac")

output‘2*a*e*arctan(sqrt(b*x + a)/sqrt(-a))/(sqrt(-a)*c) + 2xsqrt(b*x + a)*f/d +
‘2*(b*c*d*e - a*d"2%e - b*c"2*f + axc*d*xf)*arctan(sqrt(b*x + a)*d/sqrt(b*c*
'd - a*d"2))/(sqrt(bkckd ~ a*d"2)*c*d)

3.19.9 Mupad [B] (verification not implemented)

Time = 3.29 (sec) , antiderivative size = 2355, normalized size of antiderivative = 23.32

dxz = Too large to display

/\/a-l—bx (e+ fr)
¢+ dx)
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input(int(((e + fxx)*x(a + b*x)~(1/2))/(x*x(c + d*x)),x)

output

(2xf*x(a + b*x)~(1/2))/d - (a~(1/2)*e*xatan(((a~(1/2)*e*x((8*(a + b*x)~(1/2)*
(b™4*c™4*f~2 + 2*%a~2*%b"2*%d"4*e"2 + b 4*xc"2*%d"2*%e”"2 - 2*b~4*c"3xd*e*f + a2
*¥b"2%cT2%d"2%f 72 — 2*axb"3*kckd"3*%ke"2 - 2%a*xb 3kc 3kd*xf~2 + 4*xaxb~3kxc”2*xd"2
xexf — 2%a~2xb"2kckd"3*e*f))/d + (a~(1/2)*ex((8*(a*b~3*c~3*d"2*xf - a~2xb~2
*c"2*%d"3*f)) /d + (8*a”~(1/2)*e*(b~3*c”3*d"3 - 2*xa*b~2*xc"2*d"4)*(a + b*x)~(1
/2))/(c*d)))/c)*1i)/c + (a~(1/2)*e*x((8*(a + b*x)~(1/2)*(b~4*c™4*f~2 + 2%a”
2xb"2xd"4*e"2 + b T4*xcT2xd"2%e”2 - 2*b~4kxc 3kdxe*f + a~2%b"2%c"2xd"2*xf"2 -
2xa*b~3*kckxd"3*%e”2 - 2kaxb"3xc"3xA*f"2 + 4xaxb 3kc 2%d"2%exf - 2%a~2xb”"2xc*
d~3%exf))/d - (a~(1/2)*e*x((8*(a*b~3xc~3*%d~2*xf - a~2%b~2%c~2*d~3*f))/d - (8
*a”~ (1/2) *ex (b~3*%c~3*d"3 - 2ka*b~2xc~2*d"4)*(a + b*x)~(1/2))/(c*d)))/c)*1i)
/c)/ ((16%(a~2+%b~3*d"3*e~3 - a*b”4*cxd"2%e~3 - a*xb~4*c 3xe*xf~2 + a~3*xb~2*d~
3*%e”2%f - 3*%a"2%b"3*kckd"2*e " 2*%f + 2*%a"2*¥b"3*kc"2kd*e*xf"2 - a"3*xb"2kckd " 2*ex*
£72 + 2¥xaxb~4xc”2xdxe"2*f))/d - (a”~(1/2)*ex((8x(a + b*x)~(1/2)*(b~4*c~4*f"
2 + 2%a"2*%b"2*%d"4*e"2 + bT4*kcT2*d"2*%e"2 — 2%b74kc " 3kdkexf + a"2%b"2*kcT2*xd”
2xf72 — 2xa*xb”"3*ckxd"3*%e"2 - 2%axb"3*%c"3kd*f"2 + 4*axb"3kc"2xd"2*exf - 2*a”
2%b~2*kc*d"3*e*f))/d + (2~ (1/2)*e* ((8*(a*b~3*c~3*xd"2+f — a~2*b~2*c 2xd"3*f)
)/d + (8*a~(1/2)*ex(b~3*c~3*d"3 - 2*a*xb~2*c"2*xd"4)*(a + b*x)~(1/2))/(c*d))
)/e))/c + (@~ (1/2)xex((8*(a + bxx)~(1/2)*(b~4*c™4*f~2 + 2*a~2%b~2*d"4*e"2
+ bT4*kcT2*%d"2%e"2 - 2%b74xc"3kd*exf + a"2xb"2*cT2kxd"2*%f72 - 2%axb~3*ckxd"3*
e”2 - 2%axb~3%xc”3kd*f"2 + 4xaxb 3%c"2xd"2%exf - 2%a”~2%b~2*c*d"3xexf))/d...
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3.20 f Va+bx( e—i—fa:) dx

z(c+dx)?
3.20.1 Optimal result . . . . .. . . .. . . . .. e 196
3.20.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 196
3.20.3 Rubi [A] (verified) . . . . . . .. . ... 197
3.20.4 Maple [A] (verified) . ... ... ... .. ... 199
3.20.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 199
3.20.6 Sympy [F(-1)] . . . . o 201]
3.20.7 Maxima [F(-2)] . . . . . . 201]
3.20.8 Giac [A] (verification not implemented) . . . .. ... ... ... ....... 20Tl
3.20.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 202

3.20.1 Optimal result

Integrand size = 25, antiderivative size = 128

(de — cf)Va + ba (2ad?e — be(de + cff)) arctan (‘/jbi V;:Z’”)

/\/a+bxe+fx)dx_ B
z(c+ dx)? ~ cd(c+dx) c2d3/2+/bc — ad
2\/a earctanh( ““”)
— >

output \ -2%e*arctanh ((b*x+a) ~(1/2)/a~(1/2))*a~(1/2) /c~2-(2*a*d"~2*e-b*c* (c*f+d*e) ) *
\ arctan(d~(1/2)*(b*x+a)~(1/2)/(-axd+b*c)~(1/2))/c~2/d4~(3/2) /(—a*xd+b*c) ~(1/2
)+ (~caf+dxe) * (bxx+a) = (1/2)/c/d/ (d*x+c)

—

3.20.2 Mathematica [A] (verified)

Time = 0.46 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.95

/\/a-l-bz (e+ fzx)
dx
z(c+ dx)?
Vdy/aFbz
c(de—cf)v/atbz (—2ad2e+bc(de+cf)) arctan( T ) Jathe
N d(c+dz) + d372\/bc—ad bead J Qﬁearctanh \7&
= >
input LIntegrate [(Sgrt[a + b*x]*(e + f*x))/(x*x(c + d*x)~2),x] J
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output‘ ((cx(d*e - cxf)*Sqrt[a + b*x])/(d*(c + d*x)) + ((-2*a*d"2xe + b*cx(d*e + c

‘ *f))*ArcTan[(Sqrt [d] *Sqrt[a + bxx])/Sqrt[bxc - a*d]])/(d"(3/2)*Sqrt [b*c -
‘ axd]) - 2xSqrt[a]*exArcTanh[Sqrt[a + b*x]/Sqrtl[al]l)/c~2

3.20.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.09,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 94y Ryles used

integrand size
= {166, 27, 174, 73, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/a—i-—bwe—i-f:c)

(c+ dz)? dz

l 166

2ade+b(de+cf)
va + bz(de — cf) /- ;c—\/eaJrlncic:d;)Ed

cd(c + dzx) B cd

l 27

2ade+-b(ded-cf)x
f :v\/a-i-W(c+d:v) dzx va—+ bx(de — Cf)

2cd cd(c+ dx)
| 174
2ade [ Wﬁdz _ (2ad2e—bc(cf+de)) [ mdz m(de B cf)

2cd cd(c+ dx)

| 73

4ade [ a+bz dm 2(2ad%e—bc(cf+de)) [ Wd\/a—i—bx
b - o : n Va + bx(de — cf)
2cd cd(c+ dz)

l 218

dade [ —p——dv/a+b dy/atbz
ade [ atbe g a+bx 2arctan(%)(2ad2e—bc(cf+de))

be B cVdv/bc—ad va+ ba:(de - Cf)
2cd cd(c+ dx)

l 221
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2arctan ( YL atbz ) (95426 pe cf+de 4\/adearctanh atbz
\/7\/

Ja
B cvdv/be—ad c Va + bx(de — cf)
2cd cd(c+ dz)

input‘ Int[(Sqrt[a + bxxlx(e + f*x))/(x*(c + d*x)~2),x]

output‘((d*e - cxf)*Sqrt[a + b*x])/(c*d*(c + d*x)) + ((-2%(2xaxd"2xe - bxcx(d*e +
‘ cxf))*ArcTan[(Sqrt [d]*Sqrt[a + b*x])/Sqrt[b*c - a*d]])/(c*Sqrt[d]*Sqrt [b*
Lc - axd]) - (4*Sqrt[al*d*e*ArcTanh[Sqrt[a + b*x]/Sqrtl[all)/c)/(2*c*d)

3.20.3.1 Defintions of rubi rules used

ruk327/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 73 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(px(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 166 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_)
) (p)*((g_.) + (h_.)*(x_)), x_1 :> Simp[(b*g - a*h)*(a + b*x)~(m + 1)*(c +
d*x) "n*x((e + £xx)"(p + 1)/(b*(b*e - axf)*(m + 1))), x] - Simp[1/(bx(b*e -
axf)*(m + 1)) Int[(a + b*x)"(m + 1) *(c + d*x)"(n - 1)*(e + f*x) p*Simp[b*
ckx(f*g - exh)*x(m + 1) + (bxg - a*h)*(d*e*n + c*xf*(p + 1)) + d*(b*(fxg - exh
Yx(m + 1) + f*x(b*g - a*xh)*(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c, d,
e, f, g, h, p}, x] && ILtQ[m, -1] && GtQ[n, O]

rule 174 Int [((Ce_.) + (£_)*(x_))"(p)*((g_.) + (A_)*(x_)))/(((a_.) + (b_.)*(x_))*
(Ce_.) + (d_)*(x_))), x_1 :> Simp[(b*g - a*h)/(bxc - axd) Int[(e + f*x)~
p/(a + b*x), x], x] - Simp[(d*g - c*h)/(bxc - a*d) Int[(e + f*x)“p/(c + d
*x), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h}, x]

N

rule 218 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]
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ruk3221‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
L/Rt[-a/b, 211, x1 /; FreeQl[{a, b}, x] && NegQ[a/b] J
3.20.4 Maple [A] (verified)
Time = 1.62 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.86
method result size
JbiTa
~ c(cf_;el\/m+ (2ae d2_c2? bf—bcde) arctanh(%)
L. —2e arctanh ( Ybzte Va+ ore (ad—bc)d
pseudoelliptic ) —~ 110
Vet be(cf—de)vbiTa (Qae d2—c2 bf—bcde) arctanh( \/d(ai m)
. . . eva arctanh( Ja ) Zd(—d(bz+a)tad—be) T 2d+/(ad—bc)d
derivativedivides | 2b| — v + = 137
e arctanh( b:z:+a) dbc(dcfb—de)\/% N (Qae d2_¢2 bf—bcde) arctanh( \/d(ai m)
default 2| — R I, G 137

-

input int ((£xx+e)* (bxx+a) " (1/2) /x/ (d*x+c) ~2,x,method=_RETURNVERBOSE)

~—

output(1/0‘2*(—2*e*arctanh((b*x+a)‘(1/2)/a‘(1/2))*a*(1/2)+1/d*(-C*(C*f-d*e)*(b*X+
‘a)‘(1/2)/(d*x+c)+(2*a*d‘2*e—b*c‘2*f—b*c*d*e)/((a*d—b*c)*d)‘(1/2)*arctanh(d

L*(b*x+a)‘(1/2)/((a*d—b*c)*d)‘(1/2))))

~

3.20.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(110) = 220.
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Time = 0.32 (sec) , antiderivative size = 1008, normalized size of antiderivative = 7.88

/\/a—l—bz (e + fx)
dx
z(c+ dx)?
bdz—bc+2 ad—2 v/ —bcd+ad?~/br+a
[ 0 + (b d — 2ac)e + (bPdf + (bed? — 2ad)e)z)v/~bed + adP log ( +2ad-2 v bediad it )
B 2 (bctd? — a

b3 f + (be?d — 2 acd?)e + (be2df + (bed? — 2 ad3)e)z)v/bed — ad? arctan ( Yied—advbota) _ ((pedd —
bdz+ad
bctd? — acdd® + (b

(b f + (bc’d — 2 acd?)e + (bc2df + (bed? — 2 ad®)e)x)+/bed — ad? arctan (—”bcd_"'dz ”b”‘"> — 2 ((bed? -

bdz+ad
bctd? — ac3d® + (1

p
input | integrate ((f*x+e)* (b*x+a)~(1/2)/x/(d*x+c)~2,x, algorithm="fricas")

output | [-1/2*((b*xc~3*f + (b*c™2*d - 2*a*c*d~2)*e + (bxc~2*d*f + (bxc*d"2 - 2xa*d”
3)*e)*x) *sqrt (-b*c*d + a*d~2)*log((b*d*x - b*c + 2%axd - 2*sqrt(-b*c*d + a
*d"2) *sqrt (b*x + a))/(d*x + c)) - 2% ((bxc*d"3 - a*xd"4)*e*x + (b*c~2+d"2 -
axcxd~3)*e) *sqrt (a)*log((b*x - 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x) - 2x((b*c
“2%d"2 - axc*d"3)*e - (b*c"3*d - axc”2%d"2)*f)*sqrt(b*x + a))/(b*c"4xd"2 -
a*c”3*%d"3 + (bxc”3*d"3 - a*c”2*%d"4)*x), 1/2*x(4x((b*c*d"3 - a*d~4)*exx + (
bxc™2*d"2 - a*c*d~3)*e)*sqrt(-a)*arctan(sqrt(b*x + a)*sqrt(-a)/a) - (b*c~3
*f + (b*c™2xd - 2%akxcxd"2)*e + (b*c™2kd*f + (b*c*d™2 - 2%a*d~3)*e)*x)*sqrt
(-bxc*d + a*d~2)*log((bxd*x - b*c + 2%a*d - 2*sqrt(-bxc*d + a*d~2)*sqrt(b*
x + a))/(d*x + c)) + 2x((b*c™2+d"2 - axc*d~3)*e - (bxc"3*d - axc~2*d~2)x*f)
*sqrt (b*x + a))/(b*c™4%d"2 - axc™3*d"3 + (b*c™3*d"3 - axc”™2xd"4)*x), -((bx*
c"3*f + (bxc™2xd - 2xaxcxd"2)*e + (bxc~2xd*xf + (b*c*d™2 - 2*a*xd”~3)*e)*x)*s
qrt (b*ckd - a*d~2)*arctan(sqrt(b*c*d - axd~2)*sqrt(b*x + a)/(b*d*x + a*d))
- ((b*c*d~3 - a*d~4)*e*x + (bxc~™2*%d~2 - a*c*d~3)*e)*sqrt(a)*log((b*x - 2%
sqrt(b*x + a)*sqrt(a) + 2#a)/x) - ((b*c~2*%d"2 - axc*d"3)*e - (b*c~3*d - ax
c"2xd"2) *f)*sqrt(b*xx + a))/(b*c~4*d"2 - a*xc”3*d"3 + (b*c”3*%d"3 - a*c"2xd~4
Y*xx), —((bxc™3*f + (bxc™2*d - 2xaxc*d"2)*e + (b*c~2xd*xf + (bkcxd™2 - 2%ax*xd
~3)*e) *x) *sqrt (bxcxd - axd~2)*arctan(sqrt(b*cxd - a*d~2)*sqrt(b*x + a)/(b*
d#x + axd)) - 2x((b*c*d~3 - a*d~4)xe*x + (bxc~2%d"2 - a*c*d~3)*e)*sqrt(-a)
*arctan(sqrt (b*x + a)*sqrt(-a)/a) - ((b*c™2xd"2 - a*c*d"3)*e - (b*c™3xd...
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3.20.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/\/a-l-ba: (e+ fx)
(c+ dz)?

input ‘ integrate ((f*x+e)* (b*x+a)**(1/2) /x/ (d*x+c) **2,x)

output LTimed out

3.20.7 Maxima [F(-2)]

Exception generated.

dr = Exception raised: ValueError

/\/a+bx (e+ fx)
¢+ dz)?

p
input Lintegrate ((£*x+e)*(bxx+a) ~(1/2) /x/ (d*x+c)~2,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested

‘additional constraints; using the 'assume' command before evaluation *may*

‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m

‘ore detail

3.20.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.07

2 ae arctan (—”’“f") (bede — 2 ad?e + b f) arctan (
dz = Ve +

Vbx+ad )

vbed—ad?

/\/We+fx)

c+ dx)?

V—ac? Vbed — ad?c?d
vV bz + abde — v/bx + abcf
(bc + (bz + a)d — ad)cd

input Lintegrate ((fxx+e)* (bxx+a) ~(1/2) /x/ (d*x+c) ~2,x, algorithm="giac")
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output{2*a*e*arctan(sqrt(b*x + a)/sqrt(-a))/(sqrt(-a)*c~2) + (b*ckdxe - 2*axd 2*e
‘ + bxc~2xf)*arctan(sqrt (bxx + a)*d/sqrt(b*c*d - a*d~2))/(sqrt(b*cxd - a*xd”
\2)*c‘2*d) + (sqrt(b*x + a)*b*dxe - sqrt(b*x + a)*b*cxf)/((bxc + (b*x + a)*
’d - axd)*c*d)

-

3.20.9 Mupad [B] (verification not implemented)

Time = 3.39 (sec) , antiderivative size = 1814, normalized size of antiderivative = 14.17

dx = Too large to display

t/Va+bxe+f@
(c+ dx)?

input [int(((e + fxx)*(a + bxx)~(1/2))/(x*(c + d*x)~2),x)

-/

output | (atan(((((((2*(2*a*b~3*%c~4*d"3*e - 2*xaxb~3*c~5xd"2*f))/(c"3*d) + ((4*xb~3*c
“5xd"3 - 8*axb~2*c"4*d"4)*(d"3*(axd - bxc)) " (1/2)*(a + b*x)~(1/2)*(b*c~2*f
- 2kaxd"2*e + bkxckdke))/(c"2*d*(a*xc”2*xd"4 - bxc~3*d"3)))*(d"3*(a*d - b*c)
)T (1/2)*x(bxc™2*f - 2%axd~2*e + bxc*dxe))/(2x(a*c™2+¥d"4 - bxc~3*d"3)) + (2%
(a + b*x)~(1/2)* (b~ 4*c”4*£f72 + 8*a~2+%b~2xd"4*e”~2 + b~4*c™2*xd"2%e"2 + 2*xb~4
*c"3*kd*exf - 4xaxb ~3kxckd"3*e”2 - 4*xaxb”~3xc”2+%d"2*xe*f))/(c"2*d)) *(d"3* (a*xd
- b*c)) " (1/2)*(bxc™2*f - 2%a*d"2%e + b*xcxd*e)*1i)/(2*(a*c™2*d"4 - b*c~3*d~
3)) - (((((2x(2%a*b~3*c~4*d~3*e - 2*a*xb~3*xc~5xd"2*f))/(c~3*d) - ((4*b~3*c”
5%d"3 - 8*axb~2xc”4*d"4)*(d"3*(a*d - bxc))~(1/2)*(a + b*x)~(1/2)*(b*xc~2*f
- 2xa*xd"2xe + bxckd*e))/(c”2xd*(a*xc”2*d"4 - b*c~3*d"3)))*(d"3*(a*d - b*c))
“(1/2)*(bxc™2*f - 2*axd"2*e + b*cxd*e))/(2*(axc”2*%d"4 - b*xc~3*d"3)) - (2*(
a + b*x)~(1/2)*(b~4*c™4*f~2 + 8%a~2*b~2%d"4*e"2 + b~4*xc"2*%d"2*e"2 + 2*b~4*
c~3xdxe*xf - 4xa*xb~3kckxd"3%e”2 - 4*axb~3xc”2%d"2xexf))/(c"2*d))*(d"3*(axd -
b*xc))~(1/2)*(bxc™2xf - 2xaxd~2*e + bxcxdxe)*1i)/(2x(a*xc™2*xd"4 - b*c~3*d~3
)))/ ((4%(axb~4*c*d~2%e~3 - 2%a~2%b~3*d"3%e”3 + a*xb~4*c~3xe*f~2 - 2%a”~2%xb~3
*cxd"2%e"2*xf + 2ka*xb~4kc 2xd*e”2+f))/(c”3*d) + (((((2*x(2*a*b~3*c~4*d"3*e -
2%a*xb~3*%c”5xd"2xf) )/ (c"3*d) + ((4%b~3*c~5*%d"3 - 8*axb~2*c”~4*d"4)*(d"3* (ax
d - b*xc))"(1/2)*x(a + b*xx)~(1/2)*(b*c™2*%f - 2*a*d"2*e + bxckxd*e))/(c"2*d*(a
*c"2x%d~4 - b*c”3*d"3)))*(d"3*(a*xd - bxc)) " (1/2)*(b*c™2*%f - 2¥xa*d"2*e + b*c
xdxe) )/ (2% (a*c™2*xd"4 - b*c~3%d"3)) + (2x(a + b*x)~(1/2)*(b"4*c™4*f"2 + ...
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3.91 f Va+bx( e—i—fa:) dx

z(c+dz)?
3.21.1 Optimal result . . . . .. . . ... . ... e 203
3.21.2 Mathematica [A] (verified) . . . . . . . . ... ... L 203
3.21.3 Rubi [A] (verified) . . . . . . .. . ... 204
3.21.4 Maple [A] (verified) . .. .. ... . ... 207
3.21.5 Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. 207l
3.21.6 Sympy [F(-1)] . . . . o 208
3.21.7 Maxima [F(-2)] . . . . . . e 209
3.21.8 Giac [A] (verification not implemented) . . . .. ... ... ... ...... 2091
3.21.9 Mupad [B] (verification not implemented) . . . . . ... ... ... ..... 210

3.21.1 Optimal result

Integrand size = 25, antiderivative size = 205

Va+bx(e+ fx) dr — (de — cf)Va+bx (4ad’e — bc(3de + cf)) Va + bx
/ z(c+ dz)3 = 2cd(c + dz)> 4c2d(bc — ad)(c + dx)

(12abcd®e — 8a*de — b*c*(3de + cf)) arctan <%)
4c3d3/2(be — ad)3/?

2/aearctanh < Y f}bz>
_ 5

output‘—1/4*(12*a*b*c*d‘2*e—8*a‘2*d‘3*e-b“2*c‘2*(c*f+3*d*e))*arctan(d“(1/2)*(b*x+
'a)~(1/2)/ (-axd+bxc) " (1/2)) /c~3/d" (3/2) / (-axd+bxc) ~ (3/2) -2xexarctanh ( (bxx+a
)7(1/2) /2~ (1/2))*a~ (1/2) /c3+1/2% (~cxf+dxe) * (bxx+a) ~ (1/2) /c/d/ (dxx+c) ~2-1/
‘4*(4*a*d‘2*e—b*c*(c*f+3*d*e))*(b*x+a)‘(1/2)/c‘2/d/(—a*d+b*C)/(d*x+c) J

3.21.2 Mathematica [A] (verified)

Time = 0.91 (sec) , antiderivative size = 194, normalized size of antiderivative = 0.95

/\/a+bx (e+ fz)
dz
z(c+ dz)?
cv/atbz (2ad(3cde—c? f+2d%ex) +be(c? f—3d2ex—cd(5e+ fx))) (—12abcd?e+8a%d3e+b2c?(3de+cf)) arctan( ﬁ%ﬁ) 3 s
d(—bc+ad)(c+dx)? + 372 (bc—ad)3/2 — \/Eearc &

4¢3
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input‘ Integrate[(Sqrt[a + bxx]*(e + fxx))/(xx(c + d*x)~3),x]

output | ((c*Sqrt[a + b*x]*(2xaxd*(3*ckdke - c™2%f + 2+%d"2*exx) + b¥ck(c™2*f - 3*d”
2xexx - cxdx(5xe + f*x))))/(d*(-(bxc) + a*d)*(c + d*x)~2) + ((-12%a*bkxcxd”
2%e + 8%a~2xd"3%e + b~ 2%c”2*(3*%d*e + c*f))*ArcTan[(Sqrt[d]*Sqrt[a + b*x])/
Sqrt[bxc - a*d]])/(d”(3/2)*(bxc - a*d)~(3/2)) - 8+%Sqrt[al*exArcTanh[Sqrt[a
+ b*x]/Sqrt[al]l)/(4%c~3)

3.21.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 236, normalized size of antiderivative = 1.15,
number of steps used = 9, number of rules used = 8§, number of rules _ = 0.320, Rules used

integrand size
= {166, 27, 168, 27, 174, 73, 218, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/\/a-l-—bl’e—l-fx)

c+dz)3

l 166
4ade+b(3de+cf)x
Vva + bz(de — cf) _ /- 2z+v/a+bz(c+dz)? dz
2cd(c + dx)? 2cd

l27

4dade+b(3detcf)x
f zv/a+bx(c+dz)? dz va + bx(de — cf)

4ed 2cd(c + dzx)?
| 168
J —Sad(bc_“ﬂijﬁ—iﬁf{jﬁi“mﬁ)zdw V/aTbz (4ad®e—be(cf+3de))
- c(bc—ad) - c(c+dx) (be—ad) M(de —cf)
4ed 2cd(c + dx)?

l27

8ad(bc—ad)e—b (4ad2 e—bc(3de+cf)) E

dz 2
z+/atbz(ctdz Va+bz (4ad?e—bc(cf+3de))
20?;C£;—;) ) B c(ct+dz)(be—ad) n va-+ bx(de — Cf)
ded 2cd(c + dx)?
| 174
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8ade(bc—ad 1 4z —802d3e+12abcd2e—b202(cf+3de) S 1 g
_ Va+bz(ct+dzx)

— atbz - Va+bz (4ad?e—bc(cf+3de))
2¢(be—ad) - c(ct+dz)(be—ad) +
4cd
Va + bx(de — cf)
2cd(c + dx)?

| 73

16ade(bc—ad) [ tz-kbii:ad faTbx 2(—8a2d3e+12abcd25—b262(cf+3de)) I/ md\/a-}-bm
5 " b Y

e — e b b va+bz (4ad?e—bc(cf+3de))
2¢(bc—ad) - c(c+dz)(be—ad) +
4cd

Va + bz(de — cf)

2cd(c + dx)?
| 218
16ade(bc—ad) [ @dm 2 arctan f;/m —8a2d36+12abcd2e—b202 (cf+3de)
TR - ( be—ad ) ( cvdvbo—ad ) Va+bz (4ad?e—bc(cf+3de))
2c(bc—ad) - c(c+dz)(be—ad) +
4cd

Va + bz(de — cf)

2cd(c + dx)?
| 221
2 arctan( VdVatbz ) (78a2d35+12abcd267b2c2 (cf+3de)) lﬁﬁdearctanh( atbz ) (bc—ad)
Vbec—ad va
- vdvbe—ad - ¢ Va+bz (4ad?e—bc(cf+3de))
hoesad 2¢(be—ad) - c(c+dz)(be—ad) +
4cd

Va + bx(de — cf)

2cd(c + dx)?

input Int[(Sqrt[a + b*x]*(e + f*x))/(x*(c + d*x)~3),x]

output | ((dxe - cxf)*Sqrt[a + b*x])/(2*cxd*(c + d*x)~2) + (-(((4*axd~2xe - bxc*(3*
d*e + c*f))*Sqrt[a + bxx])/(cx(bxc - a*d)*(c + d*x))) + ((-2%(12%a*bxc*d~2
xe — 8*%a~2xd"3*e - b 2*c"2x(3*dxe + cxf))*ArcTan[(Sqrt[d]*Sqrt[a + bxx])/S
grt[b*c - a*d]])/(cxSqrt[d]*Sqrt[b*c - axd]) - (16xSqrt[a]l*d*(bxc - axd)x*e
*ArcTanh[Sqrt[a + b*x]/Sqrtlall)/c)/(2*c*k(b*c - ax*d)))/(4*c*d)

3.21. [ YERECAE) gy



rule 27

rule 73
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3.21.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x~(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_)*(x_))"(m)*((e_.) + (£_.0*(x_)
)= (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(b*g - a*h)*(a + b*x)"(m + 1)*(c +
d*x) "n*((e + £xx)~(p + 1)/(b*(b*e - axf)*(m + 1))), x] - Simp[1/(b*(b*e -

axf)*(m + 1)) Int[(a + b*x)"(m + 1) *(c + d*x)"(n - 1)*(e + f*x) p*Simp[b*
cx(f*g - exh)*x(m + 1) + (bxg - a*h)*(d*e*n + c*f*(p + 1)) + d*(b*(fxg - exh
)*(m + 1) + fx(bxg - axh)*x(n + p + 1))*x, x], x], x] /; FreeQ[{a, b, c, d,

e, £, g, h, p}, x] & ILtQ[m, -1] && GtQ[n, O]

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(m )*((e_.) + (£_.0*(x_)

)= (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[(b*g - a*h)*(a + b*x)"(m + 1)*(c +
d*x)~(n + 1)*((e + £*x)"(p + 1)/((m + 1)*(b*c - axd)*(b*e - axf))), x] + S
imp[1/((m + 1)*(b*c - axd)*(bxe - a*f)) Int[(a + b*x)"(m + 1)*(c + d*x)"n
*(e + fxx) p*Simp[(axd*f*xg - bx(d*e + c*f)*g + bxckxexh)*(m + 1) - (b*xg - a*
h)*(d*ex(n + 1) + c*xfx(p + 1)) - d*fx(b*g - axh)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && ILtQ[m, -1]

Int[((Ce_.) + (£_D*(x_))"(p)*((g_.) + (h_.)*(x_)))/(((a_.) + (b_.)*(x_))*
(Ce_.) + (d_)*(x))), x_1 :> Simp[(bxg - a*h)/(b*c - a*d) Int[(e + f*x)~
p/(a + b*x), x], x] - Simp[(d*g - c*h)/(bxc - a*d) Int[(e + f*x)7p/(c + d
*x), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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3.21.4 Maple [A] (verified)

Time = 1.64 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.04

method result
9 2(,243,_3 2,132 3¢, 322 dvbzFta 2 3
—(dz+c)? (a’d3e— 3 abcd?e+ b3 f+ Sb?c2de) arctanh Tlad—beyd ++/(ad—bec)d | (dz+c) e(aﬁ d—bc\/a)d é
pseudoelliptic - /(ad—bc)d (ad—be)d(da+c)2e
bc(4aedzfczbf73bcde)(bm+a)% (4aed2+c2bf—5bcde)bm/bm+a (8a2d3e—12abcd2¢
. . . . 2 eva a'rCta'nh( Ii;;aja) sad=gbe (—d(bz—&-a);—ad—bc)2 = +
derivativedivides | 2b% | — a3 + T
bc(4aedzfczbf73bcde)(bm+a)% (4aed2+c2bf—5bcde)bm/bm+a (8a2d3e—12abcd2¢
ev/a arctanh  Ybzte sl he - P 8d +
default 20% | — b203( =) + (dlbeta)rad_be) T

Lint ((£*x+e)* (bxx+a) " (1/2) /x/ (d*x+c) ~3,x,method=_RETURNVERBOSE)

-

-2/ ((a*d-b*c)*d) ~(1/2) * (- (d*x+c) ~2* (a~2*d " 3*e—-3/2*a*bkckd~2*e+1/8*b~2*c~3*
£+3/8*b~2*c~2*d*e) *arctanh (d* (b*xx+a) ~(1/2) / ((a*d-b*c)*d) ~ (1/2) ) +((a*d-b*c)
*d) = (1/2) % ((d*x+c) ~2%e* (a~(3/2) *d-b*c*a~(1/2)) *d*arctanh ( (b*x+a) ~(1/2) /a~(
1/2))+1/4% (bxx+a) ~(1/2) *cx (-2*a*xd” 3*exx—3*e* (—1/2*b*xx+a) *c*xd "2+ (1/2* (f*xx+5

xe) ¥b+axf) *c~2+d-1/2*%bxc~3*f) ) )/ (a*xd-b*c) /d/ (d*x+c)~2/c~3

3.21.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 544 vs. 2(179) =

Time = 0.71 (sec) , antiderivative size = 2211, normalized size of antiderivative =

dxz = Too large to display

/\/mqe-l—fx)

c+dz)3

358.
10.79

input Lintegrate ((£xx+e) *x (bxx+a)~(1/2) /x/(d*x+c)~3,x, algorithm="fricas")

atbz(e+fx
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[1/8*((b~2*c™5*f + (b~2*%c™3*A"2+f + (3*b~24c~2*d~3 - 124a*bkcxd~4 + 8*xa~2%
d"5)*e)*x"2 + (3*b~2%c~4*xd - 12*a*b*xc”3*d"2 + 8*a~2%c"2*xd"3)*e + 2% (b"2*c”
4xd*f + (3%¥b"2%c”3*d"2 - 12xa*bxc”2*xd"3 + 8*a~2*kcxd”4)*e)*x)*sqrt (-bxc*d +
axd~2)*log((b*d*x - b*c + 2*xa*d + 2*sqrt(-b*cxd + a*d~2)*sqrt(b*x + a))/(
dxx + c)) + 8*%((b"2*%c"2xd"4 - 2kaxb*c*d”™5 + a”2*%d"6)*exx"2 + 2k (b"2%c”3*d"
3 - 2*a¥bxc”2*%d"4 + a"2xc*d"5)*e*x + (b"2*xc"4*%d"2 - 2¥axb*c”3*d"3 + a"2*c”
2xd~4)xe)*sqrt(a) *log((bxx — 2*sqrt(b*x + a)*sqrt(a) + 2*a)/x) + 2*x((5xb~2
*C"4*d"2 - 11xaxb*c™3*d"3 + 6*a”2*xc"2*%d"4)*e - (b"2*c”5*d - 3*axbxc"4*d"2
+ 2%a”2xc"3*%d"3) *f + ((3*%b"2%c"3*%d"3 - Txa*xbkc~2xd"4 + 4*xa~2*c*kd"5)*e + (b
T2%cT4%d"2 - axbkc”3*d"3)*f)*x)*sqrt(b*x + a))/(b"2%c~7*d"2 - 2*xa*xb*cT6%d”
3 + a”2%c”5*%d"4 + (b™2%c”5%d"4 - 2*axb*c”4*d”5 + a~2%c"3*d"6)*x"2 + 2% (b"2
*C"6%d~3 - 2*axbxc~5xd"4 + a~2x%c"4*d"5)*x), 1/8%x(16%x((b"2%c~2xd~4 - 2%axbx*
c*xd”5 + a"2xd"6)*e*x"2 + 2% (b"2%c"3*%d"3 - 2*ax*bkc"2*d"4 + a~2*c*d"5)*exx +
(b™2%c™4*d"2 - 2*axb*c~3*d"3 + a~2*c”2%d"4)*e)*sqrt(-a)*arctan(sqrt(b*x +
a)*sqrt(-a)/a) + (b"2xc”5*f + (b~2*c~3*d"2*f + (3*%b~2%c~2%d”~3 - 12*axb*cx
d"4 + 8*%a~2xd"5)*e)*x"2 + (3*%b"2*kc"4xd - 12*a*b*c”3*d"2 + 8*a~2xc”2xd"3) *e
+ 2% (b7 2%c™4*xd*f + (3*%b72%c"3*%d"2 - 12*a*b*xc”2*%d"3 + 8*a~2*kc*d"4)*e)*x) *s
qrt(-bxc*d + axd~2)*log((b*d*x - b*c + 2*axd + 2*sqrt(-bxcxd + a*d~2)*sqrt
(bxx + a))/(d*x + c)) + 2x((5*b~2*c~4*d~2 - 1l*a*xb*c~3*d"~3 + 6*a”~2*c~2*d"~4
Y*xe - (b~2%c~5*%d - 3*axbxc”4xd"2 + 2%a~2xc”3xd"3)*f + ((3*%b"2%c~3*%d"3 -...

3.21.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/\/a-l—bz (e+ fx)
(c+ dz)3

integrate((fxx+e)* (bkx+a)++(1/2) /x/ (d*x+c)++3,%)

output‘Timed out
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3.21.7 Maxima [F(-2)]

Exception generated.

dxr = Exception raised: ValueError
z(c+ dz)3

/me+fm)

-/

p
input Lintegrate ((£*x+e)*(bxx+a) ~(1/2) /x/ (d*x+c)~3,x, algorithm="maxima")

output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(a*d-bxc>0)', see ~assume?” for m

- @

‘ore detail

3.21.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.42

/\/a—l—bz (e + fx)
dx
¢+ dz)?
2.2 2 273 2.3 Vbztad Vbzta
B 3b°c’de — 12 abcd’e + 8 a*d’e + b*c’ f) arctan (Vﬁ) +2aearctan <ﬁ>

4 (bctd — ac3d2)\/ bed — ad? v—ac3
5 Vbzx + ab®c’de + 3 (bx + a)? 2b%cd?e — 9+/bz + aabed®e — 4 (bz + a)%abd?’e + 4/bx + aa’bd’e — /b
4 (bc3d — ac?d?)(be + (bz + a)d — ad)?

~—

input Lintegrate ((£*x+e)*(bxx+a) ~(1/2) /x/ (d*x+c)~3,x, algorithm="giac")

output | 1/4%(3*%b"2%c~2*d*e - 12*%axbxc*d"2*e + 8*%a~2xd"3%e + b~ 2*c~3*f)*arctan(sqrt
(b*x + a)*d/sqrt(b*cxd - a*d~2))/((b*c"4xd - a*c~3%d"2)*sqrt(b*cxd - a*xd~2
)) + 2xaxexarctan(sqrt(b*x + a)/sqrt(-a))/(sqrt(-a)*c~3) + 1/4*(5xsqrt(b*x
+ a)*b~3%c"2xdxe + 3*k(b*x + a)”~(3/2)*b"2xcxd"2*e - 9*sqrt(b*x + a)*axb 2
cxd"2xe - 4x(b*x + a)”~(3/2)*axbxd"3%e + 4xsqrt(b*x + a)*a~2+b*d"3*e - sqrt
(b*x + a)*b~3*c~3*f + (b*x + a)~(3/2)*b~2xc~2xd*f + sqrt(b*x + a)*axb~2%c”
2xd*f)/ ((b*c~3*%d - axc™2xd"2)*(b*c + (b*x + a)*d - axd)"2)
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3.21.9 Mupad [B] (verification not implemented)

Time = 4.91 (sec) , antiderivative size = 4839, normalized size of antiderivative = 23.60

dxz = Too large to display

/\m+ﬁxe+f@
(c+ dx)3

input | int(((e + £*x)*(a + b*x)~(1/2))/(xx(c + d*x)~3),x)

output | (atan((((d~3*(a*d - b*c)~3)~(1/2)*(((a + b*x)~(1/2)*(b"6*c~6*f"2 + 128*%a~4
*¥b"2xd"6*%e"2 + 9%b"6*kc"4*d"2%e”2 + 6*%bT6xc 5kdxexf + 256%a”2¥%b"4*kc”2*xd"4*e
T2 - T2*xa*xb"b*c"3*d"3*%e”2 - 320*%a"3*%b"3*kckd"bke"2 + 16*%a"2%b"4*xc”3*d"3xex*f
- 24*xa*xb~5xc”4xd"2%exf)) /(8% (b"2*c"6*d + a"2*%c”4*d"3 - 2*axbxc”5*%d"2)) -
((d™3*(a*d - b*c)~3)~(1/2)*((5*a*xb~5*c~8*d"3%e - a*xb~5xc~9*d~2%f - 9*a~2b
~4xc"T*d"4%e + 4*a~3%b"3*c"6*%d"5xe + a~2%b~4*c”8*d"3*f)/ (b 2*c"8*d + a~2%c
~6%d~3 - 2%a*bxc~7*d"2) - ((d"3*(axd - bxc)~3)~(1/2)*(a + b*x)~(1/2)*(8*a”
2%d"3%e + b"2xc"3xf + 3*b"2%c"2%d*e - 12*axbxcxd~2*e)*(64*b"5xc"9*d"3 - 25
6*axb~4*xc”8*%d"4 + 320*%a"2*xb"3*c”7*d"5 - 128%a”~3*b"2*c”6*d"6))/(64*(b"2*%c"6
*d + a"2*%c"4*%d"3 - 2*a*b*c”5*xd"2)*(a"3*c"3*%*d"6 - b~3*c”6*d"3 + 3*a*b”"2*c”5
*d~4 - 3*a~2xbkc"4*d"5)))*(8*%a"2*xd"3*e + b"2kc”"3*f + 3*¥b"2*c"2xd*e — 12*ax
bxcxd~2%e)) /(8% (a~3%c~3*%d"6 - b~3%c"6%d"~3 + 3*a*b”"2*c"5*d"4 - 3%a 2%bkxc 4
d"5)))*(8*%a~2*d"3*e + b 2xc"3*f + 3*¥b"2kc"2xdke - 12*axbxckd"2xe)*1i)/(8%(
a~3*c"3*%d"6 - b~ 3*c"6*%d"3 + 3*a*b”2*xc"5*d~4 - 3*a”~2*b*xc"4*d"5)) + ((d"3*(a
*d - bxc)~3)7(1/2)*(((a + b*x)~(1/2)*(b"6*c"6*f"2 + 128*a~4*b~2*xd"6*e"2 +
9xb~6*c"4*xd"2*%e"2 + 6*¥b"6kc bkxdxe*xf + 256%a”2xb"4*c”2xd"4*e”2 - T2*a*b"bkc
“3*%d"3%e”2 - 320*%a"3*%b"3*kckd"5*e"2 + 16*%a”2%b"4*c”3*d " 3*e*f - 24xaxb~bxc"4
*d"2%exf)) /(8% (b~2%c™6*d + a~2*%c”4*d"3 - 2*a*bxc”5%d"2)) + ((d"3*(axd - bx*
c)"3)"(1/2)*x((5*a*b~5*%c~8*%d"3*e - a*b~5xc”9*xd"2*f - 9*a~2*b"4*c"T*d " 4*xe +
4xa~3*%b"3*c"6*xd"5*e + a~2xb"4*c"8*d"3*f)/(b"2*xc"8*d + a"2*%c"6*%d"3 - 2*a...
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3.22

3(1+ax)
J Javica 4

3.22.1 Optimal result . . . . . . . . . . .. .
3.22.2 Mathematica [A] (verified) . . . . . . . . ... . L

3.22.3 Rubi [A]

(verified) . . . . . . ..

3.22.4 Maple [C] (verified) . . . . ... .. . ...
3.22.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ....
3.22.6 Sympy [C] (verification not implemented) . . ... .. ... ... ... ...
3.22.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ...

3.22.8 Giac [A]

(verification not implemented) . . ... ... ... ... ... ...

3.22.9 Mupad [B] (verification not implemented) . . . . ... ... ... .. .....

3.22.1 Optimal result

Integrand size = 26, antiderivative size = 111

2(1+az) dp — _5vazy1T—az  25(ax)*?V1—az  5(az)**V1—ax
Vaz/1 — ax 64a* 32a* 8at

(az)"?yT—az  T5arcsin(l — 2ax)
4at 128a*

output ‘ 75/128*arcsin(2*a*x-1) /a~4-25/32* (a*xx) ~(3/2) * (—a*x+1) ~(1/2) /a~4-5/8* (a*x) "~

| (5/2) % (-a*x+1)"

(1/2)/a~4-1/4%(a*xx) ~(7/2) *(-axx+1)~(1/2) /a~4-75/64* (a*xx) ~ (1

/2)* (-akx+1)7(1/2) /a4

3.22.2 Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.93

3(1 + ax)

Vaz/1—az

dx

1++/1—ax )

¢he%+%m+m&ﬁ+m&ﬁ+ma)+wwﬂﬂ—mmmm(fV

64a7/2\/—az(—1 + ax)

input LIntegrate [(x3%(1 + axx))/(Sqrt[a*x]*Sqrt[1 - a*x]),x]

~—
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output ‘ (Sqrt[al*x*(-75 + 2b*a*x + 10%a~2*x"2 + 24*a”3%x"3 + 16*a~4*x"4) + 150%Sqr
‘ t[x]*Sqrt[1 - a*x]*ArcTan[(Sqrt[al*Sqrt[x])/(-1 + Sqrt[1 - a*x])])/(64*a"(
‘ 7/2)*Sqrt [-(axx* (-1 + axx))])

3.22.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.21,
number of steps used = 9, number of rules used — 8, umber of rules _ () 348 Ryles used

integrand size
= {8, 90, 60, 60, 60, 62, 1090, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

z3(az + 1)
Vazy/1 - az

l 8
f (aw)5/2(ax+1)d
\/1 —ax

l 90

15 (am)5/2 (az)7/?\/1—ax
f dr — 4a

V1—ax
a3
l 60

( f (aac)s/2 de — (ax)5/2\/1—aa:> _ (ax)"/?*\/1=az
3a 4a

dx

V1—azx

a3

l 60

l 60

a3

l 62

(A3 tts - ) - ) ) oty

a3

l 1090
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— 1 _d(a—2az
f (a—2a2w)2 ( )
1515 3| _ - a2 _ Vazvi—az | _ (az)?/?VI—az | _ (a2)%/%VI—az | _ (ax)"/?y1-az
8|6| 4 2a2 a 2a 3a 4a,
(13
l 223

2a

(i (—mm(%) - ﬁwﬁ) _ <aw>3/;¢m> _ @@5/2@) Y

a3

-

input LInt[(x"B*(l + axx))/(Sqrt[a*x]*Sqrt[1 - a*x]),x]

|

OUtPUt((-1/4*((a*X)“(7/2)*Sqrt[1 - a*x])/a + (16x(-1/3*((axx)~(5/2)*Sqrt[1 - a*x]
‘)/a + (6% (-1/2%((a*x)~(3/2)*Sqrt[1 - a*x])/a + (3*(-((Sqrt[a*x]*Sqrt[1l - a
*x])/a) - ArcSin[(a - 2*%a~2xx)/a]/(2*a)))/4))/6))/8)/a"3

N\ J

— ]

3.22.3.1 Defintions of rubi rules used

rule 8 Int[(u_.)*(x_) " (m_.)*((a_.)*(x_))"(p_), x_Symbol] :> Simp[i/a”m Int[ux(a*
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((b*c - a*xd)/(
b*¥(m + n + 1))) Int[(a + b*x)"m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQm - n, 0]))) && !'ILtQ[m + n + 2, O] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 62 Int[1/(Sqrtl[(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)1), x_Symbol] :> Int[
1/8qrt[a*xc - bx(a - c)*x - b~2*x~2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+ d, 0] & GtQ[a + c, O]
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rule 90 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£_)*(x_))"(p

), x_] :> Simp[b*(c + d*x)"(n + 1*((e + £xx)"(p + 1)/(d*f*(n + p + 2))),
x] + Simp[(a*d*f*(n + p + 2) - bkx(d*ex(n + 1) + c*xf*x(p + 1)))/(d*f*(n + p
+ 2)) Int[(c + d*x)"n*(e + f*x)"p, x], x] /; FreeQ[{a, b, c, d, e, f, n,
p}, x] && NeQ[n + p + 2, 0]

rule 223 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 1090 Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[1/(2*c*(-4*
(c/(b~2 - 4xaxc))) p) Subst [Int [Simp[1 - x72/(b"2 - 4x*a*c), x]7p, x], x,
b + 2*c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

3.22.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 1.58 (sec) , antiderivative size = 132, normalized size of antiderivative = 1.19

method | result
vV—az+lz (32 csgn(a)adz3\/—z(ax—1)a+80 csgn(a)z2a?/—z(ax—1)a+100 csgn(a)/—z(ax—1)a az+150 csgn(a)/—x(az—
default o 128a3+/az \/—z(az—1)a
Va2 (w—%)
75 —— )/ - 1
risch (16a%2" +40a0% +50az+75)2(az—1) Vas(—azt1) aman( VmaTaTrar | VO2(—aztl)
64a3\/—z(az—1)a v/az vV—az+1 128a3Va2 \/az v/—az+1
ﬁﬁ(—a)% (1440323 +168a202 +210a2+315) v—az+1 35\/;(_0)% arcsin(+/a v/3) ﬁﬁ(—a)% (560222 4700+
vz | - S76ad + 9 Ve |- 16843
.. 64a2
meijerg | — 7 - z
()fvaz 7 Ca)
input Lint (x~3*(axx+1)/(a*x) ~(1/2) / (—a*x+1)~(1/2) ,x,method=_RETURNVERBOSE) J

( N

-1/128* (—a*x+1) = (1/2) *x* (32*csgn(a) *a~3*x~3* (-x* (a*x-1) *a) = (1/2) +80*csgn(a
‘)*x‘2*a‘2*(—x*(a*x—1)*a)‘(1/2)+100*csgn(a)*(—x*(a*x—l)*a)‘(1/2)*a*x+150*cs
 gn(a)*(-xx(axx-1)*a) " (1/2)-T5*arctan(1/2*csgn (a) * (2xa*x-1) / (-x* (a*x-1) *a) ~
L(1/2)))*csgn(a)/a‘S/(a*x)‘(1/2)/(—x*(a*x—1)*a)‘(1/2)

output

~—

322, [ Ut gy



CHAPTER 3. LISTING OF INTEGRALS 215

3.22.5 Fricas [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.59

23(1 + ax)
vary1 —az
(166%° + 40 0% + 50 az + T5)y/azy/=az + 1 + 75 arctan ( Y=/
64 a*

dz

-

inputLintegrate(x“3*(a*x+1)/(a*x)‘(1/2)/(—a*x+1)‘(1/2),x, algorithm="fricas")

~—

Output‘—1/64*((16*aA3*x‘3 + 40*a~2%x"2 + bO*a*x + 75)*sqrt(axx)*sqrt(-a*x + 1) +
‘75*arctan(sqrt(a*x)*sqrt(—a*x + 1)/(a*x)))/a~4

/)

3.22.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 41.97 (sec) , antiderivative size = 484, normalized size of antiderivative = 4.36

3(1 + ax) p
—_— x
vary/1 —azx
__ 35iacosh (Vayz) iz? _ iw? _ Tiz — 35iz3 35iy/z for |CLZ’ | >1
3 5 7 9
64a° 4Wavaz—1 9443 \Jaz—1  96a3+/az—1 192a2+/az—1  64a2/az—1
=aq
35 asin (y/av/z 5 7 723 3525 35\ :
64(0,5 L+ 4\[;_ =+t —= + — + —= — Ve otherwise
av —ax 24a2+/—az+1 96a2+/—azx+1 192a2 /—az+1 64a2+/—az+1
_ biacosh (Vava)  igh ixd _ bigh 5iy/T for |az| > 1
7
8at 3vavaz—1 12a%\/az—1 24(1%\/(1:1:—1 8a2+/ax—1
5asin (v/a/z) s 3 525 5T .
S R varres d +— — — otherwise
12a2v/—az+1 24a2 v/—az+1 8a2+v/—az+1

input | integrate (x**3* (a*x+1)/(a*x)**(1/2)/(-a*x+1)**(1/2) ,x)
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output a*Piecewise((-35*I*acosh(sqrt(a)*sqrt(x))/(64*a**5) - Ixx**(9/2)/(4*sqrt(a
Yksqrt(axx - 1)) - Ixx*x(7/2)/(24xa*x(3/2)*sqrt(axx - 1)) - 7T*I*kx*x*(5/2)/(
96*ax*x(5/2) *sqrt(a*x - 1)) - 35xI*x**(3/2)/(192*ax*(7/2)*sqrt(a*xx - 1)) +

35xIxsqrt(x)/(64*a*x*x(9/2)*sqrt(a*x - 1)), Abs(a*x) > 1), (35*asin(sqrt(a)=*
sqrt(x))/(64xax*5) + xx*(9/2)/(4xsqrt(a)*sqrt(-a*x + 1)) + x**x(7/2)/(24*ax
*(3/2) *sqrt(-a*x + 1)) + Txx*x(5/2)/(96*ax*(5/2)*sqrt(-a*x + 1)) + 35xx**(
3/2)/(192*%ax* (7/2) *sqrt(-a*x + 1)) - 35*sqrt(x)/(64*ax*(9/2)*sqrt(-a*xx + 1
)), True)) + Piecewise((-5*I*acosh(sqrt(a)*sqrt(x))/(8xa**4) - Ixx*x(7/2)/
(3*sqrt(a)*sqrt(axx - 1)) - I*kx**(5/2)/(12*%a*x*(3/2)*sqrt(a*x - 1)) - 5xI*x
*%(3/2) / (24%ax*(5/2) *sqrt (a*x - 1)) + B*xI*sqrt(x)/(8*a*x(7/2)*sqrt(a*x - 1
)), Abs(a*x) > 1), (5xasin(sqrt(a)*sqrt(x))/(8*ax*4) + x*x(7/2)/(3*sqrt(a)
xsqrt(-axx + 1)) + x*¥x(5/2)/(12xa*x(3/2)*sqrt(-a*x + 1)) + 5xxx*(3/2)/(24x%
ax*x(5/2)*sqrt(-a*xx + 1)) - b*sqrt(x)/(8*ax*(7/2)*sqrt(-a*x + 1)), True))

3.22.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.95

x%Lﬂm)dx__v-ﬁﬂ+amﬁ_5v-ﬁﬂ+am?_2h#ﬂ%1+ww
VazyT—az da 8a? 32a3
75 arcsin (—222=2 ) gy oo
128 a* 64 a*

inputLintegrate(x‘3*(a*x+1)/(a*x)“(1/2)/(—a*x+1)“(1/2),x, algorithm="maxima")

e

output

-1/4*sqrt(-a~2*x"2 + a*x)*x"3/a - 5/8*sqrt(-a"2*x"2 + a*x)*x~2/a"2 - 25/32
‘*sqrt(—a‘2*x‘2 + a*x)*x/a”~3 - 75/128*arcsin(-(2*a~2*x - a)/a)/a"4 - 75/64*
‘sqrt(—a‘2*x‘2 + a*x)/a"4

3.22.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.41

z3(1 + azx) p (2(4 (2az + 5)az + 25)az + 75)y/azy/—az + 1 — 75 arcsin (v/az)
_ _dxr = —
vary/1 —azx 64 a*

input‘integrate(x*3*(a*x+1)/(a*x)‘(1/2)/(—a*x+1)*(1/2),x, algorithm="giac")
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Output‘ -1/64% ((2% (4*(2*%axx + B)*axx + 25)*axx + 75)*sqrt(a*x)*sqrt(-axx + 1) - 75
L*arcsin(sqrt(a*x)))/a”4 J

3.22.9 Mupad [B] (verification not implemented)

Time = 9.03 (sec) , antiderivative size = 345, normalized size of antiderivative = 3.11

75 a,tan( vaz >

3(1 + ax) dp — Vi—az—1
vaxy/1 — ax 32a*
5aw 85 (az)>/? 33(az)®?  33(az)"/? 85(ax)®”?  5(az)'l/?

4(Vi-az-1) T (Vi—az-1)° ' 2(Vi—az-1)° 2(Vi—az-1)7 12(vi—az-1)° 4 (Vi—az-1)"
6
4 ax
@ ((vqiai—lf +1)
35ax 805 (a z)>/? 2681 (ax)%/? 5053 (az)”/?  5053(az)®? 2681 (az)'!/? 805 (a )

32(Vi-az—-1) ' 96 (yvI—az—1)> ' 96(vi—az—1)" ' 96(vI—az—1)"  96(vI—az—1)° 96 (vi—az—1)"" 96 (v/I—a:

8
4 az
a ((\/l—awv—l)2 + 1>

-

inputtint((x‘B*(a*x + 1))/ ((a*x)~(1/2)*(1 - a*x)~(1/2)),x)

~—

output | (75*atan((a*x)~(1/2)/((1 - a*x)~(1/2) - 1)))/(32%a~4) - ((5x(axx)~(1/2))/(
4x((1 - axx)~(1/2) - 1)) + (85%(a*x)~(3/2))/(12%((1 - a*x)~(1/2) - 1)73) +
(33%(a*x)~(5/2)) /(2% ((1 - a*x)~(1/2) - 1)75) - (33*(a*xx)~(7/2))/(2*((1 -
a*x)~(1/2) - 1)77) - (85%(axx)~(9/2))/(12*x((1 - a*x)~(1/2) - 1)79) - (5x(a
*x)~(11/2)) /(4% ((1 - a*x)~(1/2) - 1)711))/(a"4*((a*xx)/((1 - a*x)~(1/2) - 1
)72 + 1)76) - ((35x(axx)~(1/2))/(32%x((1 - a*xx)~(1/2) - 1)) + (805*(a*xx)~(3
/2))/(96%((1 - a*x)~(1/2) - 1)73) + (2681*(a*x)~(5/2))/(96%((1 - a*x)~(1/2
) - 1)75) + (5053%(a*x)~(7/2))/(96%((1 - a*x)~(1/2) - 1)°7) - (5053%(a*x)”
(9/2))/(96%x((1 - a*xx)~(1/2) - 1)79) - (2681*(a*x)~(11/2))/(96*%((1 - a*xx)~(
1/2) - 1)711) - (805*(a*x)~(13/2))/(96*x((1 - a*xx)~(1/2) - 1)~13) - (35*(a*
x)~(15/2))/(32%((1 - a*x)~(1/2) - 1)715))/(a~4*((a*x)/((1 - a*x)~(1/2) - 1
)72 + 1)78)

N\ J
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3.23 [ 2ltad) g,
vazry/1—azx

3.23.1 Optimal result . . . . . . . .. ... .. . 218
3.23.2 Mathematica [A] (verified) . . . . . . . .. ... .. Lo 218
3.23.3 Rubi [A] (verified) . . . . . ... .. 219
3.23.4 Maple [C] (verified) . . . . ... .. . ... 2271
3.23.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ...
3.23.6 Sympy [C] (verification not implemented) . . .. ... ... ... .. ....
3.23.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 222
3.23.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 223
3.23.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. 223]

3.23.1 Optimal result

Integrand size = 26, antiderivative size = 87

2*(l+az) dp — _1yazy1—az 11(az)*?V1—azx

Vazy/1 — ax 8a? a 12a3
(az)%%\/T —ax 1larcsin(l — 2azx)
3a3 16a3

output‘11/16*arcsin(2*a*x—1)/a“3—11/12*(a*x)“(3/2)*(—a*x+1)“(1/2)/a“3—1/3*(a*x)‘(
|5/2)*(-axx+1)~(1/2) /a~3-11/8% (a*x) " (1/2) * (-a*x+1)~(1/2) /a"3

3.23.2 Mathematica [A] (verified)
Time = 0.23 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.09

2*(1+az)
vary1—azx
B vaz(—33 + 1laz + 14az? + 8a3z3) + 66+/7+/1 — az arctan < 13@%)
24052\ /—az(—1 + ax)

dx

input LIntegrate [(x~2*x(1 + a*x))/(Sqrt[a*x]*Sqrt[1 - a*x]),x]

-/

output ‘ (Sqrt[al*x*(-33 + 1lxaxx + 14*a~2%x"2 + 8%a"3*x"3) + 66xSqrt[x]*Sqrt[l - a
‘ *x]*ArcTan[(Sqrt [al*Sqrt[x]) /(-1 + Sqrtl[1 - a*x])])/(24*a~(5/2)*Sqrt [-(a*x
*(-1 + akx)])
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3.23.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.21,
number of steps used = 8, number of rules used = 7, Lumber of rules _ ( 959 Ryles used

integrand size
= {8, 90, 60, 60, 62, 1090, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

z2(az + 1)

Vaz/1—az

l 8
j ey,

a?

| 90

11 [ (az)3/2 (ax)®/2\/1—ax
6 f V1—azx dr — 3a

dx

a’

| 60

3/2 1— 5/2 1—
%(% f \/ﬁxdx _ (ax) 2;/ aw) _ (az) 3;/ azx

a’

| 60

1 dr — \/ﬁ\/l—aw) _ (am)3/2\/1—az> _ (azx)®/2\/1—ax
a 2a 3a

a’

| 62

6 2 —a2z2
(12
l 1090
ffﬁd(a—2a2z)

1ml 3| _ - a? _ Vazyi-az | _ (az)?/?V1—az | _ (az)’/?y1—az

6 4 2a2 a 2a 3a
(12
l 223

2a

5 a—2a2z
1 (3 <_*“°Sln(a) _ ﬁ«ﬁ) _ (ax>3/2M> _ (@)PVia
4 a 2a 3a

a’
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input‘Int[(x‘2*(1 + a*x))/(Sqrt[a*x]*Sqrt[1 - a*x]),x]

output((-1/3*((a*x)“(5/2)*Sqrt[1 - axx])/a + (11*(-1/2x((a*x)~(3/2)*Sqrt[1 - a*x]
‘)/a + (3*%(-((Sqrt[a*x]*Sqrt[1 - a*x])/a) - ArcSin[(a - 2*a”2xx)/al/(2*a)))
/4))/6)/a"2

3.23.3.1 Defintions of rubi rules used

rule 8 Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol] :> Simp[1/a"m  Int[u*(a*
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol]l :> Simp[
(a + b*x)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((bxc - axd)/(
b*¥(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, O] && ( !Integer
Q] |l (GtQ[m, O] && LtQm - n, 0]))) && !'ILtQ[m + n + 2, O] && IntLinear
Qla, b, ¢, d, m, n, x]

ruke62/Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]), x_Symbol] :> Int[
1/Sqrtlaxc - b*(a - c)*x - b~ 2*%x"2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+ d, 0] && GtQ[a + c, 0]

rule 90 Int[((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£_)*(x_))"(p
_.), x_] > Simp[b*(c + d*x)~(n + 1)*((e + £*x)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(axd*fx(n + p + 2) - bx(d*ex(n + 1) + cxf*x(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*(e + £f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f, n,
p}, x] &% NeQ[n + p + 2, 0]

rule 223 | Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 1090 Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/(2*c*(-4x*
(c/ (b2 - 4xa*c))) p) Subst [Int [Simp[1 - x~2/(b"2 - 4*a*c), x]7p, x], x,
b + 2*c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]
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3.23.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 1.56 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.28

method | result

—)\ )
— 2.2 [/ _ — — — csgn(a)(2az—1)
vV—az+lz (16 csgn(a)z?a?y/—z(az—1)a+44 csgn(a)/—z(az—1)a az+66 csgn(a)/—z(az—1)a—33 arctan<72 —a(az—TD)a

. /
default 4802 /azx \/—z(az—1)a
Va2 (a— o)
1larctan| ————222 | /az(—az+1)
risch (8a%22+22ax+33)z(az—1)\/az(—az+1) + < V—a?a?+as ( :
2402\/—z(az—1)a /az v/ —az+1 16a2va? \/ax /—az+1
T (c6a242 et T A
Ja |- EEa® (56072 +370”+105) Tortl | SV (ma)2 aresin(va V7) N _\/7"\/5(—0‘)%(10(1::;4—15)\/7—(170-&-1+3\/E(7a
. 168a S0z z 200
meljerg | — -

(—a)? az /7 (—a)?az /7 a

input Lint (x"2x (axx+1) / (a*x) ~(1/2) / (—a*x+1)~(1/2) ,x ,method=_RETURNVERBOSE)

-/

output‘—1/48*(—a*x+1)‘(1/2)*x*(iG*csgn(a)*x‘2*a‘2*(—x*(a*x—l)*a)‘(1/2)+44*csgn(a)
‘*(—x*(a*x—l)*a)“(1/2)*a*x+66*csgn(a)*(-x*(a*x—i)*a)“(1/2)—33*arctan(1/2*cs
‘gn(a)*(2*a*x—1)/(—x*(a*x—l)*a)“(1/2)))*csgn(a)/a‘2/(a*x)“(1/2)/(—x*(a*x—1)
*a)~(1/2) |

3.23.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.66

2*(1+ az) (8% + 22z + 33)V/aiy/—az + 1 + 33 arctan (VL )
————dr = —
vazry1l —ax 24 a3

input Lintegrate (x"2% (a*x+1) / (a*x) ~(1/2) / (—a*x+1) ~(1/2) ,x, algorithm="fricas") J

output‘ -1/24%((8*a~2%x"2 + 22*xa*x + 33)*sqrt(a*x)*sqrt(-a*x + 1) + 33*arctan(sqrt ‘
(axx)rsqre(-axx + 1)/(axx)))/a™3 |
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3.23.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 10.16 (sec) , antiderivative size = 393, normalized size of antiderivative = 4.52

z*(1 + az) p
—F————AaXx
vary/1 — ax
_ biacosh (Vavz)  igb @8 sigh Siv/z for |az| > 1
3 5 7
8at 3vavaz—1 12a2+v/ax—1 24a2+/ax—1 8a2+/ax—1
=a
. 7 5 3
5asin (v/a\/z 2 2 2 5 :
8(;4[‘[) +37 f_ — + — z 4+ —52 . IV otherwise
a ar 12a2+/—ax+1 2402 \/—azx+1 8a2+/—azx+1
3iacosh (v/a\/x) zz% zz% 3iv/T
- 3 SN = Gl + — for |ax| > 1
4a2+/ax—1 4a2+/ax—1
. 5 3
3asin (v/a/x 2 2 3V .
4(;(‘[) + o t T S e otherwise
ay —az 4a2+/—az+1 4a2+/—az+1

inputLintegrate(x**2*(a*x+1)/(a*x)**(1/2)/(-a*X+1)**(1/2),X)

output  a*Piecewise((-5*I*acosh(sqrt(a)*sqrt(x))/(8*a*x*4) - I*xx**(7/2)/(3*sqrt(a)*
sqrt(a*xx - 1)) - Ixx**x(5/2)/(12%a**(3/2)*sqrt(a*x — 1)) - 5xI*x*x*(3/2)/(24
xa*xx (5/2)*sqrt(axx — 1)) + 5xI*sqrt(x)/(8*a*x(7/2)*sqrt(axx - 1)), Abs(a*x
) > 1), (5*asin(sqrt(a)*sqrt(x))/(8*a**4) + x*x(7/2)/(3*sqrt(a)*sqrt(-a*x

+ 1)) + xx*(5/2)/(12%a**(3/2) *sqrt(-a*xx + 1)) + 5*xx**(3/2)/(24*a*x*(5/2)*sq
rt(-a*x + 1)) - 5*sqrt(x)/(8*a**(7/2)*sqrt(-a*x + 1)), True)) + Piecewise(
(-3*I*acosh(sqrt(a)*sqrt(x))/(4*a**3) - I*x*x(5/2)/(2*sqrt(a)*sqrt(a*x - 1
)) - I*x**(3/2)/(4xa*x(3/2)*sqrt(a*x - 1)) + 3*Ixsqrt(x)/(4*ax*(5/2)*sqrt(
axx - 1)), Abs(a*x) > 1), (3*asin(sqrt(a)*sqrt(x))/(4xax*3) + xx*(5/2)/(2*
sqrt(a)*sqrt(-a*xx + 1)) + x**(3/2)/(4*xa*x(3/2)*sqrt(-a*x + 1)) - 3*sqrt(x)
/ (4xa*xx(5/2)*sqrt(-a*x + 1)), True))

3.23.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.95

z*(1 + az) dp — V—a?z? + azz® 11v/—a?z? + azx

vazry/1 —azx 3a 12 a2
1 arcsin (—222=2) 3 o

16 a3 8a3
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inputLintegrate(x“2*(a*x+1)/(a*x)“(1/2)/(—a*x+1)“(1/2),x, algorithm="maxima") J

output‘-1/3*sqrt(-a‘2*x“2 + axx)*x"2/a - 11/12*sqrt(-a”"2*x"2 + a*x)*x/a~2 - 11/16
‘*arcsin(—(2*a“2*x - a)/a)/a"3 - 11/8*sqrt(-a~2*x"2 + a*x)/a"3 ‘

3.23.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.46

z2(1 + ax) p (2 (4az + 11)az + 33)y/azy/—az + 1 — 33 arcsin (/az)
— 7 _dxr = —
Vaxy/1 —azx 24 a3

input Lintegrate (x"2x(axx+1)/(a*x) ~(1/2) / (-a*x+1)~(1/2) ,x, algorithm="giac") J

output‘ -1/24*%((2*%(4*a*x + 11)*a*x + 33)*sqrt(a*x)*sqrt(-a*x + 1) - 33*arcsin(sqrt
(a*x)))/a"3

3.23.9 Mupad [B] (verification not implemented)

Time = 6.39 (sec) , antiderivative size = 269, normalized size of antiderivative = 3.09

Vaz
11 atan(m_1>

(1 + ax) i —
Vazy/1 —azx 4a3
5vaz L8 (az)3/? 43 (az)®?  33(ax)”/?  85(ax)”?  5(ax)'?/?
4(Vi—az-1) ' 12(yi—az-1)® ' 2(yi—az-1)° 2(Vi—az-1)" 12(vVi—az-1)° 4(V/I—az-1)"
- 6
3 azr
a ((\/l—az—l)2 + 1)
3Vaz + 11 (ax)3/? . 11 (az)5/? _ 3(az)”/?
2(Vi-az-1) ' 2(yi—az-1)° 2(vi—az-1)° 2(V/I—az-1)"

- 4
3 ax
a ((\/1—0“'17—1)2 + 1)

-

inPUtLint((x‘Z*(a*x + 1))/ ((a*x)~(1/2)*(1 - a*x)~(1/2)),x)

-/
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(11*atan((a*x)~(1/2)/((1 - a*x)~(1/2) - 1)))/(4*a~3) - ((5*(a*x)~(1/2))/(4
*((1 - axx)7(1/2) - 1)) + (85x(a*x)~(3/2))/(12%((1 - a*x)~(1/2) - 1)73) +

(33x(a*x)~(5/2)) /(2% ((1 - axx)~(1/2) - 1)75) - (33x(axx)~(7/2))/(2*x((1 - a
*x)7(1/2) - 1)77) - (85%(axx)”(9/2))/(12+x((1 - a*x)~(1/2) - 1)79) - (5x(ax
x)~(11/2))/(4x((1 - a*x)~(1/2) - 1)711))/(a"3*((a*xx)/((1 - a*x)~(1/2) - 1)
"2+ 1)76) - ((Bx(a*x)~(1/2))/(2%((1 - a*xx)~(1/2) - 1)) + (11x(axx)~(3/2))
/(2x((1 - a*x)~(1/2) - 1)73) - (11*(a*x)~(5/2))/(2*((1 - a*x)~(1/2) - 1)°5
) - (Bx(a*xx)”"(7/2))/(2+x((1 - a*xx)~(1/2) - 1)77))/(a"3*((a*xx)/((1 - a*xx)~(1
/2) - 1)72 + 1)74)
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3.24

3.24.1
3.24.2
3.24.3
3.24.4
3.24.5
3.24.6
3.24.7
3.24.8
3.24.9

14‘&17 Ciaz

fx/a_xx/m

Optimal result

Mathematica [A] (verified)
Rubi [A] (verified)
Maple [C] (verified)
Fricas [A] (verification not implemented)
Sympy [C] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [A] (verification not implemented)
Mupad [B] (verification not implemented)

3.24.1 Optimal result

Integrand size = 24, antiderivative size = 63

z(1 + az)

Vaz/1— ax

Va1 —az  (az)**V1—az

7arcsin(1 — 2ax)

dr = —
v 4a2 2a2

8a?

output(7/8*arcsin(2*a*x-1)/a“2-1/2*(a*x)“(3/2)*(-a*x+1)“(1/2)/a”2-7/4*(a*x)“(1/2)
*(-axx+1)7(1/2) /a2

3.24.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.38

2(1 + az) o Vaz(—7+ bax + 2a2x?) + 144/z+/1 — azr arctan (%)
Vazy/1—az 4a3/2\/—az(—1 + az)

input [Integrate [(x*(1 + a*x))/(Sqrt[a*x]*Sqrt[1 - a*x]),x]

-/

output‘(Sqrt[a]*x*(—? + b¥a*x + 2¥a”~2%x"2) + 14*Sqrt[x]*Sqrt[1l - a*x]*ArcTan[(Sqr
Lt[a]*Sqrt[x])/(-i + Sqrt[1 - a*x])])/(4*a~(3/2)*Sqrt [-(a*x*(-1 + a*x))])

~

3.24.

J

_z(l4azx)
Vasv1—az dx
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3.24.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.21, number
of steps used = 7, number of rules used = 6, Bumber of rules _ ¢ 95 Ryjeg ysed = {8, 90,

integrand size
60, 62, 1090, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

z(az + 1)

Vaz+/1 — ax
l 8

f vaz(az+1) dx

l—azx

dx

a

| 90

ax 3/2\/T—ax
%f \/\l/:zzdx - () 2a @

a
l 60

do — \/zﬁ\/m> _ (aac)3/;\/m

7(1 1
4 (5 f vaz\/1—az

a

| 62

7(1 1 V11— az)3/2\/1—ax
Z(if \/aac—a%c?dx_ \/ﬁa ax) - 2a
a
l 1090
1 d(a—2a%z
f (a—2a21:) ( )
7 e vazv/1—az (ax)3/2\/T—ax
|~ 2a2 - a - 2a
a
l 223

NI

2a

. _ 242
<_ar051n<a 3 z) _ Maz«l—az) _ (ax)3/2\/T—az
a 2a

a

input LInt [(x*(1 + a*x))/(Sqrt[a*x]*Sqrt[1 - a*x]),x]

3.24. [l dg
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output‘(—1/2*((a*x)”(3/2)*Sqrt[1 - a*x])/a + (7*(-((Sqrt[axx]*Sqrt[1 - a*x])/a) -
L ArcSin[(a - 2*a~2x*x)/al/(2*a)))/4)/a

3.24.3.1 Defintions of rubi rules used

rule 8 Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol]l :> Simp[1/a™m  Int[u*(a*
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

rule 60 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((bxc - axd)/(
bx(m + n + 1))) Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ[m, 0] && ( !Integer
Qn] Il (GtQ[m, O] && LtQ[m - n, 0]))) && 'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 62 Int[1/(Sqrtl(a_.) + (b_.)*(x_)I1*Sqrtl[(c_) + (d_.)*(x_)1), x_Symbol]l :> Int[
1/8qrtla*c - bx(a - c)*x - b™2*x"2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+d, 0] && GtQ[a + c, 0]

rule 90 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£_.)*(x_))"(p
_.), x_1 > Simp[b*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(axd*fx(n + p + 2) - bx(d*e*x(n + 1) + cxf*x(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"n*(e + f*x)7p, x], x] /; FreeQ[{a, b, c, 4, e, f, n,
p}, x] && NeQ[n + p + 2, 0]

rule 223 Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 1090 Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[1/(2*c*(-4*
(c/ (™2 - 4xaxc))) p) Subst [Int [Simp[1 - x72/(b"2 - 4x*a*c), x]7p, x], x,
b + 2%cxx], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b"2/c, 0]
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3.24.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 1.54 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.43

method | result
— \/T \/i_ csgn(a)(2az—1)
default B V—azx+1z (4 csgn(a) z(axz—1)a az+14 csgn(a) z(az—1)a—T7arctan 2/ e —T)e csgn(a)
8av/az \/—z(az—1)a
Va2 (1—21—)

7arctan| ————222 | /az(—az+1)

risch (2az+7)z(az—1)\/az(—az+1) n < V—a222taz ( )
4a+/—z(az—1)a /az /—az+1 8ava? /ax /—az+1
\/E\/E(—a)%(loam-ﬁ—lS)\/m 3ﬁ(—a)% arcsin(v/a v/z) ﬁﬁ(_a)%m ﬁ(—a)% arcsin(v/a /)
\/5 - 20a2 + 4 % \/5 - a + %
meijer — a _ a
Iere (—a)%\/ﬁﬁ V—a+vaz+\/Ta

inputLint(x*(a*x+1)/(a*x)‘(1/2)/(—a*x+1)*(1/2),x,method=_RETURNVERBOSE)

output‘-1/8*(-a*x+1)“(1/2)*x/a*(4*csgn(a)*(-x*(a*x-l)*a)“(1/2)*a*x+14*csgn(a)*(-x
‘*(a*x—l)*a)“(1/2)-7*arctan(1/2*csgn(a)*(2*a*x—1)/(—x*(a*x—1)*a)“(1/2)))*cs
‘ gn(a)/(a*x)~(1/2)/(-x*(axx-1)*a)~(1/2)

3.24.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.78

(2az + 7)y/axy/—ax + 1+ 7 arctan (‘/‘T“— W)

4a2

_e(ltaz) .
vazy/1—az

inputLintegrate(x*(a*x+1)/(a*x)“(1/2)/(—a*x+1)“(1/2),x, algorithm="fricas")

output‘-1/4*((2*a*x + 7)*sqrt(axx)*sqrt(-a*x + 1) + T*arctan(sqrt(a*x)*sqrt(-a*xx

\+ 1)/ (a*x)))/a"2

z(1+ax)

VazyI—az dx

3.24.
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3.24.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 4.94 (sec) , antiderivative size = 269, normalized size of antiderivative = 4.27

e(ltar) o
) _3z'acos2 a(;/riﬁ) _ 2\/53(%“_1 — 4@5“”1_1 + 4a%3j/i% for |az| > 1
_iaCOSha(;/aﬁ) _ 1\/5;/13‘}“5;—1 for |ax| > 1
asin (;éﬁx/i) + \/a\/w_%axﬂ - \/\iTH otherwise

inputLintegrate(x*(a*x+1)/(a*x)**(1/2)/(-a*X+1)**(1/2),X)

output | axPiecewise ((-3*I*acosh(sqrt(a)*sqrt(x))/(4*a**3) - I*x*x(5/2)/(2*sqrt(a)*
sqrt(a*x - 1)) - Ixx**(3/2)/(4xa*x(3/2)*sqrt(a*x - 1)) + 3*I*sqrt(x)/(4*ax
*x(5/2)*sqrt(a*x - 1)), Abs(a*x) > 1), (3*asin(sqrt(a)*sqrt(x))/(4*a**3) +
xx*(5/2)/(2*sqrt(a)*sqrt(-a*xx + 1)) + x*x(3/2)/(4*ax*(3/2)*sqrt(-a*xx + 1))
- 3xsqrt(x)/(4*axx(5/2)*sqrt(-a*x + 1)), True)) + Piecewise((-I*acosh(sqr
t(a)*sqrt(x))/a**2 - Ixsqrt(x)*sqrt(a*x - 1)/a**(3/2), Abs(a*x) > 1), (asi
n(sqrt(a)*sqrt(x))/a**2 + x*x(3/2)/(sqrt(a)*sqrt(-a*xx + 1)) - sqrt(x)/(a*x*
(3/2)*sqrt(-a*x + 1)), True))

3.24.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.97

. 2a2z—a
V—a22% + azzx 7 arcsin ( n ) 7V —a2z2 + azx

z(1+ ax) dr — — B
vazy/1 — ax N 2a 8a? 4a2

inputLintegrate(x*(a*x+1)/(a*x)“(1/2)/(—a*x+1)“(1/2),x, algorithm="maxima")

~—

p
output‘—1/2*sqrt(—a‘2*x‘2 + axx)*x/a - 7/8xarcsin(-(2*a~2+x - a)/a)/a"2 - 7/4*sqr
‘t(—aAQ*x“2 + a*xx)/a"2

—.
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3.24.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.54

z(1+ ax) p (2az + 7)y/az/—az + 1 — 7 arcsin (/az)
- 2 _dxr = —
Vaz/1 — ax 4 a?

inputLintegrate(x*(a*x+1)/(a*x)‘(1/2)/(—a*x+1)‘(1/2),x, algorithm="giac")

output | -1/4*((2*axx + 7)*sqrt(a*x)*sqrt(-a*xx + 1) - 7*arcsin(sqrt(axx)))/a"2

N\

3.24.9 Mupad [B] (verification not implemented)

Time = 5.14 (sec) , antiderivative size = 191, normalized size of antiderivative = 3.03

7atan< Jaz ) 2@z _ _2(aw)’/?

z(1+ ax) - Vi—az—1)  Vi-ez-1  (Vi-as-1)°
vazry1 — ax 2a? a2 < az +1)2
(\/l—az—l)
3vax Lou (az)®?  11(ax)’/? 3(az)™/?

2 (Vi—az-1)°  2(vVi—az-1)° 2(vVi—az-1)7

4
2 azx
a ((\/l—aw—l)2 + 1>

2 (V1-az-1)

input Lint((x*(a*x + 1))/ ((axx)~(1/2)*(1 - a*x)~(1/2)),x)

output (7*atan((a*x)~(1/2)/((1 - a*xx)~(1/2) - 1)))/(2*a"2) - ((2*(a*x)~(1/2))/((1

- axx)”(1/2) - 1) - (2%(a*x)”"(3/2))/((1 - a*x)~(1/2) - 1)73)/(a"2*((a*x)/
((1 - axx)7(1/2) - 1)72 + 1)72) - ((B*x(axx)"(1/2))/(2*x((1 - a*x)~(1/2) - 1
)) + (11x(axx)~(3/2))/(2x((1 - a*x)~(1/2) - 1)73) - (11x(axx)~(5/2))/(2x((
1 - a*xx)~(1/2) - 1)75) - (3*(a*x)~(7/2))/(2*x((1 - a*x)~(1/2) - 1)°7))/(a"2
*((a*x)/((1 - a*xx)~(1/2) - 1)72 + 1)74)

3.24. [l dg
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3.25 [ SlE—ds

3.25.1 Optimal result . . . . . .. . . . . . . .
3.25.2 Mathematica [B] (verified) . . . . . . . . ... L L
3.25.3 Rubi [A] (verified) . . . . ... ... ...
3.25.4 Maple [C] (verified) . ... ... ... . . ... ...
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ...
3.25.6 Sympy [C] (verification not implemented) . . . . ... ... ... ... ... ..
3.25.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... ..
3.25.8 Giac [A] (verification not implemented) . . . ... . ... ... .......
3.25.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ...

3.25.1 Optimal result

Integrand size = 23, antiderivative size = 37

1+ azx dp — _Vazy/1—azx  3arcsin(l — 2ax)
vary1l —az a 2a

output [3/2*arcsin(2*a*x—1) /a-(a*x)~(1/2) *(—a*x+1)~(1/2)/a

~—

3.25.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 75 vs. 2(37) = 74.

Time = 0.11 (sec) , antiderivative size = 75, normalized size of antiderivative = 2.03

1+azx \/_ (— 1—|—ax)+6\/_\/1—aa:arctan( 1{\/\%)
Vvazy/1— ax vay/—az(—1+ az)

input ‘ Integrate[(1 + a*x)/(Sqrt[a*x]*Sqrt[1 - a*x]),x]

output ‘ (Sqgrt[al*x*(-1 + axx) + 6*Sqrt[x]*Sqrt[1 - axx]*ArcTan[(Sqrt[al*Sqrt[x])/(
‘ -1 + Sqrt[1 - a*x])])/(Sqrt[al*Sqrt[-(a*xx*(-1 + a*x))])

325. [ ﬁ%
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3.25.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.16, number
of steps used = 5, number of rules used = 4, Bumber of rules _ ( 174 Ryjeg yged = {90,

integrand size
62, 1090, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

~—

ar+1
Vazy/1—az a:c
l 90
/ dr — Vaz+/1— az
2 ) Vazxy/1—ax a
l 62
3 / 1 d — Vaz\/1 - az
2 ) vVar — a?x? a
l 1090
3/ %d(a — 2a%z)
a—2a2z
B 1—% _ Vaz/1— ax
2a? a
l 923
_3arcsin (ﬂ%) ~ VazvI—az
2a a
input [Int [(1 + ax*x)/(Sqrtla*x]*Sqrt[1 - a*x]),x]
output L—( (Sqrt[a*x]*Sqrt[1 - a*x])/a) - (3*ArcSin[(a - 2%a~2*x)/al)/(2*a) J

3.25. ([,Va%jgizg



rule 62

rule 90

rule 223

rule 1090

input
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3.25.3.1 Defintions of rubi rules used

Int[1/(Sqrtl[(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)1), x_Symbol] :> Int[
1/Sqrt[a*xc - bx(a - c)*x - b~2*x~2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+ d, 0] & GtQ[a + c, 0]

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_1 :> Simp[b*(c + d*x)"(n + D*((e + £*x)"(p + 1)/(d*fx(n + p + 2))),
x] + Simp[(a*d*fx(n + p + 2) - bx(d*ex(n + 1) + cxf*(p + 1)))/(d*fx(n + p

+ 2)) Int[(c + d*x)"nx(e + f*x)7p, x], x] /; FreeQ[{a, b, c, d, e, f, n,

p}, x] && NeQ[n + p + 2, 0]

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt

[a]l)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)~(p_), x_Symboll :> Simp[1/(2%cx (-4
‘(c/(b”2 - 4*a*xc)))"p)  Subst[Int[Simp[1 - x72/(b~2 - 4xaxc), x]°p, x], x,
‘b + 2%c*x], x] /; FreeQl{a, b, c, p}, x] & GtQ[4*a - b~2/c, 0]

3.25.4 Maple [C] (verified)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 1.54 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.89

method | result size
v—az+1z|( 2 csgn(a)\/—z(az—1)a—3arctan % csgn(a)

default | — ( - E==0) 70

Vvaz \/—z(az—1)a
\/E (_ ﬁﬁ(—a)% \/m_'_ ﬁ(—a)% ar;sin(\/a\/i) >
.. . @ a2 2y/z arcsin(v/a /)
meijerg T=avaz Jr + Javaz 86
3arctan (M) vaz(—az+1)
risch zlan_1)\/as(“aatl) | ool e 103
V—z(az—1)a v/az vV—az+1 2va2 /az /—az+1

Lint ((a*xx+1)/(a*x)~(1/2) /(—a*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

_ l4ax

3.25. [ —Lte_d
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OUtPHt‘-1/2*(—a*X+1)”(1/2)*x*(2*csgn(a)*(—x*(a*x—l)*a)“(1/2)—3*arctan(1/2*csgn(a)
L*(2*a*x-1)/(-x*(a*x-1)*a)“(1/2) ))*csgn(a)/(axx)~(1/2) / (-x*(a*x-1)*a)~(1/2)

3.25.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.16

1+ az vaxry/—ax + 1+ 3 arctan (‘/‘E— Va;“”l>
d

—_— m —_—
vazry/1 — ax a

input Lintegrate ((a*x+1)/(axx)~(1/2)/ (-a*x+1)~(1/2) ,x, algorithm="fricas")

output‘ -(sqrt(a*x)*sqrt(-a*x + 1) + 3*arctan(sqrt(a*x)*sqrt(-a*x + 1)/(a*x)))/a

3.25.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 2.69 (sec) , antiderivative size = 133, normalized size of antiderivative = 3.59

ltaz —iaCOSha(;/Eﬁ) - Zﬁ;/émi_l for |ax| > 1
=a
Vaz/I—az ax asin (ff) o2 vz ;
> + % \/_M e S otherwise
——%aCOSha(‘/aﬁ) for |az| > 1
2asin (Vavz) otherwise

a

inputLintegrate((a*x+1)/(a*x)**(1/2)/(-a*X+1)**(1/2),X)

output‘a*PieceWise((-I*acosh(sqrt(a)*sqrt(x))/a**2 - Ixsqrt(x)*sqrt(a*x - 1)/a*x*(
‘3/2), Abs(a*xx) > 1), (asin(sqrt(a)*sqrt(x))/a**2 + x**(3/2)/(sqrt(a)*sqrt(
‘—a*x + 1)) - sqrt(x)/(a*x(3/2)*sqrt(-a*x + 1)), True)) + Piecewise((-2*I*a
Lcosh(sqrt(a)*sqrt(x))/a, Abs(a*x) > 1), (2*asin(sqrt(a)*sqrt(x))/a, True))

N
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3.25.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.11

s 2a2z—a
1+ az i 3 arcsin <_T> /—a%22 + ax
_— ar = — —
vary/1l — ax 2a a

input‘integrate((a*x+1)/(a*x)“(1/2)/(-a*x+1)“(1/2),x, algorithm="maxima")

outputL—3/2*arcsin(—(2*a“2*x - a)/a)/a - sqrt(-a”2*x"2 + a*x)/a

3.25.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.76

1+az p vazy/—az + 1 — 3 arcsin (y/az)
- =  _dr=-
vaxry/1l —azx a

inputLintegrate((a*x+1)/(a*x)‘(1/2)/(-a*x+1)‘(1/2),x, algorithm="giac")

outputL—(sqrt(a*x)*sqrt(-a*x + 1) - 3%arcsin(sqrt(a*x)))/a

3.25.9 Mupad [B] (verification not implemented)

Time = 3.75 (sec) , antiderivative size = 118, normalized size of antiderivative = 3.19

vi—ar— axr axr /
2atan< vas ) 4atan<a( ! 1)> 2vas ___2(aa)*”

1+ ax do — Vi—az—1 _ JazvVaz B Vi—az-1  (yi—az-1)°
vazy/1 —azx a Va?

o (e +1)

input[int((a*x + 1)/ ~(1/2)% (1 - a%x)~(1/2)) ,%)

-/

output  (2xatan((a*x)~(1/2)/((1 - axx)~(1/2) - 1)))/a - (4*atan((ax((1 - axx)~(1/2
D = 1)/ ((a*x) " (1/2)%(a72) " (1/2))))/(a™2)"(1/2) - ((2*(a*x)~(1/2))/((1 - a
*x)7(1/2) - 1) = (2%(a¥x)7(3/2))/((1 - axx)"(1/2) - 1)78)/(a*((a*x)/((1 -
a*x)"(1/2) - 172 + 1)72)

ERI———.——.,
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3.26 [ —dz

3.26.1 Optimal result . . . . . . .. . . ... . ... 2301
3.26.2 Mathematica [B] (verified) . . . . . .. . ... . L o
3.26.3 Rubi [A] (verified) . . . . ... . .. ... 237
3.26.4 Maple [A] (verified) . .. ... .. ... .. o 238
3.26.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ..... 239
3.26.6 Sympy [C] (verification not implemented) . . ... .. ... ... ... ... 239
3.26.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 240
3.26.8 Giac [B] (verification not implemented) . . . . ... ... ... ... ... .. 2401
3.26.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 240

3.26.1 Optimal result

Integrand size = 26, antiderivative size = 29

/ 1+az dx = _Wlzar arcsin(1 — 2azx)
z/azy/1—azx Vvazr

-

OutputLarcsin(2*a*x—1)—2*(—a*x+1)“(1/2)/(a*x)‘(1/2)

~—

3.26.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 68 vs. 2(29) = 58.

Time = 0.09 (sec) , antiderivative size = 68, normalized size of antiderivative = 2.34

/ 1+ az . 2(—1 + az + 24/a+/z/1 — az arctan (%))
xTr =
zv/az\/1 — ax v/ —az(—1+ ax)

input\ Integrate[(1 + a*x)/(x*Sqrt[a*x]*Sqrt[1 - a*x]),x]

output‘(2*(—1 + axx + 2xSqrt[al*Sqrt[x]*Sqrt[1 - a*x]*ArcTan[(Sqrt[al*Sqrt[x])/(-
‘1 + Sqrt[1 - a*x])]1))/Sqrt[-(a*x*(-1 + a*x))]

326. [t —dx
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3.26.3 Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.48, number
of steps used = 6, number of rules used = 5, Bumber of rules _ 199 Ryjjes used = {8, 87,

integrand size
62, 1090, 223}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

l 8

/ ar +1 iz
(ax)3/24/1 — az

a< 1 dm_2\/1—ax>
vazry/1—ax av/ax
l 62
a / do — 2v1 —ax
vazr — a?x? a+/ax
l'1090
i %d(a — 2a2:c)
a—2a2z
al - 1—((172) B 241 —azx
a? av/az
l 993
s a—2a2%z
. _arcsm (T) ~ oI —az
a av/azx

e

input LInt [(1 + a*x)/(x*Sqrt[a*x]*Sqrt[1 - a*x]),x]

output [a* ((-2#Sqrt[1 - ax*x])/(a*Sqrt[a*x]) - ArcSin[(a - 2*a”2*x)/al/a)

~—

326. [t —dx



CHAPTER 3. LISTING OF INTEGRALS 238

3.26.3.1 Defintions of rubi rules used

rule 8 Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol] :> Simp[1/a”m  Int[u*(a*
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

rule 62 Int[1/(Sqrtl[(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]1), x_Symbol] :> Int[
1/8qrtla*c - bx(a - c)*x - b™2*x"2], x] /; FreeQ[{a, b, c, d}, x] && EqQ[b
+ d, 0] & GtQ[a + c, O]

rule 87 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(m_.)*((e_.) + (£_.)*(x_))"(p
_-), x_1 > Simp[(-(b*e - axf))*(c + d*x)"(n + 1)*((e + £xx)~(p + 1)/(£*x(p

+ 1)*(cxf - dxe))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx*(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x)"n*x(e + £*x)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Intege
rQlp] || !(IntegerQ[n] || !(EqQle, 0] || !(EqQlc, 0] || LtQlp, nl))))

rule 223 Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

rule 1090 Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[1/(2*c*(-4*
(c/ ("2 - 4xaxc))) p) Subst [Int [Simp[1 - x72/(b"2 - 4xa*c), x]7p, x], x,
b + 2%c*xx], x] /; FreeQl[{a, b, c, p}, x] && GtQ[4*a - b"2/c, 0]

3.26.4 Maple [A] (verified)

Time = 1.54 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.31

method | result size
meijerg 2\/5\/5&?2—:1(\/6\/@ — 2‘/\_/? 38
v/—az+1 ( arctan M az—2 csgn(a)y/—z(azx—1)a ) csgn(a)
default ( (2 e Ua) ) 69
Vaz \/—z(az—1)a
7%72 (= 4) Vaz(—az
risch 2oa—t) Jostaatn) | " <ﬁ> T s
V—z(az—1)avaz v/—az+1 Va2 \Jaz /—az+1

input lint ((a*x+1) /x/(a*xx)~(1/2)/(-a*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

326. [t —dx
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output‘2*a“(1/2)/(a*x)“(1/2)*x“(1/2)*arcsin(a“(1/2)*x“(1/2))—2*(—a*X+1)”(1/2)/(a*
Lx)“(1/2)

3.26.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 47 vs. 2(23) = 46.

Time = 0.24 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.62

/ 14+ az . 2 (ax arctan (m— ”a;”'”l> +Vazxy/—az + 1)
T =—
zv/ar\/1 — ax ax

input

integrate((a*x+1)/x/(a*x)~(1/2)/(-a*x+1)~(1/2) ,x, algorithm="fricas")

N

output ‘ -2* (a*x*arctan(sqrt (a*x) *sqrt (-a*x + 1)/(a*x)) + sqrt(a*x)*sqrt(-axx + 1))

V(a*")

3.26.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 3.44 (sec) , antiderivative size = 71, normalized size of antiderivative = 2.45

zv/az/1 — azx M otherwise ~2i,/1— L otherwise

inputLintegrate((a*x+1)/x/(a*x)**(1/2)/(-a*X+1)**(1/2),X)

output‘a*PieceWise((-2*I*acosh(sqrt(a)*sqrt(x))/a, Abs(a*xx) > 1), (2*asin(sqrt(a)
‘*sqrt(x))/a, True)) + Piecewise((-2*sqrt(-1 + 1/(a*x)), 1/Abs(a*x) > 1), (
‘—2*I*sqrt(1 - 1/(a*x)), True))

326. [t —dx
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3.26.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.41

/ 1+azx g — _2vV-d’z?taz aresin (_2a2x — a)
z+/azx\/1 — ax ax a

-

input Lintegrate ((a*x+1) /x/(a*x)~(1/2)/(-a*x+1)~(1/2) ,x, algorithm="maxima")

-/

output L—2*sqrt(—a‘2*x‘2 + axx)/(a*x) - arcsin(-(2*a"2*x - a)/a)

-/

3.26.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 51 vs. 2(23) = 46.

Time = 0.28 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.76

. a(v/—azx+1-1 axa
/ l+az 2aaresin (vaz) — Y 4 e
€Tr =
zv/azx\/1 —azx a

inputLintegrate((a*x+1)/x/(a*x)‘(1/2)/(-a*x+1)‘(1/2),x, algorithm="giac")

output ‘{(2*a*arcsin(sqrt (a*x)) - a*(sqrt(-a*x + 1) - 1)/sqrt(a*x) + sqrt(a*x)*a/(s
Lqrt(—a*x +1) - 1)/a

3.26.9 Mupad [B] (verification not implemented)

Time = 3.24 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.62

a(\/l—am—l)
/ 1+azx dp — 2vV1—azx 4aa,tan< N )
zr/ax\/1 — ax vazx Va2

input Lint((a*x + 1)/ (xx(a*x)~(1/2)*(1 - a*x)~(1/2)),x)

output‘— (2% (1 - a*x)~(1/2))/(a*x)~(1/2) - (4*a*atan((a*x((1 - a*x)~(1/2) - 1))/ ((
‘a*x)“(1/2)*(a”2)“(1/2))))/(a”2)“(1/2)

326. [t —dx
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3.27

3.27.1
3.27.2
3.27.3
3.27.4
3.27.5
3.27.6
3.27.7
3.27.8
3.27.9

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)

1+azx

x2\/ax\/1—aaz

dx

Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ..
Sympy [C] (verification not implemented) . . . .. ... ... ... ......
Maxima [A] (verification not implemented) . . . .. ... ... ... .....
Giac [B] (verification not implemented) . . ... ... ... ... ......
Mupad [B] (verification not implemented) . . . ... ... ... ... ....

3.27.1 Optimal result

Integrand size = 26, antiderivative size = 45

/

1+ ax

dz =

22 /ax\/1 — ax

2a+/1 — ax B 10av/1 — ax
3(ax)3/? 3vazx

2411
2411
242
249
249
2441
2441
249)
249)

-

output L—2/3*a*(—a*x+1)"(1/2)/(a*x)" (3/2)-10/3*ax (-axx+1)~(1/2)/(axx)~(1/2)

~—

3.27.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.64

1+azx

de =
/x%/ﬂ«l—ax ’

2y/—az(—1+ az)(1 + 5az)

3azx?

input tIntegrate [(1 + a*x)/(x"2xSqrt[a*x]*Sqrt[1 - a*x]),x]

outputL(—Z*Sqrt [-(a*xx*(-1 + a*x))]*(1 + 5*a*x))/(3*a*x"2)

3.27.

J

1+4ax
z2\/az\/1—azx

dz



input

output

rule 8

rule 48
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3.27.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.18, number

of steps used = 3, number of rules used = 3, Bumber of rules _ ( 115 Ryjes used = {8, 87,

' integrand size
48}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ ar+1 4
z2\/az\/1 — az
l 8
o2 / axr+1 da
(ax)5/24/1 — az

l 87
?(3 | Gt )

148

o2 _10\/1 —azr 2¢/1 —azx
3av/az 3a(az)3/?

{Int [(1 + axx)/(x~2*Sqrt[a*x]*Sqrt[1 - a*x]),x]

—

‘{a"2* ((-2xSqrt[1 - a*x])/(3*a*(a*x)~(3/2)) - (10*Sqrt[1 - ax*x])/(3*a*Sqrt[a
=)

3.27.3.1 Defintions of rubi rules used

Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol] :> Simp[1/a"m  Int [u*(a*
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] &% IntegerQ[m]

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((bxc - axd)*(m + 1))), x] /; FreeQ[{
a, b, c, d, m, n}, x] & EqQ[m + n + 2, 0] && NeQ[m, -1]

327 f #ﬁ_w d.’L'
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rule 87 Int[((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_] :> Simp[(-(bxe - axf))*(c + d*x)~(n + 1)*((e + £*xx)"(p + 1)/ (£x(p

+ Dx(cxf - d*e))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(£x(p + 1)*x(cxf - dx*e)) Int[(c + d*x)"n*x(e + £xx)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && LtQ[p, -1] && ( !LtQ[n, -1] || Intege
rQlp] Il !(IntegerQ[n] || !(EqQle, 0] Il !(EqQlc, 0] || LtQ[p, nl))))

3.27.4 Maple [A] (verified)

Time = 1.52 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.56

method | result size
gosper __2@az§;$%;ax+l 25
2v/—az+1 csgn(a)?(5az+1)
default | — 31;%/@7. 29
meijel‘g _ ZGJJF _ 2(2az;—\}zT \z/ ;a$+1 42
. 2y/az(—az+1) (5a?z2—4az—1)
risch 3v/az /—az+1lz\/—z(az—1)a 55

inputLint((a*x+1)/x‘2/(a*x)‘(1/2)/(—a*x+1)‘(1/2),x,method=_RETURNVERBDSE)

output L—2/3/x/(a*x) ~(1/2) * (5*ka*x+1) * (—a*xx+1) " (1/2)

-/

3.27.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.60

/ 1+ax dp — _2(5az +1)vazy/—az +1
r2/az\/1—ax 3 ax?

input‘integrate((a*x+1)/x”2/(a*x)”(1/2)/(-a*x+1)”(1/2),x, algorithm="fricas")

output L—2/3*(5*a*x + 1)*sqrt(a*xx)*sqrt(-a*x + 1)/(a*x"2)

327 f #ﬁ_w d.’L'
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3.27.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 2.66 (sec) , antiderivative size = 107, normalized size of antiderivative = 2.38

/ 1 1
dz =

a
2 —
x%/ax\/1 — az —2i./1— alm otherwise

_4a\/—1+£ B 2\/—1+$
3 3z

4ia\/1—ﬁ Qi\/l—ﬁ
- 3 - 3z

for L > 1

|az|

_+_

otherwise

-

input Lintegrate((a*x+1)/x**2/(a*x)**(1/2)/(—a*x+1)**(1/2) ,X)

~—

Output‘a*Piecewise((—2*sqrt(—1 + 1/(a*x)), 1/Abs(a*x) > 1), (-2xIxsqrt(l - 1/(a*x
‘)), True)) + Piecewise((-4*axsqrt(-1 + 1/(a*x))/3 - 2xsqrt(-1 + 1/(a*x))/(
‘3*X), 1/Abs(a*x) > 1), (-4*Ixaxsqrt(l - 1/(a*x))/3 - 2xI*sqrt(l - 1/(a*x))
/(3%x), True))

—

3.27.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.93

/ 14 ax dm__lox/—a2x2+ax_2\/—a2x2+ax
z2\/ax\/1 — ax 3z 3azr?

input Lintegrate ((axx+1)/x72/(a*x)~(1/2) / (—a*x+1)~(1/2) ,x, algorithm="maxima")

~—

output

-10/3*sqrt(-a”2*x"2 + a*x)/x - 2/3*sqrt(-a"2*x"2 + a*x)/(a*x"2)

N\

327 f #ﬁ_w d.’L'
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3.27.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 88 vs. 2(33) = 66.

Time = 0.29 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.96

9, 2la(v—az¥1-1)2 3
21a?(V=aasFl-1) (“ + z )(‘”)j

a2(\/?—i?;1—1)3 n

/ l+az de — — (az)2 Vaz (\/—am+1—1)3
22 /ax\/1 — ax 12a

inputLintegrate((a*x+1)/x“2/(a*x)“(1/2)/(—a*x+1)“(1/2),x, algorithm="giac")

output‘—1/12*(a‘2*(sqrt(-a*x + 1) - 1)73/(a*x)~(3/2) + 21*a~2*(sqrt(-a*x + 1) - 1
‘)/sqrt(a*x) - (2”2 + 21xax(sqrt(-a*x + 1) - 1)72/x)*(a*x)~(3/2)/(sqrt(-a*x
‘ +1) - 1)73)/a

3.27.9 Mupad [B] (verification not implemented)

Time = 3.38 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.53

/ 1+ax dp — Vi—az (1082 +2)
r2y/az\/1—azx z+/azx

inputtint((a*x + 1)/ (x"2x(axx) " (1/2)*(1 - a*x)~(1/2)),x)

output L-((l - axx)~(1/2)*((10*a*x) /3 + 2/3))/(xx(a*xx)~(1/2))

327 f #ﬁ_w d.’L'
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3.28 = \/i_;L;_ax dz

3.28.1 Optimal result . . . . . . . . . . .. . . 246}
3.28.2 Mathematica [A] (verified) . . . . . . . ... .. .. L 240
3.28.3 Rubi [A] (verified) . . . . . ... .. ... 247
3.28.4 Maple [A] (verified) . ... ... ... . ... 248
3.28.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 249
3.28.6 Sympy [C] (verification not implemented) . . ... ... ... ... ..... 249]
3.28.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 250
3.28.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 2501
3.28.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .. ... 251]
3.28.1 Optimal result
Integrand size = 26, antiderivative size = 73
/ 1+ az g — _2d°V/1—az 6a’V/1-az 12d°V1-ax
wazy1l—az 5(ax)b/? 5(azx)3/2 5./ax
output ‘/-2/5*a‘2*(-a*X+1)‘(1/2)/(a*x)‘(5/2)-6/5*a‘2*(—a*x+1)‘(1/2)/(a*X)“(3/2)-12/ \‘
5xam2x(-axx1) " (1/2)/ (ax0) " (1/2) )

3.28.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.51

/ 1+ ax dp — _2y/—az(-1+ az)(1 4 3az + 6a’z?)
waz/1—ax bax3

/

input | Integrate[(1 + a*x)/(x"3*Sqrt[a*x]*Sqrt[1 - axx]),x]

~—

-

output L(—2*Sqrt [-(a*x* (-1 + a*x))]*(1 + 3%akx + 6%a~2%x~2))/(5%a*x"3)

~—/

328. [ a%—ds
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3.28.3 Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.12, number

of steps used = 4, number of rules used = 4, Bumber of rules _ ¢ 154 Ryjes ysed = {8, 87,
integrand size
55, 48)

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ar+1 4
z3y/az\/1 — az
l 8

& / az +1 da
(ax)"/24/1 — az

l’87
3(2/ TR e im )

| 55

48
- (9 (_4@ 25@) zm>

5 3av/az  3a(ax)¥?)  ba(az)/?

input ‘ Int[(1 + a*xx)/(x"3xSqrt[a*x]*Sqrt[1 - a*x]),x]

output ‘/a"B* ((-2#Sqrt[1 - axx])/(5*a*x(a*x)~(5/2)) + (9x((-2xSqrt[1 - a*x])/(3*ax(a
*x)7(3/2)) - (4xSqrtll - a*x])/(3*a*Sqrtla*x])))/5)

328. [ a%—ds



rule 8

rule 48

rule 55

rule 87

input
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3.28.3.1 Defintions of rubi rules used

Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol]l :> Simp[1/a”m  Int[ux(a*
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((bxc - axd)*(m + 1))), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] & EqQ[m + n + 2, 0] && NeQ[m, -1]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*(S
implify[m + n + 2]/((b*c - a*xd)*(m + 1))) Int[(a + b*x) Simplify[m + 1]*(
c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && ILtQ[Simplify[m + n +
2], 0] &% NeQ[m, -1] && !(LtQ[m, -1] && LtQ[n, -1] && (EqQla, 0] || (NeQl
c, 0] & LtQ[m - n, 0] &% IntegerQ[n]))) && (SumSimplerQ[m, 1] || !SumSimp
lerQ[n, 11)

Int[(Ca_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_1 :> Simp[(-(b*e - axf))*(c + d*x)~(n + 1)*((e + £xx)"(p + 1)/ (£x(p

+ 1)*(cxf - dxe))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x) n*x(e + £*x)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Intege
rQlp]l Il !(IntegerQ[n] || !(EqQle, 0] Il !'(EqQlc, 0] || LtQlp, nl))))

3.28.4 Maple [A] (verified)

Time = 1.51 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.45

method | result Size
gosper | — 2\/?+15 9(062% +3az+1) 23
default | —2Y=oet °Sg;‘$i;g“2“’2+3w+1) a7
risch 2%(&;&25 —_zlz;z—ﬁ 63

Lint ((axx+1)/x"3/(a*x)~(1/2) / (—a*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

328. [ a%—ds




CHAPTER 3. LISTING OF INTEGRALS 249

output | -2/5/x2/ (a*x) ™ (1/2) % (-a*x+1) " (1/2) * (6%a 2xx"2+3xa*x+1)

3.28.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.48

/ 1+ ax 2(6a%z? + 3azx + 1)y/az\/—azx + 1
x3\/ax/1 — aac 5az3

inputLintegrate((a*x+1)/x‘3/(a*x)‘(1/2)/(—a*x+1)‘(1/2),x, algorithm="fricas")

B
outputL—Q/S*(G*a‘Z*x‘2 + 3*axx + 1)*sqrt(a*x)*sqrt(-a*x + 1)/(a*x~3)

~—

3.28.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 3.56 (sec) , antiderivative size = 189, normalized size of antiderivative = 2.59

N ETs Ty

/ 14+ azx dr = a - 3 - 3z for |am| > 1
11’1'3\/%5‘\/1—@5C Mmu_ﬁ 2iy/1- L .
— -5 otherwise

@ SGJK 2/~1+ L

522 for o > 1
161a2\/: Sza\/: 2i\/1- &

5x2

+

otherwise

input | integrate((a*x+1)/x**3/(a*x)**(1/2)/(~axx+1)**(1/2) ,x)

output | axPiecewise ((-4*axsqrt(-1 + 1/(a*x))/3 - 2*sqrt(-1 + 1/(a*x))/(3*x), 1/Abs
(a*x) > 1), (-4*Ixa*sqrt(l - 1/(a*x))/3 - 2xI*sqrt(l - 1/(a*x))/(3*x), Tru
e)) + Piecewise((-16*a**2*xsqrt(-1 + 1/(a*x))/15 - 8*axsqrt(-1 + 1/(a*x))/(
16%x) - 2*sqrt(-1 + 1/(a*x))/(5*x**2), 1/Abs(a*x) > 1), (-16*%Ixa**2xsqrt(1l
- 1/(a*x)) /156 - 8xI*xa*sqrt(l - 1/(ax*x))/(15%x) - 2%Ixsqrt(l - 1/(a*x))/(5
*x**2) , True))

3.28. [ ﬁ\‘}”ﬁd
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3.28.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.85

/ 1+ ax i — 12v/—a222 + aza 6+v—a2x2+ax 2v—a2z?+azx
z3+\/ax\/1 — ax - S5z 5 2 5az3
inputLintegrate((a*x+1)/x‘3/(a*x)‘(1/2)/(-a*x+1)‘(1/2),X, algorithm="maxima") J

output‘—12/5*sqrt(—a‘2*x“2 + a*x)*a/x - 6/5*sqrt(-a”2*x"2 + a*x)/x"2 - 2/5*xsqrt(-
‘a“2*x‘2 + ax*xx)/(axx"3) ‘

3.28.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 130 vs. 2(55) = 110.

Time = 0.30 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.78

/ 1+az p
xTr =
z3+\/ax\/1 — ax
15&2(\/?4’1—1)2 110“(\/%—1)4 5
03(\/@—1)5 + 15a3(\/m_1)3 + 110a® (vV—az+1-1) _ (a3+ z + 22 )(aa;)?
(ax)% (aa:)% Vazr (\/m—l)s

80a

-

input Lintegrate ((a*x+1)/x~3/(a*x) ~(1/2) / (-a*x+1)~(1/2) ,x, algorithm="giac")

-/

output‘—1/80*(a‘3*(sqrt(—a*x + 1) - 1)°5/(a*x)~(5/2) + 15*%a~3*(sqrt(-a*x + 1) - 1
\)‘3/(a*x)‘(3/2) + 110*a"3*(sqrt(-a*x + 1) - 1)/sqrt(a*x) - (2”3 + 15xa”~2x(
‘sqrt(—a*x + 1) - 1)72/x + 110*a*(sqrt(-a*x + 1) - 1)74/x"2)*(axx)~(5/2)/(s
‘qrt(—a*x +1) - 1)75)/a

-/

328. [ a%—ds
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3.28.9 Mupad [B] (verification not implemented)

Time = 3.37 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.44

1202 z2 6ax 2
/ l+taz Vl—W(TJF 5 +3>
r = —
z3y/az\/1 — ax z?\ax

input Lint((a*x + 1)/ (x"3*(a*xx) " (1/2)*(1 - a*x)~(1/2)),x)

output L—((i - a*x) " (1/2)*((6*a*xx)/5 + (12*%a~2%x~2)/5 + 2/5))/(x~2x(a*xx)~(1/2))

328. [ a%—ds
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3.29.1 Optimal result

Integrand size = 26, antiderivative size = 97

2a3v/1 — azx B 26a%v/1 — azx B 104a3/1 — az B 208a3v/1 — ax

1+ ax

/ r4y/az\/1 — ax

dz

7(az)7/? 35(ax)5/2 105(az)3/? 105+/ax

output ‘(—2/7*a‘3* (—a*x+1)~(1/2) / (a*x) ~(7/2) -26/35*a~3* (—a*xx+1) ~(1/2) / (a*xx) ~(5/2)-1
‘ 04/105%a~3* (-a*x+1)~(1/2) / (a*x) ~(3/2)-208/105%a~3* (-a*x+1) ~(1/2) / (axx) ~(1/

\2)

————————

3.29.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.46

/

1+azx

z4\/ax\/1 — ax

dzr =

_2y/=az(=1+ az)(15 + 39az + 52a°z” + 104a’z®)
105az*

-

input LIntegrate [(1 + a*x)/(x"4*Sqrt [a*xx]*Sqrt[1 - a*x]),x]

-/

output‘ (-2%Sqrt [-(a*xx* (-1 + a*x))]*(15 + 39%a*x + 52*a~2*x"2 + 104*a~3*x"3))/(105

‘*a*x‘4)

N J

3.29.

J

1+4ax
z4\/az\/1—azx

dz



input LInt [(1 + a*x)/(x"4*Sqrt[a*xx]*Sqrt[1 - a*x]),x]
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3.29.3 Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.14,
number of steps used = 5, number of rules used = 5, Lumber of rules _ ( 199 Ryles used

integrand size
= {8, 87, 55, 55, 48}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ar+1 4
z4/az\/1 —az
l 8

a4/ az +1 iz
(ax)%24/1 — az

l 87
4<173/ LY errae m)

l 48

-

~—

output ‘ a~4*((-2#Sqrt[1 - axx])/(T*xa*x(a*x)~(7/2)) + (13x((-2xSqrt[1 - a*x])/(5*ax( ‘

‘a*x)A(5/2)) + (4% ((-2*Sqrt[1 - axx])/(3*ax(a*x)~(3/2)) - (4*Sqrt[1 - a*x]) ‘
/(3*axSqrt [a*x1)))/5))/7) |

329. [ 2%—ds



rule 8

rule 48

rule 55

rule 87

input
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3.29.3.1 Defintions of rubi rules used

Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol] :> Simp[1/a"m
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

Int [u*x(ax*

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((bxc - axd)*(m + 1))), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] & EqQ[m + n + 2, 0] && NeQ[m, -1]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*(S
implify[m + n + 2]/((b*c - a*xd)*(m + 1))) Int[(a + b*x) Simplify[m + 1]*(
c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && ILtQ[Simplify[m + n +
2], 0] &% NeQ[m, -1] && !(LtQ[m, -1] && LtQ[n, -1] && (EqQla, 0] || (NeQl
c, 0] & LtQ[m - n, 0] &% IntegerQ[n]))) && (SumSimplerQ[m, 1] ||
lerQ[n, 11)

! SumSimp

Int[(Ca_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_1 :> Simp[(-(b*e - axf))*(c + d*x)~(n + 1)*((e + £xx)"(p + 1)/ (£x(p

+ 1)*(cxf - dxe))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x) n*x(e + £*x)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Intege
rQlp]l Il !(IntegerQ[n] || !(EqQle, 0] Il !'(EqQlc, 0] || LtQlp, nl))))

3.29.4 Maple [A] (verified)

Time = 1.55 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.42

method | result size
2v/—az+1 (104a®x3+520222+39az+15)

gosper | — 053 s 41
2v/—az+1 csgn(a)? (104a3z3+52a%22 +39az+15)

default | — 1052 oz 45

. 2/az(—az+1) (104a*z*—52a323—13a222—24az—15
risch ( 1 ) 71
105+/az v/—az+123\/—z(az—1)a
.. 2a(%a2m2+%az+l)\/—am+l 2(%@32334-%a2m2+gaz+1)\/—am+1
meyerg | — 5\ax x2 - 7 ax 3 75

Lint ((axx+1)/x"4/ (a*x)~(1/2) / (—a*x+1) ~(1/2) ,x,method=_RETURNVERBOSE)

1+4ax

i Jazy/1—az dx

329. [
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output | -2/105/x73/ (a*x)~(1/2)* (-a*x+1) " (1/2) * (104xa~3%x"3+52%a~2%x " 2+39%a*x+15)

3.29.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.44

/ 1+ ax i — _2(104a%z® 4 52a’z* + 39 ax + 15)/azy/—az + 1
whary/1—ax 105 ax*

inputLintegrate((a*x+1)/x‘4/(a*x)‘(1/2)/(—a*x+1)‘(1/2),x, algorithm="fricas")

p
output\ -2/105%(104*a~3%x~3 + 52*a~2*x"2 + 39*a*x + 15)*sqrt(a*x)*sqrt(-a*x + 1)/(
La*x‘4)

3.29.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 5.00 (sec) , antiderivative size = 274, normalized size of antiderivative = 2.82

/ 1+ax dx
z*\/az\/1 — ax
16a%\/-1+L sa\/l-;-ﬁ B 2\/—1+£ for 1 =1

15 5x2 laz|

=a
16ia2,/1—L  8iay/1—-L 24, /1--L )
- E - \1/5? - \é; otherwise
1 1 1 1
B e R i i R S U
+ 35 35x 3512 T3 |az|
a2i\[1- L 16ia?\/1-%  12ia/1-L  2/1-% herwi
o 35 - 35z — 5 T 73 otherwise

input | integrate((a*x+1)/x**4/(a*x)**(1/2)/(~axx+1)**(1/2) ,x)

329. [ 2%—ds
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output a*Piecewise((-16*a**2xsqrt(-1 + 1/(axx))/15 - 8+*a*sqrt(-1 + 1/(a*x))/(15%x
) - 2xsqrt(-1 + 1/(a*x))/(5*x**2), 1/Abs(a*x) > 1), (-16%Ixax*2*sqrt(l - 1

/(a*x)) /15 - 8*I*a*sqrt(l - 1/(axx))/(16*x) - 2xIxsqrt(l - 1/(a*x))/(B*x**

2), True)) + Piecewise((-32*a**3*sqrt(-1 + 1/(a*x))/35 - 16*a*x2xsqrt(-1 +
1/(a*x))/(36*x) - 12*axsqrt(-1 + 1/(a*x))/(35*x**2) - 2*sqrt(-1 + 1/(a*x)
)/ (T*x**3), 1/Abs(a*x) > 1), (-32xI*a**3*sqrt(l - 1/(a*x))/35 - 16%xI*a**2x
sqrt(1 - 1/(a*x))/(35%x) - 12xI*axsqrt(l - 1/(a*x))/(35*x**2) - 2*I*sqrt(l
- 1/(a*x) )/ (7*x**3), True))

3.29.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.87

/ 1+ ax p 208 v/ —a2z2 + axa® 104+/—a222 + aza
r=— —

z4/ax\/1 — ax 105z 105 z2
—a?z? + ax 2 v —a?z? + ax
35 3 7 axt
inputLintegrate((a*x+1)/x“4/(a*x)”(1/2)/(-a*x+1)”(1/2),x, algorithm="maxima" J

output‘—208/105*sqrt(—a‘2*x“2 + a*x)*a”2/x - 104/105*%sqrt(-a~2*x"2 + a*x)*a/x"2 -
| 26/35%sqrt(-a”2%x"2 + a*x)/x"3 - 2/T+sqrt(-a~2+x"2 + a*x)/(a*x"4)

3.29.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 175 vs. 2(73) = 146.

Time = 0.29 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.80

/ 1+azx do —
z*y/axv/1 — ax
a3 (v=az¥1-1)2
15a4(v—az+1-1)" | 231a*(vV—az+1-1)° | 1435a*(v—az+1-1)® | 7875a%(v/—azFi-1) (15 ot PO 10
7 + 5 + 3 + -
(a2)? (a2)? (a2)? vaz (

6720 a

input  integrate((a*x+1)/x~4/(a*x)~(1/2)/(-a*x+1)~(1/2),x, algorithm="giac")

329. [ 2%—ds
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output -1/6720%(156%a~4*(sqrt(-a*x + 1) - 1)77/(axx)~(7/2) + 231*a~4*x(sqrt(-a*x +
1) - 1)°5/(a*xx)~(5/2) + 1435xa~4*(sqrt(-axx + 1) - 1)73/(a*x)~(3/2) + 7875
*a~4x(sqrt(-a*x + 1) - 1)/sqrt(a*x) - (15%a~4 + 231*xa”3*(sqrt(-a*x + 1) -
1)72/x + 1435*%a~2*(sqrt(-a*x + 1) - 1)74/x"2 + 7875%a*(sqrt(-a*x + 1) - 1)
~6/x"3)*(a*x)~(7/2)/(sqrt(-a*x + 1) - 1)°7)/a

3.29.9 Mupad [B] (verification not implemented)

Time = 3.08 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.41

208 a3 23 104 a2 2 26 2
/ 1+ ax p Vl—aa:( T T 3gw+7>
x:
z4y/ax\/1 — ax z3\/azx

input‘int((a*x + 1)/ (x"4x(axx)~(1/2)*(1 - a*x)~(1/2)),x)

output‘ -((1 - a*x)~(1/2)*((26*a*x) /35 + (104*a~2*x~2)/105 + (208*a~3*x~3)/105 + 2
/T (x3% (a*x) " (1/2))

329. [ 2%—ds



output‘—2/9*a‘4*(—a*x+1)“(1/2)/(a*x)‘(9/2)—34/63*a‘4*(—a*x+1)A(1/2)/(a*X)A(7/2)-6
\8/105*a‘4*(—a*x+1)‘(1/2)/(a*x)‘(5/2)—272/315*a‘4*(—a*x+1)‘(1/2)/(a*x)‘(3/2
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3.30.1 Optimal result

Integrand size = 26, antiderivative size = 121

/

l+es _ 2'I—as_3a'vI-az _68a'vi-az
z5y/az\/1 — ax 9(ax)%/? 63(azx)7/2 105(ax)>/2
272a*\/1 —ax  544a*v/1 —az
~ 315(az)3?  315\aw

\)—544/315*a*4*(—a*x+1)*(1/2)/(a*x)‘(1/2)

3.30.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.44

/

1+ azx

dr —
z5y/ax\/1 — ax o

2/ —az(—1+ az)(35 + 85azx + 102a*z? + 136az3 + 272a’z*)

315ax5

input LIntegrate [(1 + a*x)/(x~5*Sqrt[a*x]*Sqrt[1 - a*x]),x]

output‘ (—2xSqrt [-(a*x*(-1 + a*x))]1*(35 + 8b*xa*x + 102*a”2%x"2 + 136%a~3%x"3 + 272

N

*a”~4%x74))/(315*%a*x”~5)

3.30.

J

1+4ax
z%\/az\/1—azx

dz

E— ~—




inputtlnt[(l + axx)/(x"5*Sqrt [a*xx]*Sqrt[1 - a*x]),x]
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3.30.3 Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.16,
number of steps used = 6, number of rules used = 6, Lumber of rules _ ( 937 Ryjleg used

integrand size
= {8, 87, 55, 55, 55, 48}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ ar +1
z%/az\/1 — aa:
| 8

/ ar +1 e
(ax)/2\/1 — ax

l 87
“5<17/ (aw)gﬂm m)

| 55

(G0 - Y- 58) ) -

l48

output ‘ a~5x((-2*Sqrt[1 - a*x])/(9%a*(a*x)~(9/2)) + (17*((-2*Sqrt[1 - a*xx])/(7*a*(

‘a*x)“(7/2)) + (6% ((-2+Sqrt[1 - a*x])/(5xa*x(a*x)~(5/2)) + (4*((-2*Sqrt[1 -
‘a*x])/(B*a*(a*x)‘(3/2)) - (4xSqrtl1 - axx])/(3*axSqrt[a*x]1)))/5))/7))/9)

330. [ msx/%%d



rule 8

rule 48

rule 55

rule 87
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3.30.3.1 Defintions of rubi rules used

Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol]l :> Simp[1/a”m  Int[ux(a*

x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp
[(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((bxc - axd)*(m + 1))), x] /; FreeQ[{
a, b, ¢, d, m, n}, x] & EqQ[m + n + 2, 0] && NeQ[m, -1]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*(S
implify[m + n + 2]/((b*c - a*xd)*(m + 1))) Int[(a + b*x) Simplify[m + 1]*(
c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && ILtQ[Simplify[m + n +
2], 0] &% NeQ[m, -1] && !(LtQ[m, -1] && LtQ[n, -1] && (EqQla, 0] || (NeQl
c, 0] & LtQ[m - n, 0] &% IntegerQ[n]))) && (SumSimplerQ[m, 1] ||
lerQ[n, 11)

! SumSimp

Int[(Ca_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
_.), x_1 :> Simp[(-(b*e - axf))*(c + d*x)~(n + 1)*((e + £xx)"(p + 1)/ (£x(p

+ 1)*(cxf - dxe))), x] - Simp[(axd*f*(n + p + 2) - b*(d*ex(n + 1) + cxfx(p

+ 1)))/(fx(p + 1)*(c*f - dxe)) Int[(c + d*x) n*x(e + £*x)~(p + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && LtQ[p, -1] && ( 'LtQ[n, -1] || Intege
rQlp]l Il !(IntegerQ[n] || !(EqQle, 0] Il !'(EqQlc, 0] || LtQlp, nl))))

3.30.4 Maple [A] (verified)

Time = 1.56 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.40

method | result size
2v/—az+1 (272a*z*+13603z3+102a% 2% +850x+35)

gosper | — TN 49
2v/—az+1 csgn(a)? (272a*z*+136a32°+102a222+85az+35)

default | — 3T5aTvan 53

risch 2y/az(—az+1) (272a52°—136az*—34a32® —17a%22 —50az—35) 79

315y/az /—az+1z4\/—z(az—1)a
meijerg . 2a(15—6a3m3+%a2z2+gam+1) v—az+1 _ 2(%a‘lm‘l—}-%a3m3+%a2m2+$am+l)\/—az+l 91
7v/azx 3 9v/az z*

input Lint ((axx+1)/x"5/(a*x)~(1/2) / (-a*x+1)~(1/2) ,x,method=_RETURNVERBOSE)

330. [

z%\/az\/1—azx

1+4ax d[L‘
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output \ -2/315/x74/ (a*x) = (1/2) * (-a*x+1) 7 (1/2) * (272*a~4*x"4+136%a~3*x"3+102%a"2%x"2
L+85*a*x+35)

3.30.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.42

/ ltaz . _ 2 (272 a*z* + 136 323 + 102 a®z? + 85 az + 35)v/az/—az + 1
oy/ary/1 —ax 315 axd

p
input Lintegrate ((a*x+1) /x75/(a*x) ~(1/2) / (—a*xx+1)~(1/2) ,x, algorithm="fricas")

~—/

output‘—2/315*(272*a‘4*x‘4 + 136%a”3*x"3 + 102*a~2*x"2 + 85*%a*x + 35)*sqrt(a*x)*s
‘qrt(—a*x + 1)/ (a*x”5)

/)

3.30.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 8.14 (sec) , antiderivative size = 359, normalized size of antiderivative = 2.97

/ 1+azx d
X
z°%\/ax+\/1 — ax
1/—1+H 16a2,/—1+ L 12a/-1+L 2¢/-1+L
35z - - 7z3

5522 for — |aw| >1
=a
_32ia®\/1-L 16ia®\/1-% 12ia\/1—£ 2i/1-L i
— T T 3 otherwise
4 1 3 / 1 2/ 1 / 1 / 1
_256(1 _1+E _ 128a _1+H _ 32a _1+E _ 16a _1+H _ 2 _1+E for > 1
+ 315 315z 10522 63z3 9z |aa:|
. 4 1 - 3 1 s 2 1 : 1 . 1
_2seiaty/1-L 128ia®\[1-L s2ia®\/1- 16iay/1-L  2i/1-F otherwise
315 315z 10522 632° 927

inputLintegrate((a*x+1)/x**5/(a*x)**(1/2)/(—a*x+1)**(1/2),x)

330. [ m5\/(%-\a/?md
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output  axPiecewise((-32*a**3*sqrt(-1 + 1/(a*x))/35 - 16xax*2*xsqrt(-1 + 1/(a*x))/(
35%x) - 12%a*sqrt(-1 + 1/(a*xx))/(35*x**2) - 2xsqrt(-1 + 1/(axx))/(T*x**3),
1/Abs(a*x) > 1), (-32xIkax*3*sqrt(l - 1/(a*x))/35 - 16xI*kax*2*sqrt(l - 1/
(a*x))/(35%x) - 12xIka*xsqrt(l - 1/(a*x))/(35*x**2) - 2*I*sqrt(l - 1/(a*x))
/(7T*x*x3), True)) + Piecewise((-256*a**4*sqrt(-1 + 1/(a*x))/315 - 128*ax*3
xsqrt (-1 + 1/(a*xx))/(315%x) - 32*ax*2xsqrt(-1 + 1/(a*xx))/(105*x**2) - 16%*a
*sqrt (-1 + 1/(a*x))/(63*x**3) - 2*sqrt(-1 + 1/(a*x))/(9*x**4), 1/Abs(a*x)
> 1), (-256%Ixa*x4*sqrt(l - 1/(a*x))/315 - 128*I*xa**3*sqrt(l - 1/(a*x))/(3
16%x) - 32*%Ixa**x2xsqrt (1 - 1/(axx))/(105*x**2) - 16xI*a*xsqrt(l - 1/(a*x))/
(63*x*x3) - 2xI*sqrt(l - 1/(a*x))/(9*x**4), True))

3.30.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.88

L/ 1+ az p _MAV—&%%%M&__W2V—M#4%M&

z°%\/azx+\/1 — ax = 315z 315 x2
68 v —a?z? +azra 34vV—a?z?>+ax 2v—a’x?+azx
105 z3 63 x4 9 axb
inputLintegrate((a*x+1)/x“5/(a*x)“(1/2)/(—a*x+1)‘(1/2),x, algorithm="maxima") J

e B

-544/315*sqrt(-a~2%x"2 + a*x)*a~3/x - 272/315*%sqrt(-a”~2*x"2 + a*x)*a~2/x"2
‘ - 68/105*sqrt(-a”2*x"2 + a*x)*a/x"3 - 34/63*sqrt(-a~2*x"2 + a*x)/x"4 - 2/
Lg*sqrt(—a‘Z*x“2 + a*x)/(a*xx"5) J

output

3.30.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 217 vs. 2(91) = 182.

Time = 0.29 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.79

/‘ 1+azx do —
x’y/axy/1 — ax
3505 (v—az+1-1)° | 585a5(v—az+1-1)" |, 4032a°(v—az+i—1)° | 17640a5(v/—az+1-1)° | 83790a°(v/—az+1—1) (35
(a2) 3 * (az)? i (az) * (a2) i Vaz -

80640 a

3.30. f #ﬁ_w d.’L'
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input‘integrate((a*x+1)/x”5/(a*x)”(1/2)/(—a*x+1)“(1/2),x, algorithm="giac")

output | -1/80640%* (35%xa~5*(sqrt(-a*xx + 1) - 1)79/(a*x)~(9/2) + 585*a”~bx(sqrt(-a*x +

1) - 1)°7/(a*x)~(7/2) + 4032*a"bx(sqrt(-a*x + 1) - 1)75/(a*xx)~(5/2) + 176
40*a~5*(sqrt(-a*x + 1) - 1)73/(a*x)~(3/2) + 83790*%a"~5x(sqrt(-a*x + 1) - 1)
/sqrt(a*x) - (35%a”5 + 585%a~4*(sqrt(-a*xx + 1) - 1)72/x + 4032*a"3*(sqrt(-
axx + 1) - 1)74/x"2 + 17640*a"2x(sqrt(-a*x + 1) - 1)76/x"3 + 83790*a*(sqrt
(-axx + 1) - 1)78/x74)*(a*x)~(9/2)/(sqrt(-a*xx + 1) - 1)79)/a

3.30.9 Mupad [B] (verification not implemented)

Time = 3.10 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.40

— 544a*2* | 272a%23 68 a? 22 34az | 2
/ 1+ ax vl az( 355 1t 35 t 105 T 6 19
= —
z5\/az\/1 — ax zty/azx

inputtint((a*x + 1)/ (x"5%(a*x) ~(1/2)*(1 - a*x)~(1/2)),x)

e

output

—((1 - a*xx)~(1/2)*((34%a*x)/63 + (68*a~2%x~2)/105 + (272%a~3%x~3)/315 + (5
‘44*&“4*x‘4)/315 + 2/9))/ (x~4*(a*x) "~ (1/2))

3.30. f #ﬁ_w d.’L'
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—1+2azx

3.31 f V—1+z22\/1+z dz

3.31.1 Optimal result . . . . . . . . . .. . . 264
3.31.2 Mathematica [A] (verified) . . . . . . . . ... .. L 264
3.31.3 Rubi [A] (verified) . . . . . ... ... 265
3.31.4 Maple [A] (verified) . .. . ... . ... .. 260
3.31.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... . 267l
3.31.6 Sympy [C] (verification not implemented) . . . . ... ... ... ... ... .. 267
3.31.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 268
3.31.8 Giac [A] (verification not implemented) . . . ... ... ... ... ..... 268
3.31.9 Mupad [B] (verification not implemented) . . . .. .. ... ... ...... 2691

3.31.1 Optimal result

Integrand size = 24, antiderivative size = 39

—1+ 2ax

V=1+zy1+z
V-1+z22\/1+z Te

T

+ 2a arctan <\/—1 + V14 x)

output L2*a*arctan( (-1+x) 7 (1/2) * (1+x) 7 (1/2) ) - (-1+x) ~(1/2) *(1+x) " (1/2) /x

3.31.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.95

—1+ 2ax

V-1+z22\/1+z

dz =

_\/—1+x\/1—|—x
T

+ 4a arctan (

—1+x
1+2x

)

input LIntegrate [(-1 + 2*a*x)/(Sqrt[-1 + x]*x~2*Sqrt[1 + x]),x]

output L—((Sqrt [-1 + x]*Sqrt[1 + x])/x) + 4*a*xArcTan[Sqrt[(-1 + x)/(1 + x)]1]

3.31.

J

—1+2ax
vV=1+zz2\/1+z

dz
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3.31.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 4, Bumber of rules _ () 167 Ryjles used = {168,

integrand size
27, 103, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2ax — 1 d
Vo —1z2y/z +1
l 168

/ 2a do — ve—1y/x+1
vr—1lzv/z+1 T

l 27
2a/ 1 dx_\/x—l\/:c+1
vr—1lzy/z+1 x

l 103

Ve—1Jz +1

2a/ (:c—l)(a:1—|— 1)+1d<mm) B %
l 216

vV —14/ 1
2a arctan <\/ac — 1V + 1) - %

input‘ Int[(-1 + 2%a*x)/(Sqrt[-1 + x]*x~2+Sqrt[1 + x]),x]

-

output L-((Sqrt [-1 + x]*Sqrt[1 + x])/x) + 2*axArcTan[Sqrt[-1 + x]*Sqrt[1 + x]]

3.31.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symboll :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] J

—1+2ax

| —



rule 103

rule 168

rule 216
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*((e_.) + (£_.)*(x_
), x_]1 :> Simp[b*f  Subst[Int[1/(d*(b*e - axf)~2 + b*f"2xx"2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, £}, x] &% EqQ[2xbxd
xe - fx(b*c + a*d), 0]

Int[(Ca_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_)) (@ )*((e_.) + (£_.)*(x_)
) (p)*((g_.) + (W_.)*(x_)), x_]1 :> Simp[(b*g - a*h)*(a + b*x)"(m + 1)*(c +
d*x)"(n + 1)*((e + £*x)"(p + 1)/((m + 1)*(b*xc - axd)*(b*xe - a*xf))), x] + S
imp[1/((m + 1)*(b*c - axd)*(b*e - a*f)) Int[(a + b*x)"(m + 1)*(c + d*x)"n
*(e + fxx) p*Simp[(axd*f*xg - bx(d*e + c*f)*g + bkckxexh)*(m + 1) - (b*xg - a*
h)*(d*xex(n + 1) + cxf*x(p + 1)) - dxfx(b*g - a*h)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && ILtQ[m, -1]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

3.31.4 Maple [A] (verified)

Time = 1.58 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.13

method | result size
—2az arctan 1 —Vz2-1)v/—1+z/1+z
default ( ( = ;1\2952 — ) 44
ch =il 2a arctan(\/ﬁ) vV (=14z)(1+z) 47
risc z W e

input Lint ((2*%a*x-1)/x"2/(-1+x)~(1/2) / (1+x)~(1/2) ,x ,method=_RETURNVERBOSE)

-/

output \ (-2*a*x*arctan(1/(x"2-1)"(1/2))-(x"2-1)"(1/2) ) * (-1+x) " (1/2) *(1+x) ~(1/2) /x/

N\

(x72-1)"(1/2)

—1+2ax
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3.31.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.03

-1+ 2azx _ 4 gx arctan (\/x +1vVr—1-— x) —Vr+lvr—1—=x

T
V-=1+z22\/1+=x z

inputLintegrate((2*a*x-1)/x”2/(-1+x)‘(1/2)/(1+x)“(1/2),x, algorithm="fricas")

output‘(4*a*x*arctan(sqrt(x + D*sqrt(x - 1) - x) - sqrt(x + D*sqrt(x - 1) - x)/
E

3.31.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 22.40 (sec) , antiderivative size = 117, normalized size of antiderivative = 3.00

35 3
G>3 Z?Z’l 17175 1
“Wosl13 953 o |&
—1+2ax 29477 402
= 3
vV=1+zz3\/1+=zx o2
113
. G2’6 07Za§7171a]— e2im
16,6 13 0.1 1
414 12129
+ 3
27?2
5 7 3 3
Go3 1l 2’2’2L
661158379 o |°
Y4929 49
+ 3
472
13413531 A
ZG2’6 27477240 9 e2im
6.0 35 11,1,0] *
47 4 29 4y
+ 3
42

inputLintegrate((2*a*x-1)/x**2/(-1+x)**(1/2)/(1+x)**(1/2),X)

—1+2ax
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output | ~a*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
xxk(=2))/(2*pix*(3/2)) + I*a*meijerg(((0, 1/4, 1/2, 3/4, 1, 1), O), ((1/4
, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*Ixpi)/x**2)/(2*pi**(3/2)) + meijerg
(((5/4, 7/4, 1), (3/2, 3/2, 2)), (1, 5/4, 3/2, 7/4, 2), (0,)), x*x*x(-2))/(
4xpi**(3/2)) + I*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1), O), ((3/4, 5/4), (1
/2, 1, 1, 0)), exp_polar(2*I*pi)/x**2)/(4*pi**(3/2))

3.31.7 Maxima [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.54

2 —1

T

-1+ 2ax
vV-1+z22/1+z

1
dxr = —2 aarcsin (—) —

]

-

input integrate((2*a*x-1)/x72/(-1+x)~(1/2)/(1+x)~(1/2) ,x, algorithm="maxima")

N\

output‘—2*a*arcsin(1/abs(x)) - sqrt(x”2 - 1)/x

3.31.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.10

—1+ 2ax
x
V=1+z22\/1+2x

= —4 g arctan <% <\/x+ 1—+vx— 1)2) — (

8
Vi+l—vz—1)'+4

input  integrate((2*%a*x-1)/x72/(-1+x)~(1/2)/(1+x)~(1/2) ,x, algorithm="giac")

N\

output‘—4*a*arctan(1/2*(sqrt(x + 1) - sqrt(x - 1))72) - 8/((sqrt(x + 1) - sqrt(x
‘- 1))74 + 4)

—1+2ax
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3.31.9 Mupad [B] (verification not implemented)

Time = 4.57 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.67

—1+ 2ax do — vr—1y/x+1

V—1+zz2/1+z x
N S A N AV L S AN
(1 ((\/—m+1—1)2+1> 1 (m-J)z

inputtint((2*a*x - 1)/ (x2%(x - 1)°(1/2)*(x + 1)~(1/2)),%)

e

output

- ax(log(((x - 1)7°(1/2) - 1i)"2/((x + 1)7(1/2) - 1)"2 + 1) - log(((x - 1)~
‘(1/2) - 11)/((x + 17(/2) - 1)))*2i - ((x - 1)7(1/2)*(x + 1)7(1/2)) /x

—1+2ax
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—(1—ax)?

3.32 f \/ 1+x:1:2\/1+x dz

3.32.1 Optimal result . . . . . . .. . ... . 27700
3.32.2 Mathematica [A] (verified) . . . . . .. .. ... .. Lo oL 270
3.32.3 Rubi [A] (verified) . . . . . . ... 271]
3.32.4 Maple [A] (verified) . .. ... .. ... .. 272
3.32.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 273
3.32.6 Sympy [C] (verification not implemented) . . ... .. ... ... ...... 273
3.32.7 Maxima [A] (verification not implemented) . . ... ... ... ... ... .. 274
3.32.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 2741
3.32.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 275

3.32.1 Optimal result

Integrand size = 36, antiderivative size = 39

a’r? — (1 — ax)? V-1+zy/1+x
der = — + 2aarctan (V—-14+2vV1+2x
vV=1+z22\/1+2z T <\/ v )

output [Q*a*arctan( (-1+x) 7 (1/2) * (1+x) 7 (1/2) ) - (-1+x) ~(1/2) *(1+x) " (1/2) /x

-/

3.32.2 Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.95

222 — (1 — 2 -1 1 -1
a*z” ( az) dz:—\/ +av +z+4aarctan< +z>

vV-1+zz2/1+z x 1+z

"2 - (1 - axx)72)/(Sqrt[-1 + x]*x"2xSqrt[1 + x]),x]

output‘ -((8qrt[-1 + x]*Sqrt[1 + x])/x) + 4*axArcTan[Sqrt[(-1 + x)/(1 + x)]] ‘

a?x?—(1—azx)?
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3.32.3 Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00, number

of steps used = 6, number of rules used = 5, Bumber of rules _ () 139 Ryles used = {206,

integrand size
168, 27, 103, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

a’z? — (1 — ax)?

d
vV —1z2y/z +1 v
l 206
2ar — 1 da
vV —1z2/z +1
l 168
/ 2a do — ver—1y/x+1
vr—1lzv/z+1 T
l 27
2a/ 1 dw_\/:v—lx/:cﬁ-l
vr—1lzy/z+1 x
l 103
1 ve—1y/x+1
2a/ G-+t 1d<\/fv - 1lvVz + 1) -

l 216

vV —14/ 1
2a arctan <\/ac — 1V + 1) - %

input ‘

Int[(a”™2*x"2 - (1 - a*x)"2)/(Sqrt[-1 + x]*x"2xSqrt[1 + x]),x]

r

output L

-((Sqrt[-1 + x]*Sqrt[1 + x])/x) + 2*axArcTan[Sqrt[-1 + x]*Sqrt[1 + x]]

| —

a?x?—(1—azx)?
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3.32.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 103 | Int[1/(Sqrt[(a_.) + (b_.)*(x_)]*Sqrtl[(c_.) + (d_.)*(x_)1*((e_.) + (f_.)*(x_
))), x_1 :> Simp[b*f Subst [Int [1/(d*(b*e - axf)~2 + b*f~2*x~2), x], x, Sq
rt[a + b*x]*Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[2*b*d
xe - fx(bxc + axd), 0]

rule 168 Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (A_.)*(x_))"(m_)*((e_.) + (£f_.)*(x_)
)-(p)*((g_.) + (W_.)*(x_)), x_]1 :> Simp[(b*g - a*h)*(a + b*x)"(m + 1)*(c +
d*x)~(n + 1)*((e + £*x)"(p + 1)/((m + 1)*(b*c - axd)*(b*e - axf))), x] + S
imp[1/((m + 1)*(b*c - axd)*(bxe - a*f)) Int[(a + b*x)"(m + 1)*(c + d*x)"n
*(e + fxx) p*Simp[(axd*f*xg - bx(d*e + c*f)*g + bxckxexh)*(m + 1) - (b*xg - a*
h)*(d*ex(n + 1) + cxfx(p + 1)) - d*f*(b*g - axh)*(m + n + p + 3)*x, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && ILtQ[m, -1]

rule 206 | Int[(u_) " (m_.)*(v_)"(n_.)*(w_)~(p_.)*(z_)"(q_.), x_Symbol] :> Int[ExpandToS
um[u, x] m*ExpandToSum([v, x] n*ExpandToSum[w, x] p*ExpandToSum[z, x]~q, x]
/; FreeQ[{m, n, p, q}, x] && LinearQ[{u, v, w, 2z}, x] && !LinearMatchQ[{u,

v, W, z}, x]

rule 216 /Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]1*(x/Rtl[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

3.32.4 Maple [A] (verified)

Time = 5.34 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.13

method | result size
—2azarctan| —t— | —vz2—1 |v/=1+zv1+z
default ( ( /e — )x2 — ) 44
. N e e 2a arctan( \/z]éi—l) vV (=14z)(1+z)
risch — - — e /iTe 47

a?x?—(1—azx)?
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input | int ((a~2*x"~2-(-a*xx+1)~2)/x~2/(-1+x)~(1/2)/(1+x)~(1/2) ,x,method=_RETURNVERB
0SE)

output | (-2*a*x*arctan(1/(x"2-1)"(1/2))-(x"2-1)"(1/2))*(-1+x)~(1/2)*(1+x)~(1/2) /x/
(x72-1)"(1/2)

3.32.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.03

a’z? — (1 — ax)? q 4azarctan (Vz+1vVz —1—z) -z +1yo—1—z
xTr =

V-1+z22/1+z T

input  integrate((a”2*x"2-(-a*x+1)~2)/x"2/(-1+x)~(1/2)/(1+x)~(1/2) ,x, algorithm="
fricas")

output | (4xa*x*arctan(sqrt(x + 1)*sqrt(x - 1) - x) - sqrt(x + 1)*sqrt(x - 1) - x)/
x

N\

3.32.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 30.94 (sec) , antiderivative size = 117, normalized size of antiderivative = 3.00

35 3
G5 Dl 11,5 1
Py134153 0 |®
a’z? — (1 — ax)? 22412
= - 3
V=1+z22/1+2x o2
113
. GQ,G 0’1757171a1 e2im
1066 13 0.11¢
404 12729
+ 3
2m2
57 3 3
G5 Dl 2’2’2L
“\1,3,372 o |
Y49 29 49
+ 3
42
13153
-G2,6 5’171771’571 e2im
oo 38 11,10 "
471 27+
+ 3
42

a?x?—(1—azx)?
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input \ integrate ((a**2xx*x2-(-a*x+1)**2) /x**2/ (-1+x) ** (1/2) / (1+x) **(1/2) ,x)

output | —a*meijerg(((3/4, 5/4, 1), (1, 1, 3/2)), ((1/2, 3/4, 1, 5/4, 3/2), (0,)),
x*x(-2))/(2%pi**(3/2)) + I*a*meijerg(((0, 1/4, 1/2, 3/4, 1, 1), ()), ((1/4
, 3/4), (0, 1/2, 1/2, 0)), exp_polar(2*I*pi)/x**2)/(2*pi**(3/2)) + meijerg
(((5/4, 7/4, 1), (3/2, 3/2, 2)), (1, 5/4, 3/2, 7/4, 2), (0,)), x*x*x(-2))/(
4xpi**(3/2)) + I*meijerg(((1/2, 3/4, 1, 5/4, 3/2, 1), O), ((3/4, 5/4), (1
/2, 1, 1, 0)), exp_polar(2*I*pi)/x**2)/(4*pi**(3/2))

3.32.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.54

2.2

a’r? — (1 — ax)? (1 72 —1
dr = —2aarcsin | — | —
V-1+z22/1+z || x

input ‘ integrate ((a~2*x"2-(-a*x+1)"2)/x~2/(-1+x)~(1/2)/ (1+x)~(1/2) ,x, algorithm="
‘maxima")

outputL—2*a*arcsin(1/abs(x)) - sqrt(x”2 - 1)/x

3.32.8 Giac [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.10
a’z? — (1 — ax)?
V=1+zz2/1+ 2
1 2
= —4 g arctan (— (\/z—|— 1—+Vz— 1) ) —
2 (

dz

8
\/1'—|—1—\/:c—1)4+4

input | integrate ((a~2*x~2-(-a*x+1)~2)/x~2/(-1+x)~(1/2)/(1+x)~(1/2) ,x, algorithm="
giac")

output | -4*a*arctan(1/2*(sqrt(x + 1) - sqrt(x - 1))72) - 8/((sqrt(x + 1) - sqrt(x
-1))74 + 4)

a?x?—(1—azx)?
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3.32.9 Mupad [B] (verification not implemented)

Time = 6.01 (sec) , antiderivative size = 444, normalized size of antiderivative = 11.38

a’z? — (1 — ax)?
V=1+zz2\/1+=x

ve—1-i) . o 1024 g8
=aqaln —m 2i — a“ atan 1024 s 1024 . ab (m_i) 1024i (m 1) 10241
o ¢ e +° Va+i-1
+ 1024 a8
1024 a® + 102447 + 2 <% )110241 4 wj;l 1)110241

a® (Vo —1—1) 1024

(Vz+1-1) (1024 a5 + 1024 a7 + T LII @ (ool >10241>

B a” (Vz —1—1i) 1024i
)

(VaF1-1) (10240° + 102407 4 SLEDI0 | (o100

J“* 1 Vz+l-1
5 (Va—1-i)

4 (Varl 1)2+-

+ a® acosh(z) —

—aln<(‘/m_i)2 1) g VE—l-i
4

+
(Vz+1-1)° (Vz+1-1) (Va1 )3+ Va1

(Vz+1-1) Vz+i-1

input [int(-((a*x - 1)72 - a”2xx72) /(x"2x(x - 1)7(1/2)*(x + 1)7(1/2)),%)

~—/

output axlog(((x - 1)7(1/2) - 1i)/((x + 1)7(1/2) - 1))*2i - a~2*atan((1024%a~6)/(
1024*a~5 + 1024*a”7 + (a~6*%((x - 1)~(1/2) - 1i)*1024i)/((x + 1)~(1/2) - 1)
+ (a™8*((x - 1)7(1/2) - 1i)*1024i)/((x + 1)~(1/2) - 1)) + (1024*a~8)/(102
4*a~5 + 1024*a”7 + (a”6*%((x - 1)~(1/2) - 1i)*1024i)/((x + 1)~(1/2) - 1) +

(@ 8*((x - 1)7(1/2) - 1i)*1024i)/((x + 1)~(1/2) - 1)) - (a5*((x - 1)~ (1/2
) - 1i)*1024i)/(((x + 1)~(1/2) - 1)*(1024*a~5 + 1024*a~7 + (a~6*x((x - 1)~ (
1/2) - 1i)*10241)/((x + 1)7(1/2) - 1) + (a™8*((x - 1)7(1/2) - 1i)*10241)/(
(x + 1)7(1/2) - 1))) - @ 7*x((x - 1)7(1/2) - 1i)*10241)/(((x + 1)~(1/2) -

1)*(1024*a~5 + 1024%a”7 + (a~6*x((x - 1)7(1/2) - 1i)*1024i)/((x + 1)~(1/2)

- 1) + (a™8*((x - 1)7(1/2) - 1i)*1024i)/((x + 1)~(1/2) - 1))))*4i - axlog(
(x - 1)°(1/2) - 1i)72/((x + 1)7(1/2) - 1D"2 + 1*2i - ((x - 1)°(1/2) - 1i
)/ (4*x((x + 1)7(1/2) - 1)) + a~2*xacosh(x) - ((5x((x - 1)~(1/2) - 1i)"2)/(4*
(x + 1)°(/2) - 1D°2) + 1/4)/(((x - 1)°(1/2) - 1i)73/((x + 1)~(1/2) - 1)~
3+ ((x-1"(1/2) - 1i)/x + 1)°(1/2) - 1))

a?x?—(1—azx)?
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3.33 A+ Bz dz
/ Varba e+ XELHT o YoLtels

3.33.1 Optimal result . . . . . . ... ... .. 2776
3.33.2 Mathematica [C] (verified) . . . . . . .. . .. ... oo 276
3.33.3 Rubi [A] (verified) . . . . . . .. .. 27T
3.33.4 Maple [B] (verified) . . . ... ... ... 2791
3.33.5 Fricas [C] (verification not implemented) . . . . . .. ... ... ... .... 230
3.33.6 Sympy [F] . . . . . 28]
3.33.7 Maxima [F] . . . . . . 28]
3.33.8 Giac [F(-2)] « v v e 28]
3.33.9 Mupad [F(-1)] . . . . o

3.33.1 Optimal result
Integrand size = 45, antiderivative size = 145
/ A+ Bz
dz
\/a—l—bx\/c—l— W\/e—l- W
20°/2BE (arcsin <—V1_C z“*bm> ﬂ)

Va 1—c
- b2y —c(l—e)
2/a(aBe + A(b — be)) BllipticF (arcsin (VI=oethr ) 1)
_+_
b2/1—c(1—e)

output}-z*a“(3/2)*B*EllipticE((1-c)*(1/2)*(b*x+a)*(1/2)/a*(1/2),((1-e)/(1—c))‘(1/
‘2))/b‘2/(1-e)/(1-c)‘(1/2)+2*(a*B*e+A*(-b*e+b))*EllipticF((1—c)“(1/2)*(b*x+
\a)‘(1/2)/a‘(1/2),((1—e)/(1-c))‘(1/2))*a*(1/2)/b*2/(1—e)/(1—c)“(1/2)

3.33.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

3.33. A+ dz
M\/C‘f‘ b(—l:—c)m \/e+ b(—l:—e)z




input

output
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Time = 16.59 (sec) , antiderivative size = 309, normalized size of antiderivative = 2.13

/ A+ Bz
dr =
M\/C‘i‘ b(—la—}-c)z \/€+ b(—la—i—e)z

- et o [ Titetatts
za,B(—1+e)\/ —T e E

2 V %—m(a + b$)3/2 —-B V —la-l—c (_1 tc+ a—:—lbx) (_1 te+ a—:—lbx) - va+bz

Integrate[(A + Bxx)/(Sqrt[a + bxx]*Sqrtlc + (b*(-1 + c)*x)/al*Sqrtle + (bx
(-1 + e)*x)/al),x]

(-2#Sqrt[a/(-1 + c)]*(a + b*x)~(3/2)*(-(B*Sqrt[a/(-1 + c)I*(-1 + c + a/(a
+ b*x))*(-1 + e + a/(a + b*x))) - (I*a*Bx(-1 + e)*Sqrt[(-1 + ¢ + a/(a + b*
x))/(-1 + c)]1*Sqrt[(-1 + e + a/(a + b*x))/(-1 + e)]*EllipticE[I*ArcSinh[Sq
rt[a/(-1 + c)]/Sqrtla + b*x]], (-1 + c)/(-1 + e)])/Sqrt[a + bxx] + (Ix(a*B
*c + Ax(b - bxc))*(-1 + e)*Sqrt[(-1 + ¢ + a/(a + b*x))/(-1 + c)]*Sqrt[(-1
+ e + a/(a + bxx))/(-1 + e)]*EllipticF[I*ArcSinh[Sqrt[a/(-1 + c)]/Sqrt[a +
b*x]], (-1 + ¢c)/(-1 + e)])/Sqrt[a + b*x]))/(axb~2*(-1 + e)*Sqrtlc + (b*(-
1 + c)#*x)/al*Sqrtle + (b*(-1 + e)*x)/al)

3.33.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.96,

number of steps used = 3, number of rules used = 3, Bumber of rules _ , 467 Ryles used
integrand size

— {176, 123, 129}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Bz
dr
\/a+—ba:\/ bl c\/ Bezl)z | ¢
l 176
/e_ b(l—e)z
aB [ a dz
aBe LA / 1 do — \/a-i—bx\/c—@
b— be (1o T b(1—e)
va+bxy/c— a e— =

3.33. A+Bs

dx
f m\/c_i_b(—l:-c)m \/e+b(—1a+e)z
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( aBe N A) / 1 p 2a43/2BE (arcsin (vl—f[\;a+bz> |%)
Btk T —
b — be \/a—l-—bx\/c _ b(l;c)z \/6 _ b(l;e)z b2y/1 — C(l - 6)

2@(;3; + A) EllipticF (arcsin (%@) , E) B 243/2BE (arcsin (FCT@) |%)

bv1l—c b2v/1—c(1 —e)

input Int[(A + Bxx)/(Sqrt[a + b*x]*Sqrt[c + (b*(-1 + c)*x)/al*Sqrtle + (b*(-1 +
e)*x)/al) ,x]

output | (-2*a~(3/2)*B*EllipticE[ArcSin[(Sqrt[1 - c]l*Sqrt[a + b*x])/Sqrtl[all, (1 -
e)/(1 - ¢c)])/(b~2%Sqrt[1 - cI*(1 - e)) + (2xSqrtl[al*(A + (axBxe)/(b - b*e)
)*E1lipticF[ArcSin[(Sqrt[1 - cl*Sqrtl[a + b*x])/Sqrt[al]l, (1 - e)/(1 - ©)])
/(bxSqrt[1 - c])

3.33.3.1 Defintions of rubi rules used

rule 123 | Int [Sqrt[(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
01D, x_1 :> Simp[(2/b)*Rt [-(b*e - a*f)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(bxc - axd)/d, 2]]1, £*x((bxc - a*d)/(dx(bxe - a*f)))], x] /; FreeQ[{a,

b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*e - axf), 0] && !L
tQ[-(bxc - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - axd
), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 0])

rule 129 Int[1/(Sqrt[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_ ) + (f_.)*(x
1), x_]1 :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -

axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(bxc - axd)/b, 0] &% GtQ
[(b*e - a*f)/b, 0] && PosQ[-b/d] && !(SimplerQ[c + d*x, a + b*x] && GtQ[(d
xe - cxf)/d, 0] && GtQ[-d/b, 0]) && !(SimplerQ[c + d*x, a + bxx] && GtQ[((
-b)*e + axf)/f, 0] && GtQ[-f/b, 0]) && !(SimplerQ[e + f*x, a + b*x] && GtQ
[((-d)*e + cxf)/f, 0] && GtQ[((-b)*e + axf)/f, 0] && (PosQ[-f/d] || PosQ[-f
/b1))

3.33. A+ dz
M\/C‘f‘ b(—l:—c)m \/e+ b(—l:—e)z




rule 176

input

output
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Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtl[a + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

3.33.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 603 vs. 2(127) = 254.

Time = 5.52 (sec) , antiderivative size = 604, normalized size of antiderivative = 4.17

method | result

oy | 2RI e ar ([ 5ot ([ DG [t (2

1+Tg_c
F
(J “5Cite

a a a

elliptic

\/(bz+a)(bczﬂc_gz)(be”“_bz) b(=14e) b1\ 51y Tate=D) \ "Be=D T b \ B(=ite) b=

a \/b3052m3 + 3b2fle 22 _ b31:2:t3 _ b3eza:3 +3bcex 2b2c 22 _ 2b2e 22 + b3
a

a

3
329 +ace—bcx—
a

int ((B*x+A)/(b*x+a)~(1/2)/(c+b*(c-1)*x/a)~(1/2) / (e+bx(-1+e) *x/a)~(1/2) ,x,m
ethod=_RETURNVERBOSE)

2% (A*xE1lipticF(((c-1)*(b*exx+axe-b*x)/a/(c-e))~(1/2), ((c-e)/(c-1))~(1/2))*
b*c*e-A*xE11ipticF (((c-1)* (b*e*x+axe-b*x)/a/(c-e))~(1/2), ((c-e)/(c-1))"(1/2
)) #b*e~2-BxE1llipticF (((c-1) * (b*exx+axe-b*x) /a/(c-e))~(1/2),((c-e)/(c-1))~(
1/2))*axc*e+B*E1lipticF(((c-1)* (b*e*x+a*e-b*x)/a/(c-e))~(1/2),((c-e)/(c-1)
)~ (1/2))*axe”2-A*E11lipticF(((c-1)*(bxe*x+a*e-b*x)/a/(c-e))~(1/2), ((c-e)/(c
-1))7(1/2) ) *b*c+A*E1lipticF (((c-1)* (bxexx+a*e-b*x) /a/(c-e))~(1/2), ((c-e)/(
c-1))~(1/2)) *bxe+B*E1lipticF (((c-1) * (b*exx+axe-b*x)/a/(c-e))~(1/2), ((c-e)/
(c-1))~(1/2) ) *axc-B*E1llipticF (((c-1) * (bxe*x+axe-b*x) /a/(c-e))~(1/2), ((c-e)
/(c-1))~(1/2))*a*e-B*xE1lipticE(((c-1)* (b*xexx+a*e-b*x)/a/(c-e))~(1/2), ((c-e
)/ (c-1))~(1/2))*a*c+BxE1lipticE(((c-1) * (bxexx+a*e-b*x)/a/(c-e))~(1/2), ((c-
e)/(c-1))~(1/2))*axe) * (- (-1+e) * (bkcxx+a*xc-b*x) /a/(c-e)) ~(1/2) * (- (b*x+a) * (-
1+e)/a)~(1/2)*((c-1) * (bxexx+axe-b*x) /a/(c-e)) ~(1/2)*a/ (b*x+a)~(1/2) / ((b*c*
x+axc-b*x)/a)~(1/2) / ((b*e*xx+a*e-b*x)/a)~(1/2)/(-1+e)~2/(c-1) /b~2

3.33. At+Bo dz
f m\/c_i_b(—l:-c)m \/e+b(—1a+e)z
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3.33.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.10 (sec) , antiderivative size = 1228, normalized size of antiderivative = 8.47

A+ B
/ +or dxr = Too large to display

input integrate((B*x+A)/(b*x+a)~(1/2)/(c+bx(-1+c)*x/a)~(1/2)/(e+bx(-1+e)*x/a)~ (1
/2) ,x, algorithm="fricas")

output | -2/3*%((B*xa~3 - 3*A*a~2%b - (2%B*a~3 - 3xA*a~2*b)*c - (2*%B*a~3 - 3*A*a~2*b
- 3%x(B*a~3 - A*a~2%b)*c)*e)*sqrt(-(b"3*%c - b"3 - (b"3*c - b~3)*e)/a"2)*wei
erstrassPInverse(4/3*(a”"2*%c”2 + a™2%e”2 - a™2*c + a"2 - (a"™2%c + a~2)*xe)/(
b~2%c”2 - 2xb"2%c + (b72*%c”2 - 2%xb"2%c + b"2)*e"2 + b"2 - 2% (b"2*xc"2 - 2%b
“2xc + b~2)*e), 4/27x(2*%a"3*c”3 + 2*a~3*e"3 - 3*a”~3*%c”2 - 3*a”3%c + 2%a”~3
- 3x(a"3%c + a"3)*e”2 - 3*%(a"3*c”2 - 4*a~3*c + a~3)*e)/(b"3*c”3 - 3*b"3xc”
2 + 3%b~3%c - (b~3%c”3 - 3%b~3%c”2 + 3*%b"3*c - b"3)*e”3 - b~3 + 3*x(b~3%c"3
- 3*b"3%c”2 + 3*b"3*%c - b"3)*e”2 - 3*(b"3*c"3 - 3*b"3*%c”2 + 3*b"3*%c - b~3
Yxe), 1/3%(2%a*c - (3*a*c - 2xa)*e + 3*x(bxc - (b*c - b)*e - b)*x - a)/(b*c
- (b*c - b)*e - b)) - 3*(B*a"2%b*c - B*a"2xb - (B*a"2*b*c — B*a~2#*b)*e)*s
qrt(-(b"3*xc - b~3 - (b~3%c - b~3)*e)/a"2)*weierstrassZeta(4/3*(a"2%c”2 + a
“2%e”2 - a"2%c + a”2 - (a"2*%c + a~2)*e)/(b"2*%c”2 - 2xb"2*c + (b"2*%c"2 - 2%
b~2%c + b"2)*e”2 + b"2 - 2% (b"2%c"2 - 2*%b"2xc + b"2)*e), 4/27*(2*xa~3*c"3 +
2%a"3%e"3 - 3*a~3*c”2 - 3*a"3*c + 2*¥a~3 - 3*(a"3*%c + a"3)*e”2 - 3*(a"3*c”
2 - 4xa~3xc + a~3)*e)/(b"3*%c”3 - 3*b"3*c”2 + 3*b~3*kc - (b~3*%c~3 - 3*b"3*c”
2 + 3%b"3*%c - b"3)*e”3 - b~3 + 3*(b"3*c"3 - 3*b"3*%c”2 + 3*%b"3*kc - b"3)*e"2
- 3%(b"3*%c”3 - 3%b~3%c~2 + 3*b~3%c - b~3)*e), weierstrassPInverse(4/3%(a”
2%xCcT2 + a"2*xe”2 - a"2%c + a”2 - (a”2*c + a~2)*e)/(b"2*c"2 - 2*b"2xc + (b"2
*C"2 - 2%b72%c + bT2)*e”2 + b"2 - 2%(b"2%c"2 - 2%b"2%c + b~2)*xe), 4/27*x(2%
a"3*c”3 + 2*%a”"3%e"3 - 3*%a"3%c”2 - 3*a"3xc + 2*%a"3 - 3*%(a"3*%c + a~3)*e”2...

3.33. At+Bo dz
f m\/c_i_b(—l:-c)m \/e+b(—1a+e)z
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3.33.6 Sympy [F]

A+ Bx A+ Bzx
dx = dx
\/a+bw\/c+@\/e+w \/a+bx\/c+”f7m—%\/e+b%’”—bf

input | integrate ((Bxx+A) / (b*x+a)**(1/2)/ (c+bx (-1+c)*x/a)**(1/2) / (e+bx (-1+e) *x/a) *
*(1/2) ,%)

output | Integral ((A + B*x)/(sqrt(a + bxx)*sqrt(c + b*c*x/a - b*x/a)*sqrt(e + bke*x
/a - b*x/a)), x)

3.33.7 Maxima [F]

/ A+ Bz dx—/ Br+ A s
\/a+bx\/c+ W\/e—l-@ \/bx+a\/@+c\/b(e;1)w +e

input  integrate ((B*x+A)/(b*x+a)~(1/2)/(ct+bx(-1+c)*x/a)~(1/2)/(e+b*(-1+e)*x/a)~ (1
/2) ,x, algorithm="maxima"

output | integrate((Bxx + A)/(sqrt(b*x + a)*sqrt(b*(c - 1)*x/a + c)*sqrt(b*(e - 1)*
x/a + e)), x)

3.33.8 Giac [F(-2)]

Exception generated.

A+ B
/ + e dxr = Exception raised: RuntimeError
1/a’+bx\/c+ w\/e_F w

input | integrate ((Bxx+A)/ (b*x+a) ~(1/2)/(c+b*(-1+c)*x/a)~(1/2) / (e+b*(-1+e)*x/a) " (1
/2) ,x, algorithm="giac")

output | Exception raised: RuntimeError >> an error occurred running a Giac command
: INPUT : sage20UTPUT :Recursive assumption sageVARx>=(-sageVARa) ignoredsym2p
oly/r2sym(const gen & e,const index_m & i,const vecteur & 1) Error: Bad Ar

gument Value

3.33. At+Bo dz
f m\/c_"_b(—l:-c)z \/e+b(—1a+e)z




CHAPTER 3. LISTING OF INTEGRALS 282

3.33.9 Mupad [F(-1)]

Timed out.

/ A+ Bz / A+ Bzx
dx = dz
Va+bx¢o+i%?EV%+ﬂj;ﬁ ¢E+E%ji¢e+z%?QVa+bx

input int((A + B*x)/((c + (b*x*(c - 1))/a)~(1/2)*(e + (b*x*(e - 1))/a)~(1/2)*(a
+ b*x)~(1/2)),x)

output  int ((A + B*x)/((c + (b*x*x(c - 1))/a)~(1/2)*(e + (bxxx(e - 1))/a)~(1/2)*(a
+ b*x)~(1/2)), %)

3.33. A+Bs dz
f m\/c‘f‘ b(—l:—c):v \/e+ b(—l:—e)z
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3.34 —— dzx
Va+bz/c+dz e—I—W

3.34.1 Optimal result . . . . . . . . . ... . 283]
3.34.2 Mathematica [C] (verified) . . . . . . . . ... . L 234
3.34.3 Rubi [A] (verified) . . . . . . .. .. 284
3.34.4 Maple [B] (verified) . . . . ... . ... 287l
3.34.5 Fricas [C] (verification not implemented) . . . . . . . ... ... ... ....
3.34.6 Sympy [F] . . . . . 289
3.34.7 Maxima [F] . . . . . . . . 289
3.34.8 Giac [F] . . . o o 289
3.34.9 Mupad [F(-1)] . . . . o o 2901

3.34.1 Optimal result

Integrand size = 39, antiderivative size = 221

/ A+ Bz i

\/a+bx\/c+dx\/e+w

b(ctdz) . Vdv/a+bz (bc—ad)(1—e)
2aB\/—bc + ady/ F—= E(arcsm <\/—bc+ad> |- >

v2V/d(1 — e)v/c + dx
2v/a(aBe + A(b — be))/ % EllipticF (arcsin (mf”a “+bz> ,— (bc_a‘(‘i‘)i(l_e)>
b2(1 —e)3/2v/c+ dx

+

output | 2% (a*B*e+A* (-b*e+b) ) *E1llipticF((1-e)~(1/2)*(b*x+a)~(1/2)/a~(1/2),(-a*d/(-a
*d+bxc)/(1-e))~(1/2) ) *a~ (1/2) * (b* (d*x+c) / (-a*d+b*c)) ~(1/2) /b~2/(1-e)~(3/2)
/ (d*xx+c) ~(1/2)-2*a*B*+E1llipticE(d~(1/2) * (b*x+a) ~(1/2)/(a*xd-bxc)~(1/2), (-(-a
*d+bxc)*(1-e)/a/d) ~(1/2) ) * (a*d-b*c) ~ (1/2) * (b* (d*x+c) / (~a*d+b*c) ) ~(1/2) /b"2
/(1-e)/d~(1/2)/(d*x+c)~(1/2)

3.34. AtBe dx
/ Vatbay/edey e+ ULt
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3.34.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 19.24 (sec) , antiderivative size = 312, normalized size of antiderivative = 1.41

/ A+ Bx

dx =
va +bxvc+dzy/e+ w

cTrax 1+s+a T —14e c—a —

1+e (C+d$)(ae+b( 1+e)x) de\/ Zga—:—zw; \/ —1+e = E(z&l‘CSlIlh( j—:z )l(b da)c(l .

3/2
2\/1—+6(a + ba:) / — (atb2)2 Va+bx

ab%dv/c+dzy/e + b(_%

-

input | Integrate[(A + Bxx)/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + (bx(-1 + e)*x)/a
D ,x]

output | (-2*Sqrt[a/(-1 + e)]*(a + b*x)~(3/2)*(-((b*xB*Sqrt[a/(-1 + e)]*(c + d*x)*(a
xe + bkx(-1 + e)*x))/(a + bxx)~"2) - (I*axBxd*Sqrt[(b*(c + d*x))/(d*(a + b*x
))1*Sqrt[(-1 + e + a/(a + b*x))/(-1 + e)]*EllipticE[I*ArcSinh[Sqrt[a/(-1 +
e)]/Sqrtla + b*x]], ((bxc - axd)*(-1 + e))/(a*d)])/Sqrtla + b*x] + (Ixdx*(
a*Bxe + Ax(b - bxe))*Sqrt[(b*(c + d*x))/(d*(a + b*x))]1*Sqrt[(-1 + e + a/(a
+ b*x))/(-1 + e)]*EllipticF[I*ArcSinh[Sqrt[a/(-1 + e)]/Sqrtl[a + b*x]], ((

b*c - axd)*(-1 + e))/(axd)])/Sqrt[a + b*x]))/(a*b~2xd*Sqrt[c + d*x]*Sqrt[e
+ (bx(-1 + e)*x)/al)

3.34.3 Rubi [A] (verified)
Time = 0.36 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5, number of rules _ 0.128, Rules used

integrand size
= {176, 124, 123, 131, 129}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Bz
va+bzvc+ dzy/ ble=1)z 1)“”
l 176

3.34. AtBe dx
qu@1$5vz$aavk+b<l+@m
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an\/W

(aBe + A) / 1 i B Ve ®®
b—be \/a—l-ba:\/c-{—dx\/(@ b(l—e)

l 124

b(1—
I e e
bc—ad be bdx

(m + A) / 1 dm _ a+bx\/bc—ad+bc—ad
b—be \/a+bx\/c+dx\/@ b(1 —e)Ve+dx

l 123

<aBe + A> / 1 dr —

b—be \/a+bx\/c+dx\/@

2aB+/ad — bc\/@E (arcsin (@ﬂ ) |- (bc—ag;(l—e)>
b2Vd(1 — e)Ve + dz

l 131
bdx \/e_ b(l—e)z dw

aBe b(c+dzx)
<b_be + A) \/E f \/m bcb_cad+ bc—ad
Ve+dz
2aB+v/ad — be %E (arcsin (6{1\/;‘_:?) |- (bc—ag;(l—e)>
v2Vd(1 — e)Vec+dx

l 129
2\/a ( aBe 4 A) bletdz) py); ticF (arcsin ( Vi—ey “+b“’) — ad )
b—be be—ad p Ja » " (be—ad)(1—e)
bv1l—eve+dzx
2aB+vad — bc\/@ E (arcsin (Vja\/da_-;l;m) |- (bc_aj()i(l_e))
b2vd(1 — e)vc+ dx

-

input LInt[(A + B*x)/(Sqrt[a + b*x]*Sqrtlc + d*x]*Sqrtle + (b*x(-1 + e)*x)/al),x]

output | (-2*a*B*Sqrt[-(bxc) + axd]*Sqrt[(b*(c + d*x))/(b*c - a*d)]*EllipticE[ArcSi
n[(Sqrt[d]*Sqrt[a + b*x])/Sqrt[-(bxc) + axd]], -(((b*c - axd)*(1 - e))/(ax*
d))1)/(d"2+Sqrt[d]1*(1 - e)*Sqrtlc + d*x]) + (2xSqrt[al*(A + (a*Bxe)/(b - b
*e))*Sqrt [(b*(c + d*x))/(bxc - a*d)]*EllipticF[ArcSin[(Sqrt[1 - e]l*Sqrtla
+ b*x])/Sqrt[al]l, -((a*d)/((b*xc - a*d)*(1 - e)))]1)/(bxSqrt[1 - el*Sqrtlc +

d*x])
3.34. A+Be d
| arvavors v i 4



rule 123

rule 124

rule 129

rule 131

rule 176
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3.34.3.1 Defintions of rubi rules used

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*xc - axd)/d, 211, f*((b*c - a*d)/(d*(bxe - a*xf)))], x] /; FreeQl[{a,

b, ¢, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*xf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Qlb/(b*xe - a*xf), 0]) && 'LtQ[-(b*c - axd)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x1 :> Simp[2*x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrtl(b*xc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(b*xc - a*d)/b, 0] && GtQ
[(b*e - a*f)/b, 0] && PosQ[-b/d] && !(SimplerQ[c + d*x, a + b*x] && GtQ[(d
xe - c*f)/d, 0] && GtQ[-d/b, 0]) && !(SimplerQ[c + d*x, a + b*x] && GtQL((
-b)*e + axf)/f, 0] && GtQ[-f/b, 0]) && !(SimplerQ[e + f*x, a + b*x] && GtQ
[((-d)*e + c*xf)/f, 0] && GtQ[((-b)*e + axf)/f, 0] && (PosQ[-f/d] || PosQ[-f
/b1))

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x
1), x_1 :> Simp[Sqrt[bx((c + d*x)/(b*c - axd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - axd)) + bxd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x]1 /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - axd)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrtle + f£*x]), x], x] /; FreeQ[{a, b, c, 4, e, £, g, h}, x] && Sim
plerQ[a + bxx, e + f*x] && SimplerQ[c + d*x, e + f*x]

3.34. A+By dz
/ Vatbeyetde, /et ML
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3.34.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 728 vs. 2(195) = 390.

Time = 2.96 (sec) , antiderivative size = 729, normalized size of antiderivative = 3.30

method | result

ae ae ae C
oal ae e\ | TTB(=1te) o+ z+S ol | ZTe1te) | Th1te T
b(—1+€) d ae _C — ae +Q — ae +Q ae _C>» — ae +Q
(bz+a)(dx+c)(bex+ae—bx) b(—1+e) d b(—14e) ' B b(—1+e) " d b(—1+e) d b(—1+4e) ' b ;

a

\/7172 d; z3 +2bde z2+7b26‘§ 2 —dzob® 1:3172 +adex+2bcex—bd x2 — b2ca? zzz +ace—becx

elliptic
g | 2 [ O RS (ar (| e e ar (G
efau
input | int ((B*x+A)/(b*x+a)~(1/2)/(d*x+c) ~(1/2) / (e+b* (-1+e)*x/a)~(1/2) ,x,method=_R
ETURNVERBOSE)

output | 1/ (b*x+a)~(1/2)/(d*x+c)~(1/2)/ ((b*e*x+a*xe-b*x) /a) = (1/2)* ((b*x+a) * (d*x+c) *(
bxexx+axe-b*x)/a) ~(1/2)*(2xA* (a*xe/b/ (-1+e)-c/d) * ((x+a*xe/b/ (-1+e) )/ (axe/b/(
-1+e)-c/d))~(1/2)*((x+a/b) /(-a*e/b/ (-1+e)+a/b)) ~(1/2) *((x+c/d) / (-a*e/b/ (-1
+e)+c/d)) " (1/2) / (1/a*b~2%d*e*x~3+2*bkd*e*xx~2+1/a*b~2kcke*xx~2-1/a*d*x~3*b~2
+axdxe*xx+2¥bxckxexx-b*d*x"2-1/a*b”2xcxx"2+a*cxe-b*xc*x) ~(1/2)*EllipticF (((x+
axe/b/(-1+e))/(a*xe/b/(-1+e)-c/d)) ~(1/2) , ((-a*e/b/(-1+e)+c/d) / (-a*e/b/(-1+e
)+a/b))~(1/2))+2*B*x(a*xe/b/ (-1+e)-c/d) * ((x+a*xe/b/(-1+e))/(axe/b/(-1+e)-c/d)
)~ (1/2)*((x+a/b)/(-a*e/b/(-1+e)+a/b)) ~(1/2) * ((x+c/d) / (-axe/b/(-1+e)+c/d) )~
(1/2)/ (1/a*xb”2*xd*e*xx~3+2*b*d*e*x~2+1/a*xb~2*cke*x~2-1/a*d*x"3*b~2+a*xd*e*xx+2
*bxckexx—b*d*x~2-1/a*xb”2*c*x”2+a*cxe-b*cxx) " (1/2) * ((-a*e/b/(-1+e)+a/b) *E11
ipticE(((x+a*e/b/(-1+e))/(a*e/b/(-1+e)-c/d))~(1/2),((~axe/b/(-1+e)+c/d) /(-
axe/b/(-1+e)+a/b))~(1/2))-a/b*EllipticF (((x+a*e/b/(-1+e))/(axe/b/(-1+e)-c/
d))~(1/2),((-axe/b/(-1+e)+c/d) / (—a*xe/b/(-1+e)+a/b) )~ (1/2))))

3.34. A+By dz
/ Vatbeyetde, /et ML
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3.34.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.12 (sec) , antiderivative size = 1126, normalized size of antiderivative = 5.10

A+ B
/ + o dx = Too large to display

Va+bx¢c+dmwe+9t%gﬁ

input | integrate ((Bxx+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(e+b*x(-1+e)*x/a)~(1/2) ,x, al
gorithm="fricas")

output | 2/3* ((Bxaxbxc + (B*a~2 - 3*A*xaxb)*d — (B*axbkc + (2%B*a”2 - 3*xAxaxb)x*d)x*e)
*sqrt ((b~2xd*e - b~2+%d)/a)*weierstrassPInverse(4/3*(b"2*c”2 - a*bxc*xd + a”
2%d"2 + (b"2%c™2 - 2%axbkc*xd + a"2*xd"2)*e"2 - (2*xb"2*c”2 - 3*a*b*cxd + a~2
*d"2)*e) /(b"2%d"2%xe"2 - 2*%b"2xd"2*e + b~2xd"2), 4/27x(2*¥b"3*%c~3 - 3*axb~2x*
c"2xd - 3%a”"2xb*c*d"2 + 2%a~3*d"3 - 2%(b"3*c”3 - 3*axb~2%c"2xd + 3*a~2xb*c
*d"2 - a~3*%d"3)*e"3 + 3*(2xb~3*c”3 - 5kaxb"2xc”"2xd + 4*a~2%bkcxd"2 - a~3*d
~3)*e”2 - 3%(2*%b~3%c"3 - 4*axb”"2%c"2%d + a~2*b*c*d"2 + a~3*d~3)*e)/(b~3*d”
3*%e”3 - 3*%b~3*%d"3*e”2 + 3*b"3*d"3*e - b~3*%d"3), -1/3*%(b*c + a*d - (b*c + 2
xaxd)*xe — 3*x(bkdxe - b*d)*x)/(bxd*e - bxd)) - 3x(Bkaxbxd*e - Bxa*b*d)*sqrt
((b~2*%d*e - b~2*d)/a)*weierstrassZeta(4/3*x(b~2*%c”2 - a*b*c*d + a~2*%d"2 + (
b~2xc”2 - 2%axb*c*d + a"2xd"2)*e"2 - (2*b"2%c”2 - 3*axbxcxd + a~2*d"2)*e)/
(b~2%d"2*e"2 - 2*b~2*%d"2*e + b~2*%d"2), 4/27*(2*%b"3*c~3 - 3*axb~2*xc”2*d - 3
*a " 2*bkcxd~2 + 2*a~3*%d"3 - 2%(b"3*%c”3 - 3*a*b"2xc"2*d + 3*a~2*bkcxd"2 - a”
3*%d"3)*e”3 + 3*(2*b"3*c”3 - b*ka*xb”2xc"2*d + 4*a~2*b*cxd"2 - a"3*%d"3)*e"2 -
3% (2xb~3%c”3 - 4*a*b~2xc”2*d + a~2%b*c*xd”2 + a~3*d"3)*e)/(b"3*d"3%e”~3 - 3
*b~3*%d"3*e”2 + 3*b~3*d"3*%e - b"3*d"3), weierstrassPInverse(4/3*(b~2*c"2 -
axbxckxd + a~2%d"2 + (b"2%c"2 - 2%axb*ckd + a"2%d"2)*e”2 - (2%b"2%c”2 - 3%a
*bxcxd + a~2%d~2)*e)/(b"2*%d"2%e"2 - 2%b~2%xd"2%e + b~ 2xd"2), 4/27*(2*b~3*c”
3 - 3*axb"2xc”2xd - 3*%a”~2*bk*c*d"2 + 2*%a~3*%d~3 - 2% (b"3*c"3 - 3*axb~2xc~2*xd
+ 3%a~2*b*c*xd"2 - a"3*d"3)*e”3 + 3*x(2*%b"3*%c”3 - b*axb"2xc"2*d + 4*xa~2*. ..

3.34. A+By dz
/ Vatbeyetde, /et ML
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3.34.6 Sympy [F]

/ A+ Bz (m:/ A+ Bz dx

\/a+b$\/6+dx\/e+@ Va+bzve+dz/e+ L

inputLintegrate((B*x+A)/(b*x+a)**(1/2)/(d*x+c)**(1/2)/(e+b*(_1+e)*x/a)**(1/2),x)

output‘Integral((A + Bxx)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + b*exx/a - b*x/a))

, X)

3.34.7 Maxima [F]

Va+bzyvc+ dayfe 4 ML Vbz + av/dr + ¢y /20 e

input integrate ((B*x+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(e+b*x(-1+e)*x/a)~(1/2),x, al
gorithm="maxima"

output | integrate((B*x + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(b*(e - 1)*x/a + e)),
x)

3.34.8 Giac [F]

/ A+ Bx s — / Bz + A s
va+bzyvc+dzy/e+ —b(_lie)x Vo + avdz + ¢ b(ezl)w +e

input | integrate ((B*x+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(e+bx(-1+e)*x/a)~(1/2) ,x, al
gorithm="giac")

output | integrate((B*x + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(bx(e - 1)*x/a + e)),

x)
3.34. A+ Bz d
| arvavors v i 4




input

output
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3.34.9 Mupad [F(-1)]

Timed out.

/ A+ Bzx dx—/ A+ Bz i
\/a+bx\/c+dx\/e+@ e+%\/a+bx\/c+dz

int ((A + Bxx)/((e + (bxxx(e - 1))/a)~(1/2)*(a + bxx)~(1/2)*(c + d*x)~(1/2)
),x)

int ((A + Bxx)/((e + (bxxx(e - 1))/a)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~(1/2)
), x)

3.34. A+By dz
/ Vatbeyetde, /et ML
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3.35 [ V2 —3zy/—5+ 22+/1 + 42(7 + 5z)° dz

3.35.1 Optimal result . . . . . ... . ... .. 29T]
3.35.2 Mathematica [A] (verified) . . . . . .. ... .. ..o 292
3.35.3 Rubi [A] (verified) . . . . . ... ... 292
3.35.4 Maple [A] (verified) . . . . ... .. ... 297
3.35.5 Fricas [C] (verification not implemented) . . . . . . . ... ... ... .... 298
3.35.6 Sympy [F] . . . . . 299
3.35.7 Maxima [F] . . . . . .. 299
3.35.8 Giac [F] . . . . . o 299
3.35.9 Mupad [F(-1)] . . . . 3001

3.35.1 Optimal result

Integrand size = 35, antiderivative size = 281

/ V2 —3zvV/—=5 + 221 + 4x(7 + 52)* dx

_ 1182926269v2 — 3zy/=5 + 221 + 4z

N 1603800
_ 12243139v/2 — 32v/—5 + 23/1 + 42(7 + 52)

356400
_ 17561/2 — 3zv/=5 + 20/ + 4a(7 + 52)?
8910

4272 = 3zy/=5 + 221+ 4 2
_ 427y2 -3z 5‘2"97”8\/ + 4a(7 + 52) +%\/2—3x\/—5+2x\/1+493(7+5$)4

) 6489123157/ 11y/—5 + 2zF <arcsin (%?) |_%>
699840v/5 — 2z
522167393,/ 11\/5 — 2z EllipticF (arcsin (ﬁ e 4x> : %)
23328y/—5 + 2z

+

output | 522167393/139968*E11lipticF(1/11%x337(1/2)*(1+4*x)~(1/2),1/3*3~(1/2))*66~(1/
2)*(5-2%x)~(1/2) / (-5+2*x) ~ (1/2)-6489123157/699840*E11ipticE(2/11* (2-3%x) ~ (
1/2)*117(1/2) ,1/2%I%27(1/2) )*117(1/2) * (-5+2*x) ~(1/2) / (5-2*x) ~ (1/2)-1182926
269/1603800%* (2-3*x) = (1/2) * (-5+2*x) ~(1/2) * (1+4+*x) ~(1/2)-12243139/356400%* (7+
5*x) *x (2-3*x) ~(1/2) * (-5+2%x) ~(1/2) * (1+4*x) ~(1/2)-17561/8910% (7T+5*x) ~2* (2-3*
x) " (1/2) % (-5+2%x) ~ (1/2) * (1+4%x) ~ (1/2) -427/2970% (7+5%x) ~3% (2-3%x) ~ (1/2) * (-5
+2xx) " (1/2) % (1+4%x) = (1/2) +2/55% (7+5%x) ~4* (2-3%x) ~ (1/2) * (-5+2*x) ~ (1/2) *(1+4
*x)~(1/2)

3.35. [v2—3zy/-5+ 221+ 4z(7+ 52)% dz
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3.35.2 Mathematica [A] (verified)

Time = 5.06 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.48

/ V2 — 3zv/—5+ 221 + 42(7 + 52)* dz

24+/2 — 3z+/1 + 4x(3325071575 — 797747975z — 670058262z — 167736600z + 67338000z + 2916000

input Integrate[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5*x)~3,x]

output | (24*Sqrt[2 - 3*x]*Sqrt[1 + 4*x]*(3325071575 - 797747975%x - 670058262%x"2
- 167736600%x~3 + 67338000%x~4 + 29160000%x~5) - 71380354727*Sqrt [66]*Sqrt
[6 - 2xx]*EllipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4x*x]], 1/3] + 57438413230%S
qrt [66]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3]1)/(1
5396480*Sqrt [-56 + 2x*x])

3.35.3 Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 307, normalized size of antiderivative = 1.09,

number of steps used = 16, number of rules used = 16, number of rules _ 0.457, Rules
integrand size

used = {179, 25, 2103, 27, 2103, 27, 2103, 27, 2118, 27, 176, 124, 123, 131, 27, 129}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/2 —32v2x — 54z + 1(5z + 7)3 dx

l 179

1 (5z + 7)% (—854z2 + 1190z + 3)
55 V2 =322z — 54z + 1

2
dx + £\/2 —3xv2x — 54z + 1(5x + 7)*

l25

1 [ (5z+7)3 (—854z% 4+ 1190z + 3)
55 V2 = 3z2x — 5/4x + 1

l 2103

X

2
55«2—3x¢2n—5¢¢c+1@x+7f
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1 (1 [ 2(5z+T7)(—98341622 + 796645z + 193137) 427 .
Ll do = o V2= 30v2n — BVAz F 1(52 + 7
55(216/ V2 — 35725 — 5y/Az F 1 v V2 - 3av2e - 5vaz +1(52+7)
2
%\/2 — 322z — 54z + 1(5z + 7)*
l 27
(52 +7)? (—983416a2 + 796645z + 193137) 427
x do — " V2= 30v20 — 5VAz + 1(50 + 7
( 108/ o 3x\/2x—5\/4x+1 ’ V2= 32v20 - 5VAz +1(52 +7)°

%\/2 —3xv2x — 54z + 1(5x + 7)*

l 2103

108 | 168 d 2 — 322z — 54z + 1
55 | 108 | 168 V2 =322z — 54z + 1 v V2 = 322z — 54z + 1(5a
52—5\/2—333\/23:—5\/4x+1(53:+7)4

l27

1 ( 1 ( 1 /(5x+7) (~367294172” + 11636345z + 10149544) | 35122
| — | == xr —

1 ( 1 < 1 / 56(5 + 7) (—3672941722 + 11636345z + 10149544) 35122

V2 — 3227 — 5y/4z + 1 V2 =322z — 5\Az + 1(5z + 7

2
%\/2 — 322z — 5v4x + 1(52z + 7)*

l 2103

— (== 92— 322z — 54z 1
55 108 \ 3| 120 V2 — 3zv/2z — 54z + 1 20 YV V2z - 5viz

2
%\/2 — 322z — 54z + 1(5z + 7)*

l27

1 < 1 ( 1 < 1 / —18926820304x% — 28536020352 + 5865927653 o 12243139
55\ 108 \ 3\ 40 V2 = 3x2z — 54z + 1 20

2
%\/2 — 322z — 5v4x + 1(5z + 7)*

1 ( 1 (1( 1 / 3(~18926820304z” — 2853602035z + 5865927653) | 12243139
1 _ o — 12243139

V2 — 3zv/2x — 5v/4x + 1(5:

l 2118
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1/1/1/1 1 [ 79860(15398385 — 53629117z) 4731705076 122431
— =z =(-—= dx — 2 —3xv2z —5VAx +1) —
55<108<3<40< 108)  V2-3av2—bvAz 11 g V22— bVir+ ) 20
%\/2 — 322z — 54z + 1(5z + 7)*
l 27
1 /1 (1/1(/ 6655 [ 15398385 — 53629117z 4731705076 12243139
— ===~ de — —— " —\/2-3x\2x — 54z + 1) - — =
55(108(3(40( 9 V2 =352z —5VAz ¥ 1" 9 V2 3zvae - Svia+ ) 20
2
%\/2 —3xv2x — 5v/4x + 1(5x + 7)*
l 176
1 <1 (1 <1( 6655 < 237348815 1 . 53629117/ V2z —5 dw) o
55\ 108 \ 3 \ 40 9 V2 —3z\2z — 5y/4z + 1 2 V2 = 3x/4z + 1
%\/2 — 3zv2x — 54z + 1(5z + 7)
l 124
11 (1f1 6655 _53629117\/ 25| i 257345513 1 -
55| 108 | 3 | 40 9 5— 2z V2 = 3x\2z — 54z + 1
%\/2 — 32z — 54z + 1(5z + 7)*
l 123
11 :
551 108 | 3| 40 9 V2 —3zy/2x — 5y/4x + 1 2v/5 — 2z

%\/2 — 322z — 54z + 1(5z + 7)*

l 131

11
(1 1 eess| 21577165/ YvE—2z [ )5/; Jrde 53620117\ /4.y/25 = BE (arcsin (
55108 3|40 9 | V2z —5 - 215 — 2z

—_

2
%\/2 — 322z — 54z + 1(5z + 7)*

l27
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551 108 | 3| 40

551 108 | 3| 40

11 : <
o655 [ 23TISSISVE 2w [ pp el do 536201174 V22 — 5B (arcsin (/4
9 2,225 2,522

2
ﬁw — 32z — 54z + 1(5z + 7)*
l 129

6655 [ 21577165,/ X/5 =2z BllipticF (arcsin (\/&vAz+1),5) 53629117,/ 42z
9 V2r -5

2
%\/2 —3xv2x — 54z + 1(5x + 7)*

.
input

Int[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5*x)~3,x]

output | (2xSqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5xx)~4)/55 + ((-427*Sqr
t[2 - 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*x]*(7 + 5*x)~3)/54 + ((-35122%Sqrt[2
- 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5*x)~2)/3 + ((-12243139*Sqrt[2 -
3xx]*Sqrt [-5 + 2xx]*Sqrt[1 + 4xx]*(7 + 5%x))/20 + ((-4731705076*Sqrt[2 - 3
*x]%Sqrt [-5 + 2*x]*Sqrt[1 + 4%x]1)/9 - (6655%((-53629117*Sqrt [11/6]1*Sqrt [-5
+ 2%x]*EllipticE[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4x*x]], 1/3]1)/(2*Sqrt[5 - 2*x]
) - (21577165%Sqrt[11/6]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1
+ 4xx]], 1/31)/Sqrt[-5 + 2*x]))/9)/40)/3)/108)/55

-

3.35.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 123 Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sartl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
1), x_1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*c - axd)/d, 211, £f*x((b*c - a*d)/(d*(bxe - a*f)))], x] /; FreeQ[{a,
b, ¢, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*e - axf), 0] && IL
tQ[-(b*c - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - ax*d
), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

3.35. [v2—3zy/-5+ 221+ 4z(7+ 52)% dz
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rule 129

rule 131

rule 176

rule 179
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Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - a*d))]1/(Sqrtlc + d
*x]*Sqrt [bx((e + fxx)/(b*e - a*f))]))  Int[Sqrtlb*(e/(b*e - axf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + b*d*(x/(bxc - axd))]
), x], x]1 /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/ (b*e - axf), 0]) && I!LtQ[-(b*c - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)1*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(bxe - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*d)/(d*(b*e -

axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(b*c - a*d)/b, 0] && GtQ
[(bxe - axf)/b, 0] && PosQ[-b/d] && !(SimplerQ[c + d*x, a + b*xx] && GtQ[(d
xe - cxf)/d, 0] && GtQ[-d/b, 0]) && !(SimplerQ[c + d*x, a + b*x] && GtQL[((
-b)xe + axf)/f, 0] && GtQ[-f/b, 0]) && !(SimplerQ[e + f*x, a + b*x] && GtQ
[((-d)*e + cxf)/f, 0] && GtQ[((-b)*e + axf)/f, 0] && (PosQ[-f/d] || PosQ[-f
/b1))

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*xc - a*d)) + bxd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Qla + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sart[(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
IxSqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ dxx]*Sqrtle + f*x]1), x], x] /; FreeQl[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Int[(Ca_.) + (b_.)*(x_))"(m_)*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)*(
x_)I*Sqrtl(g_.) + (h_.)*(x_)], x_] :> Simp[2*(a + b*x)~(m + 1)*Sqrtlc + d*x
I1*Sqrt[e + f*xx]*(Sqrtlg + h*x]/(b*(2*m + 5))), x] + Simp[1/(bx(2*m + 5))
Int[((a + b*x)"m/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]))*Simp [3*bxc*ex*
g - ax(d*exg + c*xf*g + cxexh) + 2x(b*(d*e*xg + cxf*g + cxexh) - ax(dxf*xg + d
*xexh + c*fxh))*x - (3%axd*fxh - bx(d*f*g + dxexh + c*fxh))*x~2, x], x], x]
/; FreeQ[{a, b, c, d, e, £, g, h, m}, x] && IntegerQ[2*m] && !LtQ[m, -1]
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rule 2103 Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (@_.)*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[2#C*(a + b*x) m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(
d*f*xh*(2+m + 3))), x] + Simp[1/(d*fxh*(2*m + 3)) Int[((a + b*x)"(m - 1)/(
Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*xA*d*f*h*(2*m + 3) - C*(a
*x(dxexg + cxfxg + ckexh) + 2xbkckexgxm) + ((A*b + a*B)*d*f*xh*(2*m + 3) - Cx
(2xax(d*f*g + d*exh + cxfxh) + b*(2*m + 1)*(dxexg + cxfxg + cxexh)))*x + (b
*Bxdxfxh*(2*m + 3) + 2xCx(a*xd*f*h*m - b*(m + 1)*(d*f*g + d*exh + c*f*h)))x*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B, C}, x] && IntegerQ[2
*m] && GtQ[m, O]

rule 2118 | Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f
_)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*x)"(p +
1)/(d*f*b~(q - D)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b"q*(m + n + p +
q+ 1)) Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*(m +
n+p+q+ 1)*Px - d*f*xk*x(m + n + p+tqt+ 1)*(a + b*x)“q + kx(a + b*x)‘(q
- 2)*x(a"2xd*f*x(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + b*(axd*f*(2*(m + q) + n + p) - b*(d*ex(m + q + n) + c*f*(m
+q+ p)))*x), x1, x1, x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQl[{a, b, c,
d, e, £, m, n, p}, x] && PolyQ[Px, x]

N

3.35.4 Maple [A] (verified)

Time = 1.76 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.55

method | result
V2=3x \/—5+2x \/1+4x —8398080000:1)7—158941440001‘6+57788380800.’1¢5+29554530236\/1+4:13 V2-3x 2252z F( ¥ 14
default — 11

. 1458000024 47011900023 +91429200x2 — 1064561312 —665014315) (—2+3z)/—5+22 /1+4x 1/ (2—3z) (—5+2zx) (1+4x)
risch — —
641520/—(—2+3z)(—5+2x)(1+47) v/2—3z
1026559+/11+44x /22—33z /110
118284592/ —2423+70z2 —212—10 _ 133002863/ —2423 47022 —212—10
V—=(=2+32)(=5+2z)(1+4z) | — R T Tos304 T 77767/ — 2423 1702
elliptic
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input | int ((7+5%x) ~3% (2-3%x) " (1/2) * (-5+2*x) ~ (1/2) * (1+4*x) = (1/2) ,x ,method=_RETURNV
ERBOSE)

output | -1/15396480%* (2-3*x) ~(1/2) * (-5+2%x) = (1/2) * (1+4*x) ~(1/2) * (-8398080000*x~7-15
894144000*x~6+57788380800*x~5+29554530236* (1+4*x) ~ (1/2) * (2-3%x) ~(1/2) ¥22~ (
1/2)*(5-2%x) "~ (1/2)*E1llipticF (1/11*(11+44*x)~(1/2),37(1/2))-71380354727* (1+
4%x) " (1/2)*(2-3*x) " (1/2) %227 (1/2) * (5-2%x) " (1/2) *E11ipticE(1/11% (11+44*x) ~ (
1/2),37(1/2))+176080611456*x~4+141293068560*x~3-1085513167176%x~2+36071668
6200*x+159603435600) / (24*x~3-70%*x~2+21%x+10)

3.35.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.07 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.25

/\/2 — 3zv/ =5 + 22v/1 + 4x(7 + 5x)* dz

(14580000 z* + 70119000 = + 91429200 * — 106456131 = — 665014315) 4z + 1v/2z — 5v/—3:

~ 641520
2 4
— %723287 v —6weierstrassPInverse ( %;, %, T — %)
4891231 4 4
%8?1057 v/ —6weierstrassZeta (%;, %, weierstrassPInverse (%;, %, T

%))

input  integrate ((7+5%x) ~3*(2-3%x) ~(1/2) * (-5+2xx) ~(1/2) * (1+4x*x)~(1/2) ,x, algorith
m="fricas")

output | 1/641520*(14580000*%x~4 + 70119000*x~3 + 91429200*x"2 - 106456131*x — 66501
4315)*sqrt (4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2) - 32008789087/5038848*sqr
t(-6)*weierstrassPInverse(847/108, 6655/2916, x - 35/36) + 6489123157/6998
40*sqrt (-6) *weierstrassZeta(847/108, 6655/2916, weierstrassPInverse(847/10
8, 6655/2916, x - 35/36))

N\ J
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3.35.6 Sympy [F]

/ V2 — 32v/—5 + 221 + 42(7 + 5z)* dz = /\/2 — 3zv2z — 5v4z + 1(52 4+ 7)° dx

inputLintegrate((7+5*x)**3*(2—3*x)**(1/2)*(-5+2*x)**(1/2)*(1+4*X)**(1/2),X)

output

Integral(sqrt(2 - 3*x)*sqrt(2*x - 5)*sqrt(4*x + 1)*(5*x + T)**3, x)

-

3.35.7 Maxima [F]

/\/2—356\/—54—23:\/1+4a:(7+5x)3da:=/(5w+7)3\/4w+1\/2x—5\/—3x+2dx

e

input

integrate ((7+5*x) ~3%(2-3*x) ~(1/2) * (-5+2*x) ~(1/2) * (1+4*x) ~(1/2) ,x, algorith
‘m="maxima“)

outputtintegrate((S*x + 7)"3xsqrt(4*x + 1)*sqrt(2*x - B)*sqrt(-3*x + 2), x)

-/

3.35.8 Giac [F]

/\/2—3x\/—5+2x\/1+4x(7+5x)3dx:/(5x+7)3\/4x+1\/2x—5\/—3x+2da:

input‘integrate((7+5*x)“3*(2—3*x)“(1/2)*(—5+2*x)“(1/2)*(1+4*x)“(1/2),x, algorith
‘ m="giac")

outputlintegrate((S*x + 7)7"3xsqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

3.35. [v2—3zy/-5+ 221+ 4z(7+ 52)% dz



CHAPTER 3. LISTING OF INTEGRALS 300

3.35.9 Mupad [F(-1)]

Timed out.

/\/2—3x\/—5+2x\/1+4x(7+5x)3dx:/\/2—3x\/4x+1\/2x—5(5x+7)3dx

inputtint((z - 3xx)~(1/2)*(4xx + 1)~(1/2)*(2%x - 5)~(1/2)*(5*x + 7)~3,x)

0utputLint((2 - 3*x) " (1/2)*(4*x + 1)~ (1/2)*(2*x - 5)~(1/2)*(5*x + 7)"3, x)

3.35. [v2—3zy/-5+ 221+ 4z(7+ 52)% dz
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3.36 [ V2 —3zy/—5+ 22+/1 + 42(7 + 5z)* dz

3.36.1 Optimalresult . . . . .. .. . . .. ... 3011
3.36.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.36.3 Rubi [A] (verified) . . . .. . ... ...
3.36.4 Maple [A] (verified) . . . . ... ... ..
3.36.5 Fricas [C] (verification not implemented) . . . . . . ... ... ... .. ...
3.36.6 Sympy [F] . . . . . . 309
3.36.7 Maxima [F] . . . . . ... . 309
3.36.8 Giac [F] . . . . . o 309
3.36.9 Mupad [F(-1)] . . . . . 310

3.36.1 Optimal result

Integrand size = 35, antiderivative size = 243

/\/2 — 37y =5 + 2zv/1 + 4z(7 + 5z)* dzx
| 5256763v/2 — 32v/—5 + 251+ 4z 8141v/Z — 32/—5 + 2ov/T + 4a(7 + 5)

61 97200 ) 2700
- 2—70\/2 — 32V =5+ 2zv/1 + 4z(7 + 5z)* + 4—5\/2 — 32v/—5 + 221 + 4z(7 + 5z)*
| 17T46949VI1V/ 5 + 2 (arcsin (2—%—13%> |_%>
29160+/5 — 2z
5592499, /11 /5 — 27 EllipticF (arcsin (, [2VTF 4x> , %)
_|_
3888v/—5 + 2z

5592499/23328*E11ipticF(1/11%337(1/2)*(1+4%x)~(1/2) ,1/3%3~(1/2))*66~(1/2) *
(5-2%x)~(1/2) / (-5+2%x) ~(1/2)-17746949/29160*E11lipticE(2/11% (2-3*x) ~(1/2) *1
17(1/2) ,1/2xI%27(1/2) ) *117(1/2) * (-5+2*x) = (1/2) / (5-2*x) ~ (1/2) -5256763/97200
*(2-3%x) " (1/2) % (-5+2*x) ~ (1/2) * (1+4*x) ~ (1/2) -8141/2700* (7+5*x) * (2-3*x) ~ (1/2
) *x(=5+2%x) " (1/2) * (1+4%x) "~ (1/2)-61/270* (7+5%x) ~2* (2-3*x) ~(1/2) * (-5+2*x) ~(1/
2) * (1+4xx) ~(1/2)+2/45% (7T+5%x) ~3% (2-3%x) ~ (1/2) * (-5+2%x) ~ (1/2) * (1+4%*x) ~(1/2)
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3.36.2 Mathematica [A] (verified)

Time = 4.89 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.53

/ V2 — 3zv/—5+ 221 + 42(7 + 52)* dz

6v/2 — 32/ + 42(6902575 — 2933650z — 164995222 + 147600z° + 216000z*) — 35493898v/66v/5 — 2.
- 116640+/—5 +

input

Integrate[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5%x)~2,x]

N J

OUtPUt‘/(G*Sqrt [2 - 3*x]*Sqrt[1 + 4*x]*(6902575 - 2933650%x - 1649952*x~2 + 147600
‘*x“B + 216000%x~4) - 35493898*Sqrt [66]*Sqrt[6 - 2*x]*EllipticE[ArcSin[Sqrt
| [3/111%Sqrt[1 + 4xx]11, 1/3] + 27962495%Sqrt [661*Sqrt[5 - 2%x]*EllipticF [Ar
LcSin[Sqrt [3/11]1*Sqrt[1 + 4xx]], 1/3]1)/(116640*Sqrt[-5 + 2x*x])

| —

3.36.3 Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.08,

number of steps used = 14, number of rules used = 14, umber of rules _ ( 459 Ryles
integrand size

used = {179, 25, 2103, 27, 2103, 27, 2118, 27, 176, 124, 123, 131, 27, 129}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ V2 = 3x\2x — 54z + 1(5z + 7)% dx

l 179

1 (5% + 7)2 (—854z% 4 1190z + 3) 2 3

— [ - dz + —+/2 = 3zv2x — 5v/4z + 1(5z + 7

45 V2 —32+/27 — 54z + 1 vt g V2 Sev2e =5V + 105 +7)
l25

1 [ (5% +7)% (—8542? + 1190z + 3)
45 V2 =322z — 54z + 1

l 2103

dr

2
Eﬂ —32v2x — 54z + 1(5z + 7)3
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V2 —3z\2x — 54z + 1
2
E\/2 — 3222 — 5v4x + 1(52 + 7)3

| 27

1 ( 1 / (52 +7) (—9769222 + 72385z + 21419)
12

14(5z + 7) (—97692x2 + 72385z + 21419
1<1/_ (52 +7) (—9769202 + 72385z + >dx_?«2_395«%_5«4“1<5x+7)2>+

45 V2 — 3222 —B5vAz + 1
2
E\/2 —3xv2x — 54z + 1(5x + 7)3

1
dx — %\/z — 322z — 54z + 1(5z + 7)2> +

| 2108
1(1(1 12(—1051352622 + 724135z + 3510157) 8141 61
— | == - dz — ——+v2—32v2z —5V4z + 15z +7) | — —
45(12(120/ V2 = 33v/27 — 54z F 1 7= g V2o 3V - bVAs (B0 4 T) | - ey

%\/2 — 322z — 54z + 1(5x + 7)3

l27

1 < 1 (_ 1 /—105135263:2 + 724135z + 3510157 |~ 8141 61

V2 — 3zv/2x — 5v/4x + 1(5z + 7)) - E\/Z — 3

— dx

45\ 12\ 10 V2 — 3w\2/2z —5V/Ar +1 5
B‘& — 3zv2z — 54z + 1(52 + 7)3
l 2118
1/1/1 1 [ 1815(391335 — 1173352:) 5256763 8141
— == (-== dz — 2 —3xV2z —5VAr +1 ) — ——/2 — 322z -
45<12<10< 108/ V2—32v2z —bvAz 11 18 V2= Sovae - bVl + ) o e

E\/2 — 3zv2z — 54z + 1(52 + 7)3

l27

1/1/1( 605 391335 — 1173352z 5256763 8141
Sl el (e (R 2O B T Bav2z —5VAT 1) — /2 — Bzy/27
45(12(10( 3% J V2=3ay/te—5V/Ar +1 T g V2T deVar-bviet > 5 TVer

B‘& — 322z — 54z + 1(5x + 7)3

l 176

1/1/1/( 605 1 vz =5 5256763
2= (=22 —2542045 dz — 586676 dz | — 222202 /5
45 (12 (10 ( 36 < V2 —32v2z —bvAz 1 V2= 3zv4z + 1 ”3) s V2

%\/2 — 3222 — 5v4x + 1(52 + 7)3
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l 124
V5—2x
1 (1 (1 605( 586676v2z—35] marriegde 1 525676
| ==(-= — 2542045 de | —
a5\ 12( 10| 36 V5 =2z V2 —3z\/2z — 54z + 1 18
2
E\/2 — 3222 — 5v4x + 1(52 + 7)3
l 123
1 1 1 605 1 293338\ / %\/ 2r — b5F (arcsin (\ / %\/ 4x + 1)
—| = | = | -==| —2542045 dz —
45| 12| 10| 36 V2 =302z Az F 1" 5— 2z
2
E\/2 — 3222 — 5v4x + 1(52 + 7)3
l 131
V22+/ ki dr 293338,/22,/2z — 5E i 3 \/dx +
11| 1] 605 _231095 22¢/5—2z [ NN s “2x — arcsin ( \/s7vV4x
45012 10| 36 V2 —5 5— 2z
2
E‘& — 322z — 5v4x + 1(52 + 7)3
l 27
22 : 3
111 eos( 24204552 [ Sl nde 293338/ V20— 5B (arcsin (/{4 vz +1)
451 12( 10| 36 V2z —5 5—2x
2
E\/2 — 3222 — 5v4x + 1(52 + 7)3
l 129
(11 eos( 231095252z EllipticF (arcsin (\/%vAz +1),1) 293338,/2 25 — 5E (arc
4512 10| 36| V2z—5 5
%\/2 —3xv2x — 54z + 1(5x + 7)3
input LInt [Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5*x)~2,x] J

336.  [v2

— 3zv/—5 + 22v/1 + 4z(7 + 5z) dz
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(2*%Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5*x)~3)/45 + ((-61*Sqrt
[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx]*(7 + 5xx)~2)/6 + ((-8141xSqrt[2 - 3
*x]*Sqrt [-5 + 2*x]*Sqrt[1 + 4*xx]*(7 + 5xx))/5 + ((-5256763*Sqrt[2 - 3*x]*S
qrt[-5 + 2*x]*Sqrt[1 + 4x%x])/18 - (605%((-293338*Sqrt[22/3]*Sqrt[-5 + 2*x]
*E11ipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3])/Sqrt[56 - 2*x] - (231095
*Sqrt [22/3]*Sqrt [6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]]1, 1/3]
)/Sqrt[-5 + 2%x]))/36)/10)/12)/45

3.36.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

rule 123

rule 124

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/p)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(bxc - a*xd)/d, 211, £*((bxc - a*d)/(d*(bxe - a*f)))], x] /; FreeQ[{a,

b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c - axd

), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - a*d)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_] :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))])) Int[Sqrt[bx(e/(bxe - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(bxc - axd)) + bxdx(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && !'(GtQ[b/(bxc - axd), 0] && Gt
Q[b/ (b*e - axf), 0]) && !LtQ[-(b*c - a*d)/d, 0]

3.36.  [v2—3zy/—5+ 221+ 4z(7+ 52)*dz
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rule 129 | Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*xd)/bl)], f*((bxc - a*d)/(d*(bxe -

axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(bxc - axd)/b, 0] && GtQ
[(bxe - axf)/b, 0] && PosQ[-b/d] && !(SimplerQ[c + d*x, a + b*x] && GtQ[(d
xe - cxf)/d, 0] && GtQ[-d/b, 0]) && !(SimplerQ[c + d*x, a + b*x] && GtQL((
-b)*e + axf)/f, 0] && GtQ[-f/b, 0]) && !(SimplerQle + f*x, a + b*x] && GtQ
[((-d)*e + cxf)/f, 0] && GtQ[((-b)*e + axf)/f, 0] && (PosQ[-f/d] || PosQ[-f
/bl1))

rule 131 Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x
DD, x_1 > Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + bkd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQl[{a, b, c, d, e, £}, x] && !'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] &% SimplerQ[a + b*x, e + f*x]

rule 176 Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)1*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f 1Int[Sqrtl[e + f*x]/(Sqrt[a + bx*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] && Sim
plerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

rule 179 Int[((a_.) + (b_.)*(x_)) " (m_)*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)], x_] :> Simp[2*(a + b*x)"(m + 1)*Sqrt[c + d*x
1*Sqrt[e + fxx]*(Sqrtlg + h*x]/(b*(2*m + 5))), x] + Simp[1/(b*(2*m + 5))
Int[((a + b*x)"m/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]))*Simp [3xbxckex*
g - akx(d*exg + c*f*g + cxexh) + 2x(b*(d*e*xg + c*f*g + cxexh) - ax(dxfxg + d
xexh + cxf*h))*x - (3*axd*f*h - bx(d*f*g + dxexh + cxf*h))*x"2, x], x], x]
/; FreeQ[{a, b, ¢, d, e, £, g, h, m}, x] && IntegerQ[2*m] && !LtQ[m, -1]
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rule 2103 Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (@_.)*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[2#C*(a + b*x) m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(
d*f*xh*(2+m + 3))), x] + Simp[1/(d*fxh*(2*m + 3)) Int[((a + b*x)"(m - 1)/(
Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*xA*d*f*h*(2*m + 3) - C*(a
*x(dxexg + cxfxg + ckexh) + 2xbkckexgxm) + ((A*b + a*B)*d*f*xh*(2*m + 3) - Cx
(2xax(d*f*g + d*exh + cxfxh) + b*(2*m + 1)*(dxexg + cxfxg + cxexh)))*x + (b
*Bxdxfxh*(2*m + 3) + 2xCx(a*xd*f*h*m - b*(m + 1)*(d*f*g + d*exh + c*f*h)))x*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B, C}, x] && IntegerQ[2
*m] && GtQ[m, O]

rule 2118 | Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (f
_)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*x)"(p +
1)/(d*f*b~(q - D)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b"q*(m + n + p +
q+ 1)) Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*(m +
n+p+q+ 1)*Px - d*f*xk*x(m + n + p+tqt+ 1)*(a + b*x)“q + kx(a + b*x)‘(q
- 2)*x(a"2xd*f*x(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + b*(axd*f*(2*(m + q) + n + p) - b*(d*ex(m + q + n) + c*f*(m
+q+ p)))*x), x1, x1, x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQl[{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x]

N J

3.36.4 Maple [A] (verified)

Time = 1.63 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.61

method | result
defaul V2-3z\/~5+2z 1+ (—15552000z6 —414720025+12899689+/1+4x /2—3z v/22 /5—2z F( vildids \/:7,) —35493898+/1+4z
efault | — 116640(242% —7002 1 21z
V11
26089+/11+44x /22— 33z /110— 44z F [ Y=+
—7_ — 9592/ —24¢3 4+ 7022 —212—10 _ 276103/ 242347022 —21z—10 _ ( ]
V= (=2+32)(=5+22)(1+4z) 540 3888 25921/ 2423+ 7002 —21x—10

elliptic ,
P v
26089+/22—33z /— 6621165
B 77761/ — 247

risch __ (10800023 434380022 +345247—1380515) (—2+3z)/—5+2z v/1+4z /(2—3z) (—5+2z)(1+4z)

19440+/—(—2+3z)(=5+2z) (1+4z) v/2—3z
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input | int ((7+5%x) ~2%(2-3%x) " (1/2) * (-5+2*x) ~ (1/2) * (1+4*x) ~(1/2) ,x ,method=_RETURNV
ERBOSE)

output | -1/116640* (2-3%x) ~(1/2) *(-5+2x*x) = (1/2) * (1+4*x) ~ (1/2) * (-15552000%x~6-414720
0%x~5+12899689%* (1+4*x) ™ (1/2) *(2-3*x) = (1/2) %227 (1/2) *(5-2*x) " (1/2) *Elliptic
F(1/11%(11+44%x)~(1/2) ,37(1/2))-35493898* (1+4*x) ~ (1/2) * (2-3*x) ~(1/2)*22~ (1
/2)*(5-2%x) " (1/2)*E1lipticE(1/11* (11+44*x)~(1/2),37(1/2))+125816544*x~4+16
3495440%x~3-604794324*x~2+171873450*x+82830900) / (24*x~3-70*x~2+21*x+10)

3.36.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.26

/\/2 — 3zv/ =5 + 22v/1 + 4x(7 + 5x)* dz

= T0440 (108000 z* + 343800 z* + 34524 = — 1380515)v4z + 1v/2x — 5v/ -3z + 2

163224523 847 6655 35
419904 108’ 2916’ _%)
17746949 847 6655
29160 108’ 2916’

Ve WelerstrassPInverse(

847 6655
vV - WelerstrassZeta(

, weierstrassPInverse < 108’ 2916

%))

input  integrate ((7+5%x) ~2*(2-3%x) ~(1/2) * (-56+2xx) ~(1/2) * (1+4x*x)~(1/2) ,x, algorith
m="fricas")

output | 1/19440*(108000*x~3 + 343800*x~2 + 34524xx - 1380515)*sqrt(4*x + 1)*sqrt(2
*x — B)*sqrt(-3*x + 2) - 163224523/419904*sqrt(-6)*weierstrassPInverse (847
/108, 6655/2916, x - 35/36) + 17746949/29160*sqrt (-6)*weierstrassZeta(847/
108, 6655/2916, weierstrassPInverse(847/108, 6655/2916, x — 35/36))
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3.36.6 Sympy [F]

/ V2 — 32v/—5 + 221 + 42(7 + 5z)* dz = /\/2 — 3zv2z — 5V4z + 1(52 4+ 7)% dz

input Lintegrate ((7+5%x) %% 2% (2-3%x) ** (1/2) * (-5+2%x) ** (1/2) * (1+4%x) ** (1/2) ,x)

output

Integral(sqrt(2 - 3*x)*sqrt(2*x - 5)*sqrt(4*x + 1)*(5*x + T)**2, x)

-

3.36.7 Maxima [F]

/\/2—356\/—54—23:\/1+4a:(7+5x)2da:=/(5w+7)2\/4w+1\/2x—5\/—3x+2dx

e

input

integrate ((7+5*x) ~2%(2-3*x) ~(1/2) * (-5+2*x) ~(1/2) * (1+4*x) ~(1/2) ,x, algorith
‘m="maxima“)

outputtintegrate((S*x + 7)"2xsqrt(4xx + 1)*sqrt(2*x - B)*sqrt(-3*x + 2), x)

-/

3.36.8 Giac [F]

/\/2—3x\/—5+2x\/1+4x(7+5x)2dx:/(5x+7)2\/4x+1\/2x—5\/—3x+2da:

input‘integrate((7+5*x)“2*(2—3*x)“(1/2)*(—5+2*x)“(1/2)*(1+4*x)“(1/2),x, algorith
‘ m="giac")

outputlintegrate((S*x + 7)"2xsqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

3.36.  [v2—3zy/—5+ 221+ 4z(7+ 52)*dz
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3.36.9 Mupad [F(-1)]

Timed out.

/\/2—3x\/—5+2x\/1+4x(7+5x)2dx:/\/2—3x\/4x+1\/2x—5(5x+7)2dx

input Lint((2 - 3*x) 7 (1/2) % (4*xx + 1)7(1/2)*(2*x - 5)7(1/2)*(5*x + 7)72,x)

Outputtint((2 - 3*x)"(1/2)*x(4*x + 1)~ (1/2)*(2*xx - 5)~(1/2)*(b*x + 7)"2, x)

3.36.  [v2—3zy/—5+ 221+ 4z(7+ 52)*dz
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3.37 [ V2 = 3z/=5 + 22+/1 + 42(7 + 5z) dx

3.37.1 Optimal result . . . . . . .. . ... 311
3.37.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 312
3.37.3 Rubi [A] (verified) . . . . . ... ..
3.37.4 Maple [A] (verified) . ... ... . ... ... 316
3.37.5 Fricas [C] (verification not implemented) . . . . . . ... ... ... ... ... B17
3.37.6 Sympy [F] . . . . . . B17
3.37.7 Maxima [F] . . . . . ... 318
3.37.8 Giac [F] . . . . o 318
3.37.9 Mupad [F(-1)] . . . . o o 318

3.37.1 Optimal result

Integrand size = 33, antiderivative size = 193

/\/2 — 3zv/—5 + 2zv/1 + 4z(7 + 5z) dx

20911v2 = 32v—5 + 2ovI+dz 1
_ M9UV2 - SevStdavitie | 136 p—ar e ol 4 dn)

3780 105
5 954811/11v/=5 + 2zE (arcsin (2—"\25_1%> |—%>
+ /2 = 3z(=5 4 22)*%(1 + 42)3/? —
28 226801/5 — 2z
72479, /4/5 = 23 BllipticF (arcsin (\/%vT+4z) 1)
+
756y/—5 + 2z

5/28% (-5+2%x) ~(3/2) * (1+4*x) = (3/2) * (2-3*x) ~(1/2) +72479/4536*E11lipticF (1/11*
337 (1/2) *(1+4*x)~(1/2) ,1/3%37(1/2) )*66~ (1/2) * (6-2%x) ~(1/2) / (-5+2*x) ~(1/2) +
136/105% (1+4%x) = (3/2) * (2-3%x) ~(1/2) * (-5+2*x) = (1/2) -954811/22680*E11ipticE(
2/11%(2-3%x) " (1/2)*117(1/2) ,1/2%I*27 (1/2) ) %117 (1/2) * (-5+2%x) = (1/2) / (5-2%x)
~(1/2)-20911/3780% (2-3%x) ~(1/2) * (-5+2*x) = (1/2) * (1+4%*x) ~(1/2)

3.37. [ V2 —3zv/-5+ 221+ 4z(7+ 52) dzx
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3.37.2 Mathematica [A] (verified)

Time = 1.40 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.65

/\/2—3x\/—5+2z\/1+4x(7—|—5x)d:c

924+/2 — 3z+/T + 4z(48475 — 37975z — 606622 + 5400z%) — 954811+/661/5 — 22E (arcsin (, 3T+ 4z
B 45360/—5 + 2z

input LIntegrate [Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x]*(7 + 5%x),x] J

output ‘/ (24xSqrt[2 - 3*x]*Sqrt[1 + 4*x]*(48475 - 37975%x - 6066*x~2 + 5400*x"3) -
‘ 954811*Sqrt [66]*Sqrt[6 - 2*x]*EllipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]],
‘ 1/3] + 724790*Sqrt [66]*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 +
L4*x]] , 1/31)/(45360%Sqrt[-5 + 2*x])

| —

3.37.3 Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.08,

number of steps used = 12, number of rules used — 12, Bumber of rules _ ( 364 Ryjes
integrand size

used = {171, 27, 171, 27, 171, 27, 176, 124, 123, 131, 27, 129}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/2 —3zv2x — 54z + 1(5z + 7) dz

l 171

(1249 — 2176x)+/2z — 5/4z + 1 5 3
= /2 = 3z(2x — 5)3/2 (42 + 1)3/?
28/ 2v3 =32 dz + 5gV2 = 3a(2e — 5] (4o +1)
l27

1 [ (1249 — 21762)/2z — 54z + 1 5 5

= Voo dz + —+/2 = 3z(2z — 5)%/%(4z + 1)%/2

56/ 55 a:+28 3z(2z — 5)°/*(4x + 1)
l 171

1088 22(3521 — 3802x)v/4x + 1 5

- 2 322z — b4z +1)3/2 — d = /2= 3z(2z —

56 < V2 =322 —5(4z +1) 30 V2 =322z -5 x) + 28‘/—w( “’
)3/2(433+ 1)3/2

3.37. [ V2 —3zv/-5+ 221+ 4z(7+ 52) dzx
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l27

- 2 \/4

5 V2 = 3z/2z —
)3/2(4ZC+ 1)3/2
l 171
1088 3802 1 22(3255 — 7891x)
V2 =322z — 54z + 1)%¥/%2 — = 2—32V2r —5VAz +1— = [ — |
56( z -5 +1) 15( v V2r—5Var+1-g V2 = 32+/2% — 54z + 1
258 2 —3z(2z — 5)%?(4z + 1)%/?2

127

1088 11 /22 3255 — 7891z 3802
V2 = 322z — 5(4x + 1)3/2 — (/ d 2 — 322z — 54z + 1
56 < 2v2e =5z + )77 - = V2 =32y —vinFI1 " V2 3evar - 5vae +
o V2~ 322 — 5)%/2(4z 4 1)3/2
l 176
1088 22 (32945 1 7891 V2T —
V2 =322z — 5(4x + 1)3/2 — ( < / dr —
56< 2v2z =54z +1) 9 V2 -3 —bvaz + 10 2 ) V2—3a /4
o5 V2~ 3x(22 5)3/2(49:+1)3/2
l 124
/— 5 2
56 151 9 2./5 — 2z 2 V2 =322z -5
o5 V2~ 322 —5)%/2(4x 4 1)3/2
l 123
7891/1L\/2z — B
56 150 9 V2 —32/2z — 5\/Az + 1 :

2 —3z(2z — 5)%2(4z + 1)%/?2

l 131

28

3.37. [ V2 —3zv/-5+ 221+ 4z(7+ 52) dzx
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11
V2 11
1 | 1088 122 29955V6-2] s nynmde 7891/ 42z —

— | ==v2 =322z —5(4z + 1)3/% —
6| 15 VAT IVR RN g g Nora
% 2 —3z(2z — 5)%2(4z + 1)%/?
l 27
1 ( 1088 11 (o2 32045052z 1 dr 7891,/ 1 V3 — BE
— | —V2—3zv2x — 5(4x + 1)3/2 il el R V2=3zy/5—2z\Az+1 "~
56 15 15| 9 o/or —F 2
% 2 —3z(2z — 5)3/2(451; + 1)3/2
l 129
1 [ 1088 11 [ 22 2995\/% V5 — 2z EllipticF (arcsin <\/§ m) , %> -
—| =—v2-3av2z -5z + 12 - | = | - !
56 15 15| 9 2z =5
% 2 —3z(2z — 5)3/2(4m + 1)3/2

input\ Int[Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1l + 4*x]*(7 + 5*x),x]

output | (5*Sqrt[2 - 3*x]*(-5 + 2*x)~(3/2)*(1 + 4*x)~(3/2))/28 + ((1088*Sqrt[2 - 3*
x]*Sqrt[-5 + 2*xx]*(1 + 4%x)~(3/2))/156 - (11%((3802*Sqrt[2 - 3*x]*Sqrt[-5 +
2xx]*Sqrt[1 + 4*x])/9 + (22*x((-7891*Sqrt[11/6]1*Sqrt[-5 + 2*x]*EllipticE[A
rcSin[Sqrt [3/111*Sqrt[1 + 4*x]]1, 1/3]1)/(2*Sqrt[5 - 2*x]) - (2995%Sqrt[11/6
1*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]1*Sqrt[1 + 4*x]1], 1/3])/Sqrt[-5
+ 2xx]))/9))/15) /56

3.37. [ V2 —3zv/-5+ 221+ 4z(7+ 52) dzx



rule 27

rule 123

rule 124

rule 129

rule 131
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3.37.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sartl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/p)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - axd)/d, 2]], £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQl[{a,

b, ¢, d, e, £}, x] && GtQ[b/(b*xc - a*xd), 0] && GtQ[b/(b*xe - axf), 0] && !IL
tQ[-(b*c - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 01)

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))])) Int[Sqrt[bx(e/(b*e - a*xf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bkdx(x/(b*c - a*xd))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/(b*e - axf), 0]) && !'LtQ[-(b*c - ax*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - ax*f)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -

axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(bxc - a*d)/b, 0] && GtQ
[(bxe - axf)/b, 0] && PosQ[-b/d] && !(SimplerQ[c + d*x, a + bxx] && GtQ[(d
xe - cxf)/d, 0] && GtQ[-d/b, 0]) && !(SimplerQ[c + d*x, a + b*x] && GtQ[((
-b)*e + axf)/f, 0] && GtQ[-f/b, 0]) && !(SimplerQ[e + f*x, a + b*x] && GtQ
[((-d)*e + cxf)/f, 0] && GtQ[((-b)*e + axf)/f, 0] && (PosQ[-f/d] || PosQ[-£
/b1))

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x_]1 :> Simp[Sqrt[bx((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - a*xd)) + bxd*(x/(b*c - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Q[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

3.37. [ V2 —3zv/-5+ 221+ 4z(7+ 52) dzx
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rule 171

rule 176

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_)
) (p)*((g_.) + (W_.)*(x_)), x_] :> Simp[h*(a + bxx) m*x(c + d*x)~(n + 1)*((
e + £*xx)"(p + 1)/(d*f*(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))

Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[a*d*f*g*(m + n + p + 2
) - hx(bkcxexm + ax(d*ex(n + 1) + c*f*x(p + 1))) + (b*d*f*g*(m + n + p + 2)
+ hx(a*d*f*m - b*(d*xex(m + n + 1) + cxf*x(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, £, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]
&& IntegersQ[2*m, 2*n, 2xp]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)1*
Sart[(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
1*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrt[a + b*x]*Sqrtlc
+ dxx]*Sqrtle + f*x1), x], x] /; FreeQl[{a, b, ¢, d, e, f, g, h}, x] && Sim

plerQ[a

+ b*x, e + f*xx] && SimplerQ[c + d*x, e + f*x]

3.37.4

Maple [A] (verified)

Time = 1.61 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.75

method | result
defaul V2=33\/=5+2z T4z (~155520005+264748/ T4z 23z V22 v/5—22 F (IHHE /5) ~954811/ T4z v2—35 V22 /5
efault | — 45360(24z° — 7022+ 212+ 10)
— — V1it+ddz
/—(—2+32)(—5+22)(1+42) 590/~ 242517022 —212—10 _ 277\/—2455 17022 —a1g—10 V11 +44e v22-352 V110 44zF< Y
30 54 361/ —24234+70z2 —21z—10
elliptic V233 v/ —512z V17
31y/22—33%7 /—662 1165 /337 132z F (27”%1_33
N 108v/—2423+7022 —21z—10
risch _ (270022+37172-9695) (—2+3x)—5+2z vI+4z /(2—32)(—5+22) (1 +4z)
1890+/—(—2+3z)(—5+2z)(1+4z) v/2—3z

input | int ((7+5%x)* (2-3%x) " (1/2)* (-5+2%x) ~ (1/2)* (1+4%x) " (1/2) ,x ,method=_RETURNVER |

N\

BOSE)

3.37.

V2 =3x/=5+22+/1+ 42(7 + 5z) dz
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output | -1/45360% (2-3*x) ~(1/2) * (-5+2*x) ~(1/2) * (1+4*x) ~(1/2) * (-1555200%*x~5+264748%* (
14+4*x) "~ (1/2) % (2-3%x) ~(1/2) %227 (1/2) *(6-2%x) ~(1/2) *E11lipticF (1/11% (11+44%*x)
~(1/2),37(1/2))-954811* (1+4*x) ~(1/2) * (2-3*x) ~(1/2) *22~ (1/2) * (5-2*x) ~ (1/2) *
EllipticE(1/11%(11+44*x)~(1/2),37(1/2))+2395008*x~4+10468080*x~3-18808968*
X"2+3994200*x+2326800) / (24*x~3-70*x~2+21*x+10)

3.37.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.31

/\/2 —3zv/—5+ 2zv/1 + 4xz(7 + 5z) dz

= T390 (2700 2% + 3717 & — 9695)Vdx + 12z — 5v/ -3z + 2
549703 847 6655 35
~ 53398 V- WelerstrassPInverse( 108’ 2916 6 %)
4811 4 4
92526880 v/ —6weierstrassZeta (Eli 0; ggiz weierstrassPInverse (? O; ggiz %) )

input | integrate ((7+5%x)*(2-3*x) ~(1/2) * (-5+2*x) ~ (1/2) * (1+4x*x) ~(1/2) ,x, algorithm=
"fricas")

output | 1/1890%(2700%x~2 + 3717*x — 9695)*sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x +
2) - 549703/23328*sqrt(-6)*weierstrassPInverse(847/108, 6655/2916, x - 35/
36) + 954811/22680*sqrt(-6)*weierstrassZeta(847/108, 6655/2916, weierstras
sPInverse(847/108, 6655/2916, x - 35/36))

3.37.6 Sympy [F]

/\/2—3x\/—5+2w\/1+4x(7+5x)da::/\/2—3w\/2x—5\/4x+1~(5:(:—|—7) dx

(integrate ((T+5%x) * (2-3%x) ** (1/2) * (=5+2%x) ¥* (1/2) * (1+4*x) ** (1/2) ,x)

outputLIntegral(sqrt(Q - 3*x)*sqrt(2*x - 5)*sqrt(4*x + 1)*(5xx + 7), x)

3.37. [ V2 —3zv/-5+ 221+ 4z(7+ 52) dzx
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3.37.7 Maxima [F]

/\/2—3x\/—5+2z\/1+4m(7+5x)dx=/(5x+7)\/4z+1\/2x—5\/—3x+2dx

input‘integrate((7+5*x)*(2—3*x)“(1/2)*(-5+2*x)“(1/2)*(1+4*x)“(1/2),x, algorithm=
"maxima")

output Lintegrate((S*x + T)*sqrt(4*xx + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

3.37.8 Giac [F|

/\/2—3x\/—5+2z\/1+4x(7+5x)d:c=/(5x—|—7)\/4z+1\/2x—5\/—3x+2dx

input‘ integrate ((7+5%x)*(2-3%x) ~ (1/2) * (-5+2*x) ~(1/2) * (1+4*x) ~(1/2) ,x, algorithm=
Ilgiacll)

output Lintegrate((S*x + T)*sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

3.37.9 Mupad [F(-1)]

Timed out.

/\/2—3$\/—5—|—2z\/1—|—4x(7+5x)d$=/\/2—356\/41'4—1\/23:—5(5934—7) dx

input Lint((Z - 3xx) " (1/2) % (4*x + 1)~ (1/2)*(2*x - 5)~(1/2)*(5*x + 7),x)

output Lint((Q - 3%x)"(1/2)*(4*x + 1)~ (1/2)*%(2%x - 5)~(1/2)*(5*xx + 7), x)

3.37. [ V2 —3zv/-5+ 221+ 4z(7+ 52) dzx
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3.38 [ V2 =3zy/=5+2z/1+ 4z dx

3.38.1 Optimalresult . . . . .. .. ... . ...
3.38.2 Mathematica [A] (verified) . . . . . .. ... .. ... Lo oL
3.38.3 Rubi [A] (verified) . . . . . ... ...
3.38.4 Maple [A] (verified) . . .. ... ... ..
3.38.5 Fricas [C] (verification not implemented) . . . . . . ... ... ... ... ...
3.38.6 Sympy [F] . . . . . .
3.38.7 Maxima [F] . . . . . ... .
3.38.8 Giac [F] . . . o o o
3.38.9 Mupad [F(-1)] . . . . o

3.38.1 Optimal result

Integrand size = 28, antiderivative size = 162

/\/2 — 32V -5+ 2zV1 + 4z dx
22 1
= _R\/Z —3zv—5+2zv1+ 4z + 1—0\/2 —32v/—5 + 2z(1 + 4z)%/?
~ 847v/11v/=5 + 2zF (arcsin <2—V\25_13””> |—%>

2705 — 2z
121,/1Lv/5 =27 BllipticF (arcsin (\/$vI+4z), 1)
! 18572

319
320
320
2241
0241
[325]
[329]
226
[326]

output}121/108*E111pticF(1/11*33“(1/2)*(1+4*x)*(1/2),1/3*3‘(1/2))*66“(1/2)*(5-2*x
)7(1/2)/ (-5+2%x) " (1/2)+1/10% (1+4%x) ~ (3/2) % (2-3%x) ~ (1/2) * (-5+2%x) ~ (1/2)-847
\/270*E111pticE(2/11*(2—3*x)‘(1/2)*11‘(1/2),1/2*1*2‘(1/2))*11‘(1/2)*(-5+2*x
\)*(1/2)/(5—2*x)*(1/2)—22/45*(2—3*x)‘(1/2)*(—5+2*x)‘(1/2)*(1+4*x)‘(1/2)

3.38. [V2—-3zy/-5+2z\/1+4zdz
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3.38.2 Mathematica [A] (verified)

Time = 1.69 (sec) , antiderivative size = 120, normalized size of antiderivative = 0.74

/\/2 —32vV—=5+2zvV1 + 4z dx

6v/2 — 3zy/1 + 4z(175 — 250z + 722°) — 847+/661/5 — 22 F (arcsm ([ VIt 4z) ) + 605+/66v/5 —
B 540/—5 + 2z

input LIntegrate [Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx],x] J

;

output ‘ (6*%Sqrt[2 - 3*x]*Sqrt[1 + 4xx]*(175 - 250%x + 72*x~2) - 847*Sqrt[66]*Sqrt[
‘ 5 - 2*x]*EllipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3] + 605%Sqrt[66]*S
‘ qrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/111*Sqrt[1 + 4*x]], 1/3])/(540*Sqrt[-
Ls + 2xx])

| —

3.38.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.06,

number of rules _ = 0.357, Rules
integrand size

number of steps used = 10, number of rules used = 10,
used = {112, 27, 171, 27, 176, 124, 123, 131, 27, 129}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/\/2 — 3222z — 54z + 1dz

l 112

7\/2 3z\/2z — 5(4x +1)%/2 — 0 /

l27

1 (9-— 8w)\/4:c+

= /2 =322z — 5(4x +1)3/2 — =

joV2 eV =5z +1) o5y =5
1171

11(9 — 8x) 4x+
2v2 —3z/2x — 5

i\/z —3zv2z — 5(4z + 1)%/% —
11 1 11(15 — 28z)
2 _3av2r —bVAz +1— - [ — d
20( V2 - 32v2z—5V4s + 9/ V2 — 32722 — bz + 1 >

3.38. [V2—-3zy/-5+2z\/1+4zdz
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l27

1710\/2 —3zv2z — 5(4z +1)%/% —

11 /11 15 — 28z 8
dz + ~v/2 — 322z — 54z + 1
20< V2 = 32v/2% — 5v/Az + 1 Tt gV2—3ev2e —5Vids >
l 176
i\/2 —3xv/2x — 5(4z +1)3/% —
11 1 V2 —5 8
dz + >V2 = 33v2z — 54z + 1
20< ( V2 =322z — 5/4x + 1 V2 —3zv/4z + 1 > 9\/ =iz —5viz )
l 124
7\/2 3wv/2x — 54z +1)%/2 —
142z =5 V52 o dx
neir > seier — 55 1 dz | + Sv2 = 32v2z —5vaz + 1
20| 9 V5 — 2z V2 =322z — 54z + 1 9
l123
7\/2 3wy/20 — 54z +1)%/2 —
11 11 . 1 p 71/§\/2m—5E<arcsin (\/1@\/4$+1)| ) 8 5 3 5
- - —_ — +7 —_
20| 9 /\/2—3x\/2x—5\/4x+1 v J5—2z gV T oIV
l 131
i\/2 —3xv/2x — 5(4x +1)3/% —
1
11| V252 [ ngm 7Y%V 5B (arcsin (/1 vE 1) 1) L8 T aay
20 9 V2x —5 Vb — 2z 9
l 97
1
ﬁ\/2 —3zV2x — 54z +1)%/? —
111 55\/5—2:5[\/2_3x\/51_2x\/4$+1dw 7\/2—32\/256—5E<arcsin(,/13—1\/4x+1>|%> +§ o
20| 9 Nor V5 —2z 9" '

l 129

3.38. [V2—-3zy/-5+2z\/1+4zdz
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VI 3ay/2r = 5(dz + 1)Y? -
11 [ 11 5\/2?@ EllipticF (arcsin (\/%\/élm—-i—l> , %) 7\/?\/ME (arcsin (\/%\/4:5——1-0 |%)
20( 9| V2z -5 B V5 =2z

e

inputLInt[Sqrt[2 - 3xx]*Sqrt[-5 + 2*x]*Sqrt[1 + 4*x],x]

~—

output | (Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*(1 + 4*x)~(3/2))/10 - (11*((8*Sqrt[2 - 3*x]*

Sqrt[-5 + 2*x]1*Sqrt[1 + 4*x]1)/9 + (11x((-7*Sqrt[22/3]1*Sqrt[-5 + 2*x]*Ellip

ticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4x*x]], 1/3]1)/Sqrt[5 - 2*x] - (5%Sqrt[22/3]
*Sqrt[6 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3]1)/Sqrt[-5 +
2xx]))/9))/20

3.38.3.1 Defintions of rubi rules used

ruk327/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 112 Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (A_.)*(x_))"(m_)*((e_.) + (£f_.)*(x_)
)= (p_), x_] :> Simp[(a + b*x)"m*x(c + d*x) n*((e + f*xx)~(p + 1)/(f*x(m + n +

p+ 1)), x] - Simp[1/(f*(m + n + p + 1)) Int[(a + b*x)"(m - 1)*(c + d*x)
“(n - 1)*(e + f*xx) pxSimp[ckm*(b*e - axf) + a*nx(d*xe - c*f) + (d*m*(b*e - a
*f) + b*n*(d*e - cxf))*x, x], x], x] /; FreeQ[{a, b, c, d, e, £, p}, x] &&

GtQ[m, 0] && GtQ[n, 0] &% NeQ[m + n + p + 1, 0] && (IntegersQ[2*m, 2*n, 2*p
1 Il (IntegersQ[m, n + p] || IntegersQ[p, m + nl))

rule 123 | Int[Sqrt[(e_.) + (£f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - axd)/d, 2]], £*x((b*c - a*d)/(d*(bxe - a*f)))], x] /; FreeQ[{a,
b, c, d, e, £}, x] && GtQ[b/(b*xc - a*xd), 0] && GtQ[b/(b*xe - axf), 0] && !IL
tQ[-(b*c - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - a*xd)/b, 0])
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rule 124 Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - a*d))]1/(Sqrtlc + d
*x]*Sqrt [bx((e + fxx)/(b*e - a*f))]))  Int[Sqrtlb*(e/(b*e - axf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + b*d*(x/(bxc - axd))]
), x], x]1 /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/ (b*e - axf), 0]) && I!LtQ[-(b*c - a*d)/d, 0]

rule 129 Int[1/(Sqrt[(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_ ) + (£f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(bxe - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*d)/(d*(b*e -

axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[(b*c - a*d)/b, 0] && GtQ
[(bxe - axf)/b, 0] && PosQ[-b/d] && !(SimplerQ[c + d*x, a + b*xx] && GtQ[(d
xe - cxf)/d, 0] && GtQ[-d/b, 0]) && !(SimplerQ[c + d*x, a + b*x] && GtQL[((
-b)xe + axf)/f, 0] && GtQ[-f/b, 0]) && !(SimplerQ[e + f*x, a + b*x] && GtQ
[((-d)*e + cxf)/f, 0] && GtQ[((-b)*e + axf)/f, 0] && (PosQ[-f/d] || PosQ[-f
/b1))

rule 131 Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_ ) + (f_.)*(x
1), x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*xc - a*d)) + bxd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Qla + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

rule 171 Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_)
)T (p)*((g_.) + (h_.)*(x_)), x_] :> Simp[h*(a + b*x) m*(c + d*x)~(n + 1)*((
e + f*xx)~(p + 1)/(dxfx(m + n + p + 2))), x] + Simp[1/(d*f*(m + n + p + 2))

Int[(a + b*x)"(m - 1)*(c + d*x) "n*(e + f*x) p*Simp[axd*f*gk(m + n + p + 2
) - h*(b*cxe*m + ax(d*ex(n + 1) + c*fx(p + 1))) + (bkd*xf*gx(m + n + p + 2)
+ h*(axd*f*m - b*(d*e*(m + n + 1) + cxf*(m + p + 1))))*x, x], x], x] /; Fre
eQ[{a, b, ¢, d, e, f, g, h, n, p}, x] && GtQ[m, 0] && NeQ[m + n + p + 2, 0]
&& IntegersQ[2*m, 2*n, 2*p]

rule 176 | Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sartl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
1*Sqrt[c + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrt[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] && Sim
plerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]
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3.38.4 Maple [A] (verified)

Time = 1.64 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.86

method | result
V2=3z /=5+2z 14z ( 12114z v/2—3z /22 /5—2z F( YL1t44e | /3) _847/T+4z /2—3z V22 /5—2z E( Yi1t44e /3)_
d f 1 11 11
efault | — 540(2425 — 7022+ 212+ 10)
V1l+44z
/11+44z \/22—33z \/110—44z F V3
— 7 — 20/ —2403+7022 —21x—10 _ 7/—24234+7022—212—10 _ ( 11 )
\/ (=2+432)(-5+2z)(1+4z) 5 18 12v/—2423 47022 -21z—10
elliptic V2—3z v/ —5+2z /1 t4z
\/33—33% \/—662 1165 /3371322 F(zivzfl_&” , #) vz
- 361/ —24234+7022—212—10 T
risch _ (=35+362)(—2+32)v/—5+2z VIT4z \/(2—32) (—5+22) (1+4z)
90+/—(—2+3z)(=5+2z)(1+4z) /2—3z
inputLint((2—3*x)A(1/2)*(—5+2*x)“(1/2)*(1+4*x)“(1/2),x,method=_RETURNVERBOSE) J

output | -1/540% (2-3*x) ~(1/2) * (=5+2*x) ~ (1/2) * (1+4*x) ~ (1/2) * (121* (1+4*x) ~ (1/2) * (2-3*
x)7(1/2)%227(1/2) *(5-2%x) ~(1/2) *E1lipticF(1/11x(11+44xx)~(1/2),37(1/2))-84
Tx (1+4xx) " (1/2) % (2-3%x) " (1/2) ¥22~ (1/2) * (5-2*x) ~(1/2) *E1lipticE(1/11%(11+44
*x)~(1/2),37(1/2))-5184%x"4+20160*x~3-19236*x~2+2250%x+2100) / (24*x~3-70%*x"~
2+21%x+10)

3.38.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.08 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.33

/ V2 = 3zv/ -5+ 22vV1 + 4z dx

1
(36x — 35)V4z + 1vV2x — 5V -3z +2

90
1331 847 6655 35
PI G
o5 —— /—6weierstrassPInverse ( 108’ 2016’ * 36)
84 847 6655 847 6655 35
7 PI ar
270 — /—6weierstrassZeta ( 108’ 2016’ weierstrassPInverse ( 108’ 2916~ 36) )
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input  integrate ((2-3*x)~(1/2)*(-5+2%x) ~(1/2) *(1+4*x)~(1/2) ,x, algorithm="fricas"
)

output | 1/90*(36*x - 35)*sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2) - 1331/972*sqr
t(-6) *weierstrassPInverse(847/108, 6655/2916, x - 35/36) + 847/270*sqrt (-6
)*weierstrassZeta(847/108, 6655/2916, weierstrassPInverse(847/108, 6655/29
16, x - 35/36))

3.38.6 Sympy [F]

/\/2—3x\/—5+2x\/1+4xd:v=/\/2—3x\/2x—5\/41:+1dx

inputLintegrate((2-3*x)**(1/2)*(-5+2*x)**(1/2)*(1+4*X)**(1/2),X)

outputLIntegral(sqrt(Q - 3xx)*sqrt(2*x - 5)*sqrt(4*x + 1), x)

3.38.7 Maxima [F]

/\/2—3x\/—5+2x\/1+4xdx=/\/4x+1\/2x—5\/—3$+2d1'

inPU'G‘integrate((2—3*x)“(1/2)*(—5+2*x)“(1/2)*(1+4*x)“(1/2),x, algorithm="maxima"
)

outputLintegrate(sqrt(4*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

3.38. [V2—-3zy/-5+2z\/1+4zdz
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3.38.8 Giac [F|

/\/2—3x\/—5+2x\/1+4xdx=/\/4x+1\/2m—5\/—3m+2dz

input Lintegrate ((2-3%x) " (1/2) * (-5+2xx) = (1/2) * (1+4%*x) ~(1/2) ,x, algorithm="giac")

output Lintegrate(sqrt(él*x + 1)*sqrt(2*x - 5)*sqrt(-3*x + 2), x)

3.38.9 Mupad [F(-1)]

Timed out.

/\/2—3m\/—5—|—2m\/1—|—4mdx=/\/2—3x\/4x+1\/2:c—5dm

input Lint((Q - 3xx)"(1/2)*(4*xx + 1)~ (1/2)*(2*x - 5)~(1/2),x)

output Lint((2 - 3*x)"(1/2)*(4*x + 1)~(1/2)*(2*x - 5)~(1/2), x)

3.38. [V2—-3zy/-5+2z\/1+4zdz
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7+3zx
3.39.1 Optimalresult . . . . .. . . . .. .
3.39.2 Mathematica [A] (verified) . . . . . .. ... .. .. L
3.39.3 Rubi [A] (verified) . . . . ... . . ...
3.39.4 Maple [A] (verified) . ... ... ... ...
3.39.5 Fricas [F] . . . . . o o 334
3.39.6 Sympy [F] . . . . . 334
3.39.7 Maxima [F] . . . . . . 334
3.39.8 Giac [F] . . . . ..
3.39.9 Mupad [F(-1)] . . . . . oo

3.39.1 Optimal result

Integrand size = 35, antiderivative size = 182

V2 —3zv/-5+2zv/1+ 4z

7+ dx dz

427y/11y/=5 + 2zE (arcsin <2‘/j?> |—%>
2254/5 — 2z
1253 \/g \/5 — 2z EllipticF (arcsin <\/§ \/m> , %)
- 375v/—5 + 2z
2691+/5 — 2z EllipticPi (%, arcsin <2m> , —%)

V11
125v/11v/=5 + 2z

2
= B\/2 — 32V =5+ 2zv/1 + 4z —

output -1253/12375*E11lipticF(1/11%337(1/2)* (1+4%x)~(1/2),1/3%3~(1/2))*66~(1/2)*(5
-2%x)~(1/2) / (-5+2%x) ~(1/2)-2691/1375*E11lipticPi (2/11%(2-3%x) ~(1/2)*11~(1/2
),55/124,1/2%I%27(1/2))*(5-2*x) ~(1/2)*11~(1/2) / (-5+2*x) ~ (1/2) -427/225+E11i
pticE(2/11%(2-3*x)~(1/2)*117(1/2) ,1/2*I*27(1/2))*117~(1/2) * (-5+2*x) ~(1/2) /(
5-2%x) " (1/2)+2/156% (2-3*x) ~ (1/2) * (-5+2*x) ~ (1/2) * (1+4*x) ~ (1/2)
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3.39.2 Mathematica [A] (verified)

Time = 5.29 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.76

V2 —3zv/—5+2z/1 + 4z
7+ 5
V=5 F 2w<1650\/2 —32y/5 — 20/1 + 4z — 23485V/11E <arcsin <2Vj1:13w) |—§) — 3759+/11 EllipticF (e

N 123755 — 2z

dz

input Integrate[(Sqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/(7 + 5*x),x] ‘

output

(Sart[-5 + 2*x]*(1650*Sqrt[2 - 3*x]*Sqrt[56 - 2*x]*Sqrt[1 + 4*x] - 23485%Sq
rt[11]*E1lipticE[ArcSin[(2%Sqrt[2 - 3#x])/Sqrt[11]1], -1/2] - 3759*Sqrt[11]
*EllipticF [ArcSin[(2*Sqrt[2 - 3%x])/Sqrt[11]1], -1/2] + 24219*Sqrt[11]*E11li
pticPi[565/124, ArcSin[(2#Sqrt[2 - 3*x])/Sqrt[11]], -1/21))/(12375*Sqrt[5 -
2xx])

N\

3.39.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 198, normalized size of antiderivative = 1.09,

number of steps used = 15, number of rules used = 14, number of rules _ 0.400, Rules
integrand size

used = {179, 25, 2110, 176, 124, 123, 131, 27, 129, 186, 27, 413, 27, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

V2 —3z\2x — 54z + 1
5t + 7

l 179

dr

1 —854x2 + 1190z + 3
15 V2 = 3xy2x — 54z + 1(5z +7)

| 25

2 1
E\/2—3x\/2a:—5\/4m+1— 15/

2
dx + B\/2—3I\/2.’L‘— 5v4z + 1

—85422 + 1190z + 3 .
V2 — 322z — 54z + 1(5z + 7)

l 2110
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83421 1 11928 _ 854s
dr — 25 5 dx +
15 V2 — 3w\/2m—5\/4:c+1(5x+7) V2 —3zy/2x — 5y/4x + 1
E\/2 —3zv2z — 54z + 1
l 176
1( 1253 1 dz + g V2x —5 83421 1
15 V2 — 3:6\/2:L'—5\/4$+1 V2 —=3z/4x +1 V2 —3z/2x — 54z + 1(¢
E\/2 - 3:1:\/293 — 54z +1
l 124
427v/20 =5 [ 28 —d ~ 1253 1 i 83421 1
15 5v5 — 2z V2 —3zy/2x — 5/4x + 1 V2 — 322z — 5v/4x + 1(

E\/2 — 322z — 5V4x + 1

l 123
11
1 1%3 1 ot sum_ 1 +4WV%WQ$—5
15 V2 —3zv/2x — 5/4x + 1 V2 — 322z — 5v/4x + 1( 5:Jc+7)
2
E\/Q —3zv2x — 54z + 1
l 131
11
2 11
1 _1253\/ %\/5 -2z [ \/2_3$\/\5{_j2$\/4m+1dw N 83421 1 - 427,/ 5V 2z
15 252 — 5 25 V2 = 32v2z — 5v/4z + 1(5z + 7)
2
E\/2 — 322z — 5V4x + 1
l 97
11
1 _?%&@Cjﬂf¢%&v£%vad 8Mm_ 1 +4wwgwmx—m
15 2527 — 5 V2 = 33/2z — 5v/4z + 1(5z + 7)
2
E\/2 —3zv2x — 54z + 1
l 129
3.39. f V2—=3xv/—5+2z/1+4x d.’L'

T+5x
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1 (83421 ) L, 1253y /5= 2@ BllipticF (arcsin (y/4vAz +1),}) N
15| 25 ) V2-3sv/2c-5/Am+1(5c+7) 25v/2z — 5

2
E\/2 —3zv2x — 54z + 1

l 186
2 o s
1] 166842 / 3 T 1253,/ 35v5 — 2z EllipticF (a
15 25 (31— 5(2 —3z))/11 — 4(2 — 3z)\/—2(2 — 3z) — 11 252z
2
E\/2 —3zV2z — 54z + 1
l 27
2 o s
1 _500526 / 1 T 1253,/ 35v5 — 2z EllipticF (a
15 25 (31 —5(2—3z))\/11 — 4(2 — 3z)\/—2(2 — 3z) — 11 252z

2
E\/2 —3zv2x — 5v4x + 1

l 413

V11 — 2 e 4.
([ 500526\/2(2 = 32) + 11 iy s idv2 ~ 3 1253/ V6 — 22 BllpticE (ax
15 25v/11,/=2(2 — 3z) — 11 25121 —

2
E\/2 —32v2z — 5V4x + 1
l27

1 — 2 .
([ 500526/2(2 = 30) + 11 G i aa V2 ~ 3 1253/ V6 — 2 BllpticE (ar
15 25,/—2(2 — 3z) — 11 25/27 —

2
ﬁ\/2 — 322z — 5V4x + 1

l 412

| [ 1253,/ /5~ 2z EllipticF (arcsin (@ VI +1),}) 427,/ \/2z — 5E (arcsin (\/%\/49:—“> 1)
15| 2522 — + 5v5 — 2z

2
E\/2 — 322z — 5V4x + 1

339. [ \/2—3$V;j;jwl+4z dz
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input‘ Int[(Sqrt[2 - 3*x]*Sqrt[-5 + 2xx]*Sqrt[1 + 4*x])/(7 + 5xx),x]

output | (2xSqrt[2 - 3*x]*Sqrt[-5 + 2*x]*Sqrt[1 + 4xx])/15 + ((427*Sqrt[11/6]*Sqrt[
-5 + 2*x]*EllipticE[ArcSin[Sqrt[3/11]*Sqrt[1 + 4*x]], 1/3]1)/(5%Sqrt[5 - 2%
x]) - (1253%Sqrt[2/33]*Sqrt[5 - 2*x]*EllipticF[ArcSin[Sqrt[3/11]*Sqrt[1 +

4xx]], 1/31)/(25*%Sqrt[-5 + 2*x]) - (8073*Sqrt[11 + 2%(2 - 3*x)]*EllipticPi
[65/124, ArcSin[(2*Sqrt[2 - 3*x])/Sqrt[11]], -1/2])/(25%Sqrt[11]*Sqrt[-11

- 2%(2 - 3%x)]1))/15

3.39.3.1 Defintions of rubi rules used

-

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 123 Int[Sqrt[(e_.) + (£f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - axd)/d, 2]], £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQl[{a,
b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), 0] && GtQ[b/(b*xe - axf), 0] && !L
tQ[-(bxc - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c - axd
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 01)

rule 124 | Int [Sqrt[(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_
)1), x_] :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + £xx)/(b*e - a*f))]))  Int[Sqrtl[b*(e/(b*e - axf)) + bxfx(x
/(bxe - axf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(bxc - axd)) + bxdx(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && !'(GtQ[b/(b*c - axd), 0] && Gt
Q[b/ (b*e - axf), 0]) && ILtQ[-(b*c - a*d)/d, 0]

3.39. [ VAl SVl gy
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rule 176

rule 179

rule 186
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Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*xd)/bl)], f*((bxc - a*d)/(d*(bxe -

axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[(bxc - axd)/b, 0] && GtQ
[(bxe - axf)/b, 0] && PosQ[-b/d] && !(SimplerQ[c + d*x, a + b*x] && GtQ[(d
xe - cxf)/d, 0] && GtQ[-d/b, 0]) && !(SimplerQ[c + d*x, a + b*x] && GtQL((
-b)*e + axf)/f, 0] && GtQ[-f/b, 0]) && !(SimplerQle + f*x, a + b*x] && GtQ
[((-d)*e + cxf)/f, 0] && GtQ[((-b)*e + axf)/f, 0] && (PosQ[-f/d] || PosQ[-f
/bl1))

Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (£f_.)*(x
DD, x_1 > Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + bkd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQl[{a, b, c, d, e, £}, x] && !'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] && Sim
plerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + fx*x]

Int[((a_.) + (b_.)*(x_)) " (m_)*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)], x_] :> Simp[2*(a + b*x)"(m + 1)*Sqrt[c + d*x
1*Sqrt[e + fxx]*(Sqrtlg + h*x]/(b*(2*m + 5))), x] + Simp[1/(b*(2*m + 5))
Int[((a + b*x)"m/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]))*Simp [3xbxckex*
g - akx(d*exg + c*f*g + cxexh) + 2x(b*(d*e*xg + c*f*g + cxexh) - ax(dxfxg + d
xexh + cxf*h))*x - (3*axd*f*h - bx(d*f*g + dxexh + cxf*h))*x"2, x], x], x]
/; FreeQ[{a, b, ¢, d, e, £, g, h, m}, x] && IntegerQ[2*m] && !LtQ[m, -1]

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)*(x_
)IxSartl(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2 Subst[Int[1/(Simp[b*c - a*d
- b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x~2/d), x]]1*Sqrt[Simp[(d*g - c*h)/
d + hx(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f,
g, h}, x] && GtQ[(d*e - cxf)/d, 0]
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] &% GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x"2] Int[1/((a +
bxx~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQl[{a, b, c, d,
e, £}, x] & !'GtQlc, 0]

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_x(x_))"(p_)x((g_.) + (W_.)*(x_))"(q_.), x_Symbol] :> Simp[PolynomialRem
ainder[Px, a + b*x, x] Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*(g + h*x)~
q, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d
*x) "n*(e + fxx) p*x(g + h*x)~q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p
, q}, x] && PolyQ[Px, x] && EqQ[m, -1]

3.39.4 Maple [A] (verified)

Time = 1.84 (sec) , antiderivative size = 174, normalized size of antiderivative = 0.96

method | result
defaul V2=32 /=542 T4z (54488 T4z V2= 30 V22 V522 F (VU2 /3) 123485/ 144w +/2—32 22 /5—20 B (4% /3)
etault 5940003 — 173250022+ 5197502+ 24"
N 854/T1F44z /22—337 /
/—=(=2+3z)(—5+2z) (1+4z) | 2 —2423+7022—212—10 _ 8976v11+4dz v22—35z V110—4de F(£1i—1ﬂ ’\/5)
* * z 15 15125\/—2423+7022—21z—10
elliptic /235 V5135 Vi
) 854+/22—33
3976+/22—33% +/—662+165 \/33+132z F (er_“” , #)
- 453751/~ 242347022 —212—10
risch _ 2(—2+43xz)v/—5+2z v/1+4x \/(2—3z)(—5+2z)(1+4z)
15y/—(—2+3z)(=5+2z)(1+4z) v2—3z

input \ int ((2-3*x) 7 (1/2) * (-5+2%x) = (1/2) * (1+4*x) " (1/2) / (7+5*x) ,x ,method=_RETURNVER

‘BOSE)
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output | 1/24750% (2-3*x) ~(1/2) * (=5+2*x) ~ (1/2) * (1+4x*x) ~ (1/2) * (54488* (1+4*x) ~(1/2)* (2
=-3%x) "~ (1/2)*227(1/2) *(5-2*x) ~(1/2) *E1lipticF (1/11* (11+44*